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ÂÂÅÄÅÍÈÅ

Îñíîâíûå òåìû ïî êóðñó ìàòåìàòè÷åñêîãî àíàëèçà II ñå-
ìåñòðà (äíåâíîå îòäåëåíèå)

1. Íåîïðåäåëåííûé èíòåãðàë. Ìåòîäû èíòåãðèðîâàíèÿ (çàìå-
íà ïåðåìåííîé, èíòåãðèðîâàíèå ïî ÷àñòÿì). Èíòåãðèðîâàíèå
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé, òðèãîíîìåòðè÷åñêèõ âûðà-
æåíèé è âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

2. Îïðåäåëåííûé èíòåãðàë, îñíîâíûå ñâîéñòâà. Òåîðåìà Íüþòî-
íà - Ëåéáíèöà. Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà (âû÷èñ-
ëåíèå ïëîùàäåé ïëîñêèõ ôèãóð, äëèíû äóãè êðèâîé, îáúåìà
òåëà âðàùåíèÿ è ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ).

3. Íåñîáñòâåííûå èíòåãðàëû (îò ôóíêöèé íà áåñêîíå÷íîì èí-
òåðâàëå è îò íåîãðàíè÷åííûõ ôóíêöèé). Ïðèçíàêè ñõîäèìî-
ñòè.

4. Äâîéíîé èíòåãðàë, îñíîâíûå ñâîéñòâà. Ñâåäåíèå ê ïîâòîðíî-
ìó èíòåãðèðîâàíèþ. Âû÷èñëåíèå â ïîëÿðíûõ êîîðäèíàòàõ.
Ïðèëîæåíèÿ äâîéíîãî èíòåãðàëà ê ãåîìåòðèè è ìåõàíèêå.

5. Òðîéíîé èíòåãðàë, îñíîâíûå ñâîéñòâà. Ñâåäåíèå ê ïîâòîðíî-
ìó èíòåãðèðîâàíèþ. Âû÷èñëåíèå â öèëèíäðè÷åñêèõ è ñôåðè-
÷åñêèõ êîîðäèíàòàõ. Ïðèëîæåíèÿ òðîéíîãî èíòåãðàëà ê ãåî-
ìåòðèè è ìåõàíèêå.

6. Êðèâîëèíåéíûå èíòåãðàëû (ïî äëèíå äóãè è ïî êîîðäèíà-
òàì), îñíîâíûå ñâîéñòâà è âû÷èñëåíèå. Ôîðìóëà Ãðèíà.

7. Ïîâåðõíîñòíûå èíòåãðàëû, èõ âû÷èñëåíèå.

8. Ñêàëÿðíîå ïîëå. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ, ãðàäèåíò.
Ñâîéñòâà ãðàäèåíòà, âû÷èñëåíèå.

9. Âåêòîðíîå ïîëå. Äèâåðãåíöèÿ è ðîòîð âåêòîðíîãî ïîëÿ, îñ-
íîâíûå ñâîéñòâà.
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10. Ïîòîê âåêòîðíîãî ïîëÿ, âû÷èñëåíèå ïîòîêà íåïîñðåäñòâåííî
è ïî òåîðåìå Îñòðîãðàäñêîãî - Ãàóññà.

11. Öèðêóëÿöèÿ âåêòîðíîãî ïîëÿ, âû÷èñëåíèå öèðêóëÿöèè íåïî-
ñðåäñòâåííî è ïî òåîðåìå Ñòîêñà.

Äàííûé ìàòåðèàë èçëàãàåòñÿ ñòóäåíòàì íà ëåêöèÿõ è ïðàêòè-
÷åñêèõ çàíÿòèÿõ. Îò ñòóäåíòà òðåáóåòñÿ óñïåøíîå îâëàäåíèå ìà-
òåðèàëîì ïî óêàçàííûì òåìàì, ò.å. íåîáõîäèìî çíàòü îïðåäåëåíèÿ
ïîíÿòèé, ôîðìóëèðîâêè è äîêàçàòåëüñòâà îñíîâíûõ òåîðåì êóðñà.
Ñòóäåíò òàêæå äîëæåí ïðîäåìîíñòðèðîâàòü óìåíèå ðåøàòü çàäà-
÷è äàííîãî êóðñà.

Â òå÷åíèå ñåìåñòðà ïî êóðñó ìàòåìàòè÷åñêîãî àíàëèçà ïðîâî-
äÿòñÿ äâå êîíòðîëüíûå ðàáîòû è âûïîëíÿåòñÿ òèïîâîé ðàñ÷åò.
Êîíòðîëüíàÿ ðàáîòà �1 ïðîâîäèòñÿ ïðèìåðíî íà 6-é íåäåëå îáó÷å-
íèÿ, êîíòðîëüíàÿ ðàáîòà �2 ïðîâîäèòñÿ ïðèìåðíî íà 13-é íåäåëå,
à ñäà÷à òèïîâîãî ðàñ÷åòà � â êîíöå ñåìåñòðà.

Êîíòðîëüíàÿ ðàáîòà �1

Òåìà.
”
Ìåòîäû èíòåãðèðîâàíèÿ. Îïðåäåëåííûé èíòåãðàë è åãî

ïðèëîæåíèÿ“.
Öåëü. Ïðîâåðèòü óñâîåíèå îñíîâíûõ ïðèåìîâ èíòåãðèðîâàíèÿ;

ïðîâåðèòü óìåíèÿ âû÷èñëÿòü îïðåäåëåííûé èíòåãðàë è ñ ïîìî-
ùüþ îïðåäåëåííîãî èíòåãðàëà íàõîäèòü ïëîùàäè ïëîñêèõ ôèãóð,
äëèíû äóã è ò.ä.

Ñîäåðæàíèå. Â êîíòðîëüíóþ ðàáîòó âõîäÿò çàäà÷è, èäåíòè÷-
íûå çàäà÷àì ÷àñòè 1 äàííîãî ïîñîáèÿ (ò.å. çàäà÷è �1.1, 1.2, 1.3).

Êîíòðîëüíàÿ ðàáîòà �2

Òåìà.
”
Íåñîáñòâåííûå èíòåãðàëû. Äâîéíîé è òðîéíîé èíòåãðà-

ëû, èõ ïðèëîæåíèÿ“.
Öåëü. Ïðîâåðèòü óñâîåíèå îñíîâíûõ ïðèåìîâ èññëåäîâàíèÿ íå-

ñîáñòâåííûõ èíòåãðàëîâ íà ñõîäèìîñòü è èõ âû÷èñëåíèÿ; ïðîâå-
ðèòü óìåíèå âû÷èñëÿòü äâîéíûå è òðîéíûå èíòåãðàëû è ðåøàòü
ãåîìåòðè÷åñêèå çàäà÷è ñ ïîìîùüþ ýòèõ èíòåãðàëîâ.
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Ñîäåðæàíèå. Â êîíòðîëüíóþ ðàáîòó �2 âõîäÿò çàäà÷è, èäåí-
òè÷íûå çàäà÷àì èç ÷àñòè 2 äàííîãî ïîñîáèÿ (ò.å. �2.1, 2.2, 2.3,
2.4, 2.5).

Òèïîâîé ðàñ÷åò

Òåìà.
”
Êðèâîëèíåéíûé è ïîâåðõíîñòíûé èíòåãðàëû. Òåîðèÿ

ïîëÿ“.
Öåëü. Ïðîâåðèòü óìåíèå âû÷èñëÿòü êðèâîëèíåéíûå èíòåãðà-

ëû ïî êîîðäèíàòàì íåïîñðåäñòâåííî è ïî ôîðìóëå Ãðèíà, âû÷èñ-
ëÿòü ïîâåðõíîñòíûå èíòåãðàëû, îïåðèðîâàòü îñíîâíûìè ïîíÿòèÿ-
ìè òåîðèè ïîëÿ, âû÷èñëÿòü ïîòîê è öèðêóëÿöèþ âåêòîðíîãî ïîëÿ.

Ñîäåðæàíèå. Â òèïîâîé ðàñ÷åò âõîäÿò çàäà÷è èç ÷àñòè 3 (� 3.1,
3.2, 3.3, 3.4).

Òèïîâîé ðàñ÷åò âûïîëíÿåòñÿ êàæäûì ñòóäåíòîì â îòäåëüíîé
òåòðàäè â ñîîòâåòñòâèè ñ íàçíà÷åííûì åìó íîìåðîì âàðèàíòà.
Ñòóäåíò îáúÿñíÿåò ðåøåíèÿ çàäà÷ ïðåïîäàâàòåëþ, îòâå÷àåò íà âî-
ïðîñû. Òèïîâîé ðàñ÷åò òàêæå ïðåäúÿâëÿåòñÿ â íà÷àëå ýêçàìåíà
(çà÷åòà).

Ïî èòîãàì îáó÷åíèÿ ïðîâîäèòñÿ ýêçàìåí (çà÷åò). Ïðèìåðíûé
âàðèàíò ýêçàìåíàöèîííîãî áèëåòà: áèëåò ñîñòîèò èç 3-õ ÷àñòåé.
Ïåðâàÿ ÷àñòü ñîîòâåòñòâóåò ñîäåðæàíèþ êîíòðîëüíîé ðàáîòû �1,
âòîðàÿ ÷àñòü îõâàòûâàåò ìàòåðèàë êîíòðîëüíîé ðàáîòû �2, òðå-
òüÿ � çàäà÷è òèïîâîãî ðàñ÷åòà.

ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÂÎÏÐÎÑÛ Ê ÝÊÇÀÌÅÍÓ
(ÇÀ×ÅÒÓ)

1. Îïðåäåëåíèå ïåðâîîáðàçíîé, òåîðåìà î ìíîæåñòâå ïåðâîîá-
ðàçíûõ.

2. Íåîïðåäåëåííûé èíòåãðàë. Îñíîâíûå ñâîéñòâà (ëèíåéíîñòü,
èíòåãðàë îò ïðîèçâîäíîé ôóíêöèè).

3. Íåîïðåäåëåííûé èíòåãðàë. Çàìåíà ïåðåìåííîé â èíòåãðàëå.

4. Íåîïðåäåëåííûé èíòåãðàë. Èíòåãðèðîâàíèå ïî ÷àñòÿì.
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5. Îáùàÿ ñõåìà èíòåãðèðîâàíèÿ ðàöèîíàëüíûõ ôóíêöèé.

6. Èíòåãðèðîâàíèå ïðîñòåéøèõ äðîáåé.

7. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé.

8. Èíòåãðèðîâàíèå äðîáíî-ëèíåéíûõ èððàöèîíàëüíîñòåé.

9. Èíòåãðèðîâàíèå êâàäðàòè÷íûõ èððàöèîíàëüíîñòåé. Òðèãî-
íîìåòðè÷åñêèå ïîäñòàíîâêè.

10. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, ãåîìåòðè÷åñêèé è ìå-
õàíè÷åñêèé ñìûñë. Èíòåãðèðîâàíèå êóñî÷íî-íåïðåðûâíîé
ôóíêöèè.

11. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, ñâîéñòâà ëèíåéíîñòè è
àääèòèâíîñòè, èíòåãðèðîâàíèå íåðàâåíñòâ.

12. Îïðåäåëåííûé èíòåãðàë: îïðåäåëåíèå, òåîðåìà î ñðåäíåì, åå
ãåîìåòðè÷åñêèé ñìûñë.

13. Òåîðåìà î äèôôåðåíöèðîâàíèè èíòåãðàëà ïî âåðõíåìó ïðå-
äåëó. Ôîðìóëà Íüþòîíà-Ëåéáíèöà.

14. Çàìåíà ïåðåìåííîé è èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåí-
íîì èíòåãðàëå. Ïðèìåðû.

15. Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð â ïðÿìîóãîëüíûõ è ïî-
ëÿðíûõ êîîðäèíàòàõ ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà.

16. Îïðåäåëåíèå äëèíû êðèâîé. Âû÷èñëåíèå äëèíû
êóñî÷íî-ãëàäêîé êðèâîé.

17. Âû÷èñëåíèå îáúåìà òåëà ïî ïëîùàäÿì åãî ïëîñêèõ ñå÷åíèé.
Îáúåì òåëà âðàùåíèÿ.

18. Âû÷èñëåíèå ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ.

19. Íåñîáñòâåííûå èíòåãðàëû îò íåîãðàíè÷åííûõ ôóíêöèé. Ïðè-
ìåðû ñõîäÿùèõñÿ è ðàñõîäÿùèõñÿ èíòåãðàëîâ.
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20. Íåñîáñòâåííûå èíòåãðàëû îò ôóíêöèè íà áåñêîíå÷íîì èíòåð-
âàëå. Ïðèìåðû ñõîäÿùèõñÿ è ðàñõîäÿùèõñÿ èíòåãðàëîâ.

21. Íåñîáñòâåííûå èíòåãðàëû: ïðèçíàêè ñõîäèìîñòè.

22. Îïðåäåëåíèå äâîéíîãî èíòåãðàëà è åãî ãåîìåòðè÷åñêèé
ñìûñë.

23. Ñâîéñòâà ëèíåéíîñòè è àääèòèâíîñòè äâîéíîãî èíòåãðàëà.
Ñâåäåíèå äâîéíîãî èíòåãðàëà ê ïîâòîðíîìó.

24. Äâîéíîé èíòåãðàë: èíòåãðèðîâàíèå íåðàâåíñòâ, îöåíêà èíòå-
ãðàëà, òåîðåìà î ñðåäíåì.

25. Çàìåíà ïåðåìåííûõ â äâîéíîì èíòåãðàëå. Äâîéíîé èíòåãðàë
â ïîëÿðíûõ êîîðäèíàòàõ.

26. Ãåîìåòðè÷åñêèå è ìåõàíè÷åñêèå ïðèëîæåíèÿ äâîéíîãî èíòå-
ãðàëà.

27. Îïðåäåëåíèå òðîéíîãî èíòåãðàëà. Ñâåäåíèå òðîéíîãî èíòå-
ãðàëà ê ïîâòîðíîìó.

28. Çàìåíà ïåðåìåííûõ â òðîéíîì èíòåãðàëå. Òðîéíîé èíòåãðàë
â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. Ïðèìåð âû÷èñëåíèÿ.

29. Çàìåíà ïåðåìåííûõ â òðîéíîì èíòåãðàëå. Òðîéíîé èíòåãðàë
â ñôåðè÷åñêèõ êîîðäèíàòàõ. Âû÷èñëåíèå ïëîùàäè ñôåðû.

30. Îïðåäåëåíèå êðèâîëèíåéíîãî èíòåãðàëà ïî äëèíå äóãè, åãî
ãåîìåòðè÷åñêèé è ìåõàíè÷åñêèé ñìûñë, âû÷èñëåíèå.

31. Îïðåäåëåíèå, îñíîâíûå ñâîéñòâà êðèâîëèíåéíîãî èíòåãðàëà
ïî êîîðäèíàòàì è åãî âû÷èñëåíèå.

32. Ðàáîòà ñèëîâîãî ïîëÿ. Ôèçè÷åñêèé ñìûñë êðèâîëèíåéíîãî
èíòåãðàëà ïî êîîðäèíàòàì.

33. Òåîðåìà Ãðèíà.
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34. Óñëîâèå íåçàâèñèìîñòè êðèâîëèíåéíîãî èíòåãðàëà ïî êîîð-
äèíàòàì îò âûáîðà ïóòè èíòåãðèðîâàíèÿ (íà ïëîñêîñòè).

35. Âû÷èñëåíèå ïëîùàäè ãëàäêîé ïîâåðõíîñòè.

36. Îïðåäåëåíèå èíòåãðàëà ïåðâîãî òèïà ïî ïîâåðõíîñòè. Îñíîâ-
íûå ñâîéñòâà è åãî âû÷èñëåíèå.

37. Îïðåäåëåíèå è ñâîéñòâà èíòåãðàëîâ âòîðîãî òèïà ïî ïîâåðõ-
íîñòè, âû÷èñëåíèå.

38. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ è ãðàäèåíò ñêàëÿðíîãî ïîëÿ.
Ãåîìåòðè÷åñêèé ñìûñë ãðàäèåíòà, åãî ñâîéñòâà.

39. Äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ. Îñíîâíûå ñâîéñòâà è åå âû-
÷èñëåíèå.

40. Ðîòîð âåêòîðíîãî ïîëÿ. Îñíîâíûå ñâîéñòâà è åãî âû÷èñëåíèå.

41. Çàäà÷à î âû÷èñëåíèè êîëè÷åñòâà æèäêîñòè, ïðîòåêàþùåé çà
åäèíèöó âðåìåíè ÷åðåç äàííóþ ïîâåðõíîñòü.

42. Ïîòîê âåêòîðíîãî ïîëÿ è åãî âû÷èñëåíèå.

43. Òåîðåìà Ãàóññà-Îñòðîãðàäñêîãî.

44. Öèðêóëÿöèÿ âåêòîðíîãî ïîëÿ è åå âû÷èñëåíèå.

45. Òåîðåìà Ñòîêñà. Ôîðìóëà Ãðèíà êàê ÷àñòíûé ñëó÷àé òåîðå-
ìû Ñòîêñà.

46. Óñëîâèå íåçàâèñèìîñòè êðèâîëèíåéíîãî èíòåãðàëà ïî êîîð-
äèíàòàì îò âûáîðà ïóòè èíòåãðèðîâàíèÿ â ïðîñòðàíñòâå.

47. Îïðåäåëåíèå è îñíîâíûå ñâîéñòâà ïîòåíöèàëüíîãî è ñîëåíî-
èäàëüíîãî ïîëåé.

Ðåêîìåíäóåìàÿ ëèòåðàòóðà

1. Ôèõòåíãîëüö Ã.Ì. Êóðñ äèôôåðåíöèàëüíîãî è èíòåãðàëüíîãî
èñ÷èñëåíèÿ.- ÑÏá.: 1997.
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2. Âûñøàÿ ìàòåìàòèêà Ò.2./ Êðàñíîâ Ì.Ë. è äð.- Ì.: 2004.

3. Âûñøàÿ ìàòåìàòèêà Ò.4./ Êðàñíîâ Ì.Ë. è äð.- Ì.: 2004.

4. Ïèñüìåííûé Ä.Ò. Êîíñïåêò ëåêöèé ïî âûñøåé ìàòåìàòèêå.-
Ì.: Àéðèñ Ïðåññ, 2004.

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Ìåòîäû èíòåãðèðîâà-

íèÿ“ è
”
Îïðåäåëåííûé èíòåãðàë è åãî ïðèëîæåíèÿ“

Çàäà÷è ýòîé ÷àñòè ñîñòàâëÿþò îñíîâó êîíòðîëüíîé ðàáîòû �1.
Äëÿ óñïåøíîé ñäà÷è êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ ïðîðå-
øàòü âñå çàäà÷è ýòîé ÷àñòè.
Çàäà÷à 1.1. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë. Óêàçàíèå:

èñïîëüçîâàòü ìåòîä çàìåíû ïåðåìåííîé.

1

∫
arccos3 x− 5x+ 1√

1− x2
dx

2

∫ (
x− 5

x2 − 10x+ 7
+

1

x
(
1 + ln2 x

)) dx
3

∫ (
cos (ex) +

√
ex + 2

)
exdx

4

∫ (
sin
√
x+ 3x2

5
√
x

+
2x+ 3

x2 + 3x− 1

)
dx

5

∫
etg x +

√
tg x− 2

cos2 x
dx

6

∫ (
cosx

1 + 3 sinx
+

√
1 + lnx

x

)
dx

7

∫ √
arcctg x+ x− 7

1 + x2
dx

8

∫ (
1

(5x+ 2)2 + 1
+

1

(1 + x2) arctg3 x

)
dx
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9

∫
21/x + sin(1/x) + 3

x2
dx

10

∫ (
x3√

2x4 + 5
+

ln(tg x+ 2)

cos2 x

)
dx

11

∫
exdx

e2x + 2ex + 2

12

∫ (
ln(cosx+ 1) sinx+

2

x
√

4− ln2 x

)
dx

13

∫ (
3sinx + 3

√
sinx+ 1 + 2

)
cosx dx

14

∫
e1/x + 8

√
x+ 1

x2
dx

15

∫
cosxdx

4 sin2 x− 1

16

∫
ex

2−1

ex2 − 1
x dx

17

∫ (
ecosx − 2 cos3 x+ 3

)
sinx dx

18

∫ (√
1 + 2

√
x

x
+ x3 cos

(
x4
))

dx

19

∫
sin (ln x) + 7

√
8x+ 2lnx

2x
dx

20

∫
x+ arcsin3 x+ 5√

1− x2
dx

21

∫
3
√
2 tg x+ 5 + 3tg x + 1

cos2 x
dx
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22

∫
ctg 5x− 1

cos2 5x
dx

23

∫
x
(
3−x

2

+ cos
(
10x2 + 2

)
+ 5
√
x
)
dx

24

∫ (
esin

2 x + cos 2x+ 1
)
sin 2x dx

25

∫ (
ex+2

√
e2x+4

+ tg 5x+ 2

)
dx

26

∫
cos(lnx+ 1) + ln x+ 5

√
4x

x
dx

27

∫ (
1

(arccos x+ 1)
√
1− x2

+ e5+sin2 x sin 4x

)
dx

28

∫
earctg 3x + 48x+ 1

1 + 9x2
dx

29

∫  ln(arccosx+ 1) + 3√
1− x2

+
x

4

√
(2 + 3x2)3

 dx

30

∫ (
1

(1 + x2)
√
9− arctg2 x

+
3x− 4

1 + x2

)
dx

31

∫ (
1

√
1− x2

√
4− arcsin2 x

+
5x+ 6√
1− x2

)
dx

32

∫ (
ln3 x− 2

x
√
lnx

+
1√

1− x2(1 + arcsin x)

)
dx

Çàäà÷à 1.2. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë. Óêàçàíèå:
èñïîëüçîâàòü ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì.
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1

∫
x2e−2xdx 2

∫
x arctg 2x dx

3

∫
e5x sin 3x dx 4

∫ (
5− x2

)
cosx dx

5

∫
2x dx

sin2 x
6

∫
e2x sin2 x dx

7

∫ (
7− x2

)
sinx dx 8

∫ (
2x2 + x− 3

)
sinx dx

9

∫
ln
(
x2 + 1

)
dx 10

∫
arcsin 5x dx

11

∫
sin(lnx) dx 12

∫
ln
(
sin2 x

)
dx

cos2 x

13

∫
(x+ 2)2 cos 2x dx 14

∫
x arcsinx√

1− x2
dx

15

∫
sinx ln cos x dx 16

∫
ln arctg x

1 + x2
dx

17

∫
e2x
(
ln e2x + 1

)
dx 18

∫
ln sin x

cos2 x
dx

19

∫
arcsin

√
x√

1− x
dx 20

∫ (
5x2 − 8x+ 2

)
e−x dx

21

∫
cos 2x

e3x
dx 22

∫
arcsin2 x dx

23

∫ (
x2 + 5

)
ln 2x dx 24

∫ (
2

sin2 x
+ x lnx

)
x dx

25

∫
x arcsin(2x) dx 26

∫ sin
1

x
x3

dx

27

∫
(x+ 3) arctg 3x dx 28

∫ cos
x

2
+ sin

x

2
3
√
ex

dx
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29

∫
ln tg x

sin2 x
dx 30

∫
x tg2 x dx

31

∫
3
√
x ln2 x dx 32

∫ (
x2 − 2x+ 3

)
5x dx

Çàäà÷à 1.3. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé.

1

∫
x2 − 3x+ 6

x2 − 4x− 12
dx 2

∫
x2 − x− 4

x2 − 2x− 8
dx

3

∫
x2 + 2x+ 3

x2 + x− 20
dx 4

∫
x2 + 6

x2 − x− 6
dx

5

∫
x2 − x+ 4

x2 − 2x− 15
dx 6

∫
x2 + 9x− 6

x2 + 4x− 12
dx

7

∫
x2 + 4x− 27

x2 − x− 20
dx 8

∫
x2 + 6x− 6

x2 + x− 6
dx

9

∫
x2 + 7x− 6

x2 + 2x− 8
dx 10

∫
x2 + 7x− 14

x2 + 2x− 15
dx

11

∫
2x2 − 3x+ 16

2x2 + x− 3
dx 12

∫
x2 + 7x+ 15

x2 + 5x+ 6
dx

13

∫
x2 + 3x+ 6

x2 + 2x− 3
dx 14

∫
x2 + x+ 15

x2 − x− 12
dx

15

∫
2x2 + 15x+ 43

2x2 + 11x+ 12
dx 16

∫
x2 + 12x− 4

x2 + x− 2
dx

17

∫
x2 − 7x+ 21

x2 − 5x+ 4
dx 18

∫
x2 − 7x+ 15

x2 − 5x+ 6
dx

19

∫
2x2 + 3x+ 21

2x2 − x− 6
dx 20

∫
x2 − x− 21

x2 − 2x− 8
dx

21

∫
x2 − 3x− 4

x2 − 4x+ 3
dx 22

∫
x2 + 6x− 2

x2 + 3x− 10
dx
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23

∫
x2 − 7x+ 14

x2 − 8x+ 15
dx 24

∫
x2 + 9x+ 30

x2 + 8x+ 12
dx

25

∫
x2 − 4x+ 44

x2 − 9x+ 20
dx 26

∫
x2 + 11x+ 14

x2 + 6x+ 8
dx

27

∫
x2 − 8x+ 13

x2 − 7x+ 12
dx 28

∫
x2 + 13x+ 21

x2 + 5x+ 4
dx

29

∫
x2 − 6x− 25

x2 − 5x− 14
dx 30

∫
x2 + x− 18

x2 − 4x− 5
dx

Çàäà÷à 1.4. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé.

1

∫
x2 − x+ 6

x2 − 2x+ 2
dx 2

∫
x2 + 5x+ 18

x2 + 4x+ 13
dx

3

∫
x2 − 3x+ 7

x2 − 4x+ 13
dx 4

∫
x2 − 5x+ 5

x2 − 6x+ 1
dx

5

∫
x2 − x− 1

x2 − 2x+ 5
dx 6

∫
x2 + 5x+ 11

x2 + 4x+ 8
dx

7

∫
x2 − 5x+ 17

x2 − 6x+ 18
dx 8

∫
x2 − 7x+ 27

x2 − 8x+ 25
dx

9

∫
x2 − 3x+ 8

x2 − 4x+ 5
dx 10

∫
x2 + 3x+ 4

x2 + 2x+ 10
dx

11

∫
x2 + 7x+ 5

x2 + 6x+ 10
dx 12

∫
x2 − 9x+ 23

x2 − 10x+ 26
dx

13

∫
x2 + 3x+ 6

x2 + 2x+ 2
dx 14

∫
x2 + 7x+ 17

x2 + 6x+ 18
dx

15

∫
x2 − 3x+ 7

x2 − 4x+ 13
dx 16

∫
x2 + 11x+ 22

x2 + 10x+ 26
dx

17

∫
x2 + 9x+ 27

x2 + 8x+ 25
dx 18

∫
x2 + 5x+ 4

x2 + 4x+ 5
dx
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19

∫
x2 − x+ 13

x2 − 2x+ 10
dx 20

∫
x2 − 5x+ 8

x2 − 6x+ 13
dx

21

∫
x2 − 7x+ 15

x2 − 8x+ 17
dx 22

∫
x2 + 3x+ 3

x2 + 2x+ 5
dx

23

∫
x2 − 7x+ 15

x2 − 8x+ 20
dx 24

∫
x2 − 9x+ 31

x2 − 10x+ 29
dx

25

∫
x2 + 9x+ 15

x2 + 8x+ 17
dx 26

∫
x2 + 11x+ 33

x2 + 10x+ 34
dx

27

∫
x2 + 9x+ 25

x2 + 8x+ 20
dx 28

∫
x2 + 11x+ 27

x2 + 10x+ 29
dx

29

∫
x2 − 9x+ 35

x2 − 10x+ 34
dx 30

∫
x2 + 7x+ 17

x2 + 6x+ 13
dx

Çàäà÷à 1.5. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
òðèãîíîìåòðè÷åñêèõ âûðàæåíèé.

1

∫
dx

3 sin x− 4 cos x

2

∫
sinx cosx

(3 + cosx)2
dx

3

∫
cos4 x · sin3 x dx

4

∫
sin3 x

cos3 x
dx

5

∫
sin4 x

cos6 x
dx

6

∫
sin2 x · cos4 x dx

7

∫
sin 2x · sin 3x · sin 11x dx
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8

∫
dx

5− 3 sin x+ 4 cos x

9

∫
dx

sin2 x · cos3 x

10

∫
cos9 x · sin10 x dx

11

∫
cos5 x
3
√
sin2 x

dx

12

∫
sin7 x

cos1 3x
dx

13

∫
sin4 x · cos6 x dx

14

∫
sinx · cos 2x · cos 3x dx

15

∫
2 dx

1 + sinx+ 2 cosx

16

∫
sin3 x+ sinx

1 + cos2 x
dx

17

∫
sin5 x · cos6 x dx

18

∫
sin7 x dx

cosx · 3
√
cos2 x

19

∫
cos4 x

sin8 x
dx

20

∫
cos6 x · sin8 x dx

21

∫
cosx · cos 3x · cos 4x dx
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22

∫
dx

4 cosx+ 3 sin x− 1

23

∫
sin4 x− 1

cos3 x
dx

24

∫
cos7 x · sin4 x dx

25

∫
cos11 x dx

sin2 x · 5
√
sinx

26

∫
3

√
cos2 x

sin6 x
dx

27

∫
cos4 x · sin6 x dx

28

∫
sin 11x · cos 5x · cos 3x dx

29

∫
1 + sin3 x

cos2 x
dx

30

∫
sin2 x cosx

sinx+ cosx
dx

Çàäà÷à 1.6. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

1

∫ √
x+ 1 dx√
x+ 1− 2

2

∫ √
4− x
x

dx

3

∫ √
x+ 2 dx√

(x+ 2)3 − 5
4

∫
dx

(x+ 5)
√
1 + x

5

∫
dx(

4
√
x+ 1− 3

)√
x+ 1

6

∫
dx√

x ( 3
√
x+ 4)
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7

∫
dx

4
√
x3(x− 1)

8

∫
dx(

4
√
2− x+ 1

)√
2− x

9

∫
dx√
x+ 3
√
x

10

∫
4
√
x dx

4
√
x5 + 1

11

∫ √
1− x dx√
1− x+ 6

12

∫ √
x+ 9

x
dx

13

∫
dx

3
√
x− 1−

√
x− 1

14

∫
dx

(x+ 11)
√
2 + x

15

∫
dx(

4
√
x+ 2− 5

)√
x+ 2

16

∫
dx(

3
√
x− 1 + 9

)√
x− 1

17

∫
dx

4
√
x3(x− 16)

18

∫
3
√
2− x dx

3
√
(2− x)4 + 6

19

∫
dx√
x− 3
√
x

20

∫ √
x− 4 dx

x+ 5

21

∫ √
x+ 2 dx√
x+ 2 + 3

22

∫ √
25− x
x

dx

23

∫
5
√
3− x dx

5
√

(3− x)6 − 1
24

∫
dx

(1 + x)
√
x− 3

25

∫
dx

( 4
√
x+ 1)

√
x

26

∫
dx√

x ( 3
√
x− 16)

27

∫
dx

4
√
x3(81− x)

28

∫ √
x dx

1− 4
√
x
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29

∫
dx√

x+ 2 + 3
√
x+ 2

30

∫
dx

(x+ 3)
√
x+ 7

Çàäà÷à 1.7. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

1

∫
(x+ 1) dx√
x2 − 8x+ 20

2

∫
(x+ 3) dx√
x2 − 6x+ 34

3

∫
(x+ 1) dx√
x2 − 4x+ 13

4

∫
(2x+ 5) dx√
x2 − 10x+ 16

5

∫
(x+ 2) dx√
x2 − 12x+ 37

6

∫
(x+ 3) dx√
x2 − 14x+ 58

7

∫
(2x− 7) dx√
x2 + 4x+ 68

8

∫
(x+ 3) dx√
x2 − 10x+ 24

9

∫
(2x− 3) dx√
x2 + 14x+ 48

10

∫
(x− 5) dx√
x2 − 2x+ 17

11

∫
(2x+ 3) dx√
x2 − 8x+ 32

12

∫
(x+ 2) dx√
x2 − 14x+ 54

13

∫
(2x+ 5) dx√
x2 − 6x+ 25

14

∫
(2x+ 7) dx√
x2 + 4x+ 53

15

∫
(x− 7) dx√
x2 − 16x+ 60

16

∫
(x+ 6) dx√
x2 − 2x+ 60

17

∫
(2x+ 3) dx√
x2 − 6x+ 48

18

∫
(x+ 1) dx√
x2 − 6x+ 5
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19

∫
(x− 2) dx√
x2 + 2x+ 10

20

∫
(3− x) dx√
x2 + 6x+ 10

21

∫
(x+ 4) dx√
x2 − 8x+ 7

22

∫
(1− x) dx√
x2 + 14x+ 33

23

∫
(2x+ 1) dx√
x2 − 4x+ 29

24

∫
(x− 3) dx√
x2 + 6x+ 8

25

∫
(2− x) dx√
x2 + 10x+ 24

26

∫
(2x+ 5) dx√
x2 − 14x+ 48

27

∫
(x− 6) dx√
x2 − 4x+ 48

28

∫
(x+ 1) dx√
x2 + 14x+ 48

29

∫
(x+ 2) dx√
x2 − 12x+ 35

30

∫
(4− x) dx√
x2 + 10x+ 16

Çàäà÷à 1.8. Óêàçàíèå: èñïîëüçîâàòü ïðèåìû èíòåãðèðîâàíèÿ
âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè.

1

∫
x2 dx√
16− x2

2

∫ √
x2 − 9

x
dx

3

∫
x3
√
25− x2 dx 4

∫ √
x2 − 81

x2
dx

5

∫
dx√

(x2 + 4)3
6

∫ √
x2 − 1

x4
dx

7

∫
x2 dx√
25− x2

8

∫
dx√

(x2 − 16)3
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9

∫
x3 dx√
9− x2

10

∫
dx

x
√
x2 + 25

11

∫
dx

x
√
36− x2

12

∫
dx

x
√
x2 − 25

13

∫
dx

x2
√
81− x2

14

∫
dx

x2
√
x2 − 9

15

∫
dx

x2
√
x2 + 16

16

∫
x2 dx√
9− x2

17

∫ √
x2 − 25

x
dx 18

∫
x3
√

16− x2 dx

19

∫ √
x2 − 4

x2
dx 20

∫
dx√

(x2 + 16)3

21

∫ √
x2 − 36

x4
dx 22

∫
x2 dx√
4− x2

23

∫
dx√

(x2 − 25)3
24

∫
x3 dx√
81− x2

25

∫
dx

x
√
x2 + 4

26

∫
dx

x
√
16− x2

27

∫
dx

x
√
x2 − 9

28

∫
dx

x2
√
4− x2

29

∫
dx

x2
√
x2 − 25

30

∫
dx

x2
√
x2 + 81

Çàäà÷à 1.9. Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë.
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1

π/4∫
−π/2

cos3 x dx
3
√
sinx

2

π/2∫
0

cosx dx

5 + 4 cos x

3

π/3∫
0

cos3 x · sin 2x dx 4

π/2∫
0

dx

1 + sin x+ 4 cos x

5

π/4∫
0

7 + tg x

(sinx+ 2 cos x)2
dx 6

2π∫
0

sin4 x · cos4 x dx

7

2∫
0

√
4− x2 dx 8

0∫
−1/2

x dx

2 +
√
2x+ 1

9

π/2∫
0

x cosx dx 10

1∫
√
2/2

√
1− x2
x2

dx

11

ln 5∫
0

ex
√
ex − 1

ex + 3
dx 12

e∫
1

(x+ 1) ln 5x dx

13

1∫
0

x dx

1 + x4
14

arctg(2/3)∫
0

(6 + tg x) dx

9 sin2 x+ 4 cos2 x

15

π/2∫
0

cosx− sinx

(1 + sin x)2
dx 16

0∫
−π/2

cosx dx

(1 + cosx− sinx)2

17

π∫
0

24 sin2 x · cos4 x dx 18

arccos(1/
√
3)∫

π/4

tg x dx

sin2 x− cos2 x+ 4
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19

1∫
0

x dx

x2 + 3x+ 2
20

1∫
0

ex dx

1 + e2x

21

π/3∫
π/6

cos4 x sin3 x dx 22

e∫
1

lnx+ 1

x lnx
dx

23

ln 3∫
0

ex (ex − 3)

ex + 3
dx 24

π/3∫
π/6

(5x+ 1) cos 4x dx

25

4∫
0

x ln
(
x2 + 9

)
dx 26

π/2∫
0

sin 12x · cos5 x dx

27

(eπ/2)/5∫
1/5

sin ln 5x

3x
dx 28

1∫
0

3ex dx

e2x + 2ex + 2

29

π/2∫
0

arcsin 2x dx 30

1∫
0

(x+ 1) arctg x dx

Çàäà÷à 1.10. Âû÷èñëèòü ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà
ïëîùàäü ïëîñêîé ôèãóðû, îãðàíè÷åííîé êðèâûìè. Ñäåëàòü ÷åð-
òåæ.

1 ρ = 4 cos 4φ 2
y = tg

x

2
,

y = 1, x = 0

3
y = arccos

x

3
,

y = 0, x = 0
4 ρ = sin 6φ
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5
y = tg

x

2
,

y = 1, x = 0
6 ρ = 2 sin 4φ

7 ρ = 3(1− cosφ) 8
y = x2 − 1,

y =
√

1− x2

9 ρ = 2(1− cosφ) 10 ρ = 2 sin 3φ

11 ρ = cos 2φ 12
y = 2x− x2 + 3,

y = x2 − 4x+ 3

13
y = sin x, y = cos x

x = 0, x =
π

4

14
y = arccos

x

2
y = arccos x

15
y = (x− 2)2,

y = 4x− 8
16 ρ = 2(1− sinφ)

17
y = sin

x

2
, y = cos

x

2
,

x = 0, x =
π

2

18 ρ = 2 cos 6φ

19 ρ =
1

2
− sinφ) 20 ρ = 1− sinφ

21
y = x

√
4− x2

y = 0, 0 6 x 6 2
22

y = 3x− x2 + 4,

y = x2 − 5x+ 4

23
y = tg

x

4
,

y =
√
3, x = 0

24
y = x2 − 2x+ 1,

y = 2x− 2
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25
y = tg

x

3
,

y =
1√
3
, x = 0

26 ρ = 4 sin 3φ

27 ρ = 3(1− sinφ) 28
y = arccos

x

4
,

x = 0, y = 0

29
y = x

√
9− x2,

0 6 x 6 3, y = 0
30

y = arccos
x

4
,

y = arccos x

31
y = (x− 3)2,

y = 6x− 18
32 ρ = 4 cos 3φ

Çàäà÷à 1.11. Âû÷èñëèòü ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà
äëèíó äóãè êðèâîé. Ñäåëàòü ÷åðòåæ.

1
y =

√
1− x2,

y = 1− x2
2

ρ = 3(1 + sinφ),

−π
6
6 φ 6 0

3 ρ = 2(1− cosφ), 4
y = 1− ln

(
x2 − 1

)
,

3 6 x 6 4

5
ρ = 1− sinφ,

−π
2
6 φ 6 −π

6

6
y = ln

(
x2 − 1

)
,

2 6 x 6 3

7
y = (x− 2)2,

0 6 x 6 6
8

ρ = 4(1− sinφ),

0 6 φ 6 π

6

9
y = ex + 4,

ln
√
8 6 x 6 ln

√
24

10
y = lnx,

√
3 6 x 6

√
15
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11
y = x2 − 1,

y =
√

1− x2
12 ρ = 2(1− cosφ),

13
ρ =

φ

2
,

−π
2
6 φ 6 π

2

14
ρ = 2φ,

0 6 φ 6 2

3

15 ρ = 3 sin 2φ, 16
y = ex + 3,
√
3 6 x 6

√
15

17
ρ = e2φ/3,

−π
2
6 φ 6 π

2

18
y =

√
2x− x2,

0 6 x 6 2

19
y =

√
−2x− x2,

−2 6 x 6 0
20

y = ln 7− lnx,
√
3 6 x 6

√
8

21
y = x

√
4− x2,

y = 0, 0 6 x 6 2
22

ρ = 4 cosφ,

0 6 φ 6 π

4

23
ρ = 4φ,

0 6 φ 6 3

4

24 ρ = 7(1− sinφ),

25
ρ = e3φ/4,

0 6 φ 6 π

3

26
y = ln

(
1− x2

)
,

0 6 x 6 1

4

27
y = arccos 2x,

x = 0, y = 0
28

ρ = 5(1 + cosφ),

−π
3
6 φ 6 0
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29
y = x

√
9− x2,

0 6 x 6 3, y = 0
30

ρ = 2 cosφ,

0 6 φ 6 π

6

31 ρ = 3 sin 2φ, 32
y = ex + 5,

ln
√
15 6 x 6 ln

√
35

Çàäà÷à 1.12. Ñ ïîìîùüþ îïðåäåëåííîãî èíòåãðàëà íàéòè îáú-
åì òåëà, îáðàçîâàííîãî âðàùåíèåì ïëîñêîé ôèãóðû âîêðóã îñè
OX (VOX), âîêðóã îñè OY (VOY ) èëè âû÷èñëèòü ïëîùàäü ïîâåðõ-
íîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé âîêðóã îñè OX (SOX).
Ñäåëàòü ÷åðòåæ.

1
y = cos 2x,

0 6 x 6 π

4

SOX 2
y = sin

x

2
, y = cos

x

2
,

x = 0, x =
π

2

VOX

3
y = 4− x2,
y =

√
4− x2

VOX 4
y = sin 3x,

0 6 x 6 π

6

SOX

5
y = tg x,

y =
√
3, x = 0

VOX 6
y = arccos

x

2
,

x = 0, y = 0
VOY

7
y = x2 − 2x+ 1,

y = 0, x = 2
VOY 8 x2 + (y − 1)2 = 1 VOX

9
y = 1− x2,

y =
√
1− x2, x = 0

VOX 10
y = x

√
4− x2,

y = 0
VOX

11
y = sin x,

0 6 x 6 π

2

SOX 12
y = e1−x, y = 0,

x = 0, x = 1
VOX
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13
y = tg

x

2
,

y =
1√
3
, x = 0

VOX 14
y = (x− 1)2,

y = 1
VOY

15
y = arccos

x

2
,

y = arccosx
VOY 16

y = arccos x,

y = arcsin x, x = 0
VOY

17
y = cos 3x,

0 6 x 6 π

6

SOX 18
y = arccos

x

3
,

x = 0, y = 0
VOY

19
y = sin

x

2
,

0 6 x 6 π
SOX 20

y = −
√
−2x− x2,

y = 0
VOX

21
y = tg

x

4
,

y = 1, x = 0
VOX 22

y = sin
x

4
, y = cos

x

4
,

x = 0, x =
π

16

VOX

23
y =

√
9− x2,

y = x2 − 9
VOY 24

y = arccos
x

3
,

y = arccos x
VOY

25
y = cos

x

2
,

0 6 x 6 π
SOX 26

y = 4− x2,
y =

√
4− x2, x = 0

VOY

27
y = arccos 2x,

y = 0, x = 0
VOY 28

y = x2,

y = 0, x = 2
VOY

29
y = cos

x

3
, y = sin

x

3
,

0 6 x 6 3π

4

VOX 30 y2 = 2x− x2 SOX
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31
y = x

√
1− x2,

y = 0, 0 6 x 6 1
VOX 32

y = tg 2x,

y = 1, x = 0
VOX

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Íåñîáñòâåííûå èíòå-

ãðàëû“ è
”
Äâîéíîé è òðîéíîé èíòåãðàëû è èõ ïðèëî-

æåíèÿ“

Çàäà÷è ýòîé ÷àñòè ñîñòàâëÿþò îñíîâó êîíòðîëüíîé ðàáîòû �2.
Äëÿ óñïåøíîé ñäà÷è êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ ïðîðå-
øàòü âñå çàäà÷è ýòîé ÷àñòè.
Çàäà÷à 2.1. Âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë.

1

+∞∫
2

dx

x2 + x− 2
2

+∞∫
1/3

dx

x
(
1 + ln2 3x

)
3

+∞∫
0

xe−3x dx 4

π2/4∫
0

cos
√
x√

x
dx

5

1∫
0

dx√
x3 + 3

√
x

6

ln 4∫
0

dx√
ex − 1

7

+∞∫
−1

dx

4x2 + 16x+ 15
8

+∞∫
1

(
lnx

x

)2

dx

9

+∞∫
0

dx

chx
10

2
√
3/3∫

0

x dx√
16− 9x4

11

1∫
0

e
3
√
x

3
√
x2
dx 12

1/2∫
0

dx

(1 + 4x2)
√
arctg 2x
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13

+∞∫
1

x lnx dx

(1 + x2)2
14

+∞∫
0

e−2x cosx dx

15

+∞∫
ln 2

dx

sh x
16

1/6∫
0

dx√
(9− x2) arcsin 3x

17

1∫
0

(lnx)2dx 18

1∫
0

lnx√
x
dx

19

+∞∫
1

(3x+ 7) dx

(x+ 1)(x+ 2)(x+ 3)
20

+∞∫
√
3/3

dx

(1 + 9x2) (arctg 3x)2

21

1∫
0

dx
3
√
x5 + 3

√
x

22

+∞∫
0

x dx

x4 + 4x2 + 8

23

+∞∫
0

x2e−2xdx 24

+∞∫
1/5

dx

(1 + 25x2) arctg 5x

25

1/4∫
0

arcsin 4x√
1− 16x2

dx 26

ln 4∫
ln 2

dx√
ex − 2

27

π/4∫
0

dx

cosx
√
sin 2x

28

+∞∫
0

e−x sin 2x dx

29

+∞∫
1

(x− 2) dx

(x+ 1)(x+ 2)(x+ 4)
30

√
2/2∫

2/3

dx

x2
√
9x2 − 4

Çàäà÷à 2.2. Èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ â äâîéíîì èí-
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òåãðàëå
∫ b

a

dx

∫ ψ(x)

φ(x)

f(x, y) dy .

N a b φ(x) ψ(x)

1 0 2 1− x2

4

√
4− x2

2 0 1 −
√
2− x2 2− x

3 0 2 −
√
2x− x2 2− x

4 0
√
2 x2/2

√
3− x2

5 0 2
√
2x− x2

√
2x

6 0 1
√
x 3− 2x

7 0 1 −
√
1− x2 1− x

8 0 3/2 2x2 6− x

9 1 2 −x
√
1 + x2

10 −1 1/2 x 1− x2

11 0 1 −x
√
4− x2

12 −1 1 −
√
1− x2 1− x2

13 2 4
√
4x− x2

√
8x
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14 − 6 2
x2

4
− 1 2− x

15 1/4 1
√
x

√
4x

16 0 1
1− x2

2

√
1− x2

17 0 1
√
2x− x2 2− x

18 0 1 −
√
4− x2 2x

19 1/2 3/2 0
√
2x− x2

20 −
√
2
√
2

x2

2

√
3− x2

21 −1 2 x2 − 2x− 3 2− x

22 1 4 0
√
x

23 0 3/4 x2 x

24 0 1 x x2 + 1

25 −3 1 x− 2 3− 2x− x2

26 1 2
√
4x− 3− x2

√
4x− x2

27 −2 0 −
√
−2x− x2

√
4− x2

28 0 1 x2 − 4
√
4− x2
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29 0 4 3x2 12x

30 1 2 0
√
4x− x2

Çàäà÷à 2.3. Âû÷èñëèòü äâîéíîé èíòåãðàë.

1

∫∫
D

dxdy√
x2 + y2

D : y2 6 x 6 y

2

∫∫
D

exp
(
x2 + y2

)
dxdy D :

 x2 + y2 6 4
y > 0
x 6 0

3

∫∫
D

√
R2 − x2 − y2 dxdy D :

{
x2 + y2 6 R2

x 6 y 6
√
3x

4

∫∫
D

x

x2 + y2
dxdy D :

{
4x 6 x2 + y2 6 8x

0 6 y 6 x√
3

5

∫∫
D

x
√
x2 + y2 dxdy D :

{
x2 + y2 6 −8x
x 6 y 6 −x

6

∫∫
D

x

x2 + y2
dxdy D :

{
x2 + y2 6 6y

0 6 y 6 −x
√
3
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7

∫∫
D

e
√
x2+y2 dxdy D :

{
x2 + y2 6 1
y 6 x 6 −y

8

∫∫
D

x
√
x2 + y2 dxdy D :

{
2x 6 x2 + y2 6 4x

0 6 y 6 x√
3

9

∫∫
D

(
x2 + y2

)
dxdy D :

{
−4y 6 x2 + y2 6 −8y
y 6 x 6 −y

10

∫∫
D

sin
√
x2 + y2 dxdy D : π2 6 x2 + y2 6 4π2

11

∫∫
D

cos
√
x2 + y2 dxdy D :


π2

4
6 x2 + y2 6 π2

√
3x 6 y 6 0

12

∫∫
D

ye
√
x2+y2

x2 + y2
dxdy D :

{
x2 + y2 6 −2x
y 6 0

13

∫∫
D

√
1− x2 − y2 dxdy D :

{ (
x2 + y2

)2 6 x2 − y2
0 6 y 6 x

14

∫∫
D

y
√
x2 + y2 dxdy D :

{
x2 + y2 6 4x

y > x
√
3

15

∫∫
D

y dxdy

(x2 + y2) e
√
x2+y2

D :

{
x2 + y2 6 −4x
y > 0
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16

∫∫
D

x

x2 + y2
dxdy D : 2x 6 x2 + y2 6 4x

17

∫∫
D

√
1− x2 − y2 dxdy D :

{
x2 + y2 6 1

x 6 y 6 x
√
3

18

∫∫
D

x dxdy√
x2 + y2

D :

{
x2 + y2 6 2y
x 6 y

19

∫∫
D

dxdy D :


(
x2 + y2

)2 > x2 − y2
x2 + y2 > 2x
−x 6 y 6 x

20

∫∫
D

y

x2 + y2
dxdy D :

{
x2 + y2 6 −4y
0 6 x 6 −y

21

∫∫
D

dxdy√
x2 + y2

D : x 6 y 6 −x2

22

∫∫
D

x dxdy√
x2 + y2

D :


(
x2 + y2

)2 > x2 − y2
x2 + y2 6 2x
x 6 y 6 −x

23

∫∫
D

√
36− 4x2 − 9y2 dxdy D :

 4x2 + 9y2 6 36
x > 0
y > 0

24

∫∫
D

dxdy√
x2 + y2

D :

{
9 6 x2 + y2 6 6y
0 6 x 6 y
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25

∫∫
D

√
4− x2

4
− y2

9
dxdy D :



x2

4
+
y2

9
> 1

x2

16
+
y2

36
6 1

x > 0

y > 0

26

∫∫
D

√
x2 + y2 dxdy D :

{
1 6 x2 + y2 6 −2x
0 6 y 6 −x

27

∫∫
D

y dxdy D :

{
4 6 x2 + y2 6 4x
−x 6 y 6 x

28

∫∫
D

xe
√
x2+y2

x2 + y2
dxdy D :

{
x2 + y2 6 −2y
x 6 0

29

∫∫
D

√
1− x2

a2
− y2

b2
dxdy D :

x2

a2
+
y2

b2
6 1

30

∫∫
D

y dxdy D :

{
4 6 x2 + y2 6 4x
−x 6 y 6 x

31

∫∫
D

x dxdy D :

{
4 6 x2 + y2 6 −4y
0 6 x 6 −y
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32

∫∫
D

y dxdy√
x2 + y2

D :

{ (
x2 + y2

)2 > y2 − x2
x2 + y2 6 −2y

Çàäà÷à 2.4. Ñ ïîìîùüþ òðîéíîãî èíòåãðàëà âû÷èñëèòü îáúåì
òåëà V, ïåðåõîäÿ ê öèëèíäðè÷åñêèì èëè ñôåðè÷åñêèì êîîðäèíà-
òàì

1

{
x2 + y2 − z2 6 0
2z 6 x2 + y2 + 1

2

{
x2 + y2 − z2 6 0
x2 + y2 + z2 6 2

3

{
x2 + y2 6 1, z > 0
z 6 4− x2 − y2

4

{
x2 + y2 + z2 6 1
x2 + y2 6 y

5

{
1 6 z 6 2
x2 + y2 6 2z

6

{
x2 + y2 6 3z2

x2 + y2 + z2 6 4

7

{
x2 + y2 + z2 6 4
x2 + y2 6 3z

8

{
z > −2
x2 + y2 + z 6 2

9

{
x2 + y2 6 z2

x2 + y2 > 2− z
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10

{
x2 + y2 6 6z
9− x2 − y2 > 3z

11

{
2z > x2 + y2

z2 6 x2 + y2

12

{
x2 + y2 6 1, z > 0
x2 + y2 + z2 6 9

13

{
x2 + y2 6 1, x > 0
x2 + y2 + z2 6 4

14

{
x2 + y2 + z2 6 2
x2 + y2 > z

15

{
x2 + y2 > z > 0
x2 + y2 6 3

16

{
x+ y + z 6 2
z > 0, x2 + y2 6 1

17

{
z > x2 + y2

2z 6 3− x2 − y2

18

{
x2 + y2 6 z2

x2 + y2 + z2 6 1

19

{
x 6 z 6 2x, x > 0
x2 + y2 6 4

20

{
x2 + y2 6 3z
x2 + y2 + z2 6 4

21

{
z > 0
z 6 4− x2 − y2
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22

{
0 6 z 6 5− x− y
x2 + y2 6 9

23

{
x2 + y2 + z2 6 2z
x2 + y2 6 z2

24

{
1 6 z 6 2
z 6 4− x2 − y2

25

{
z > 0, x2 + y2 6 1
z2 6 x2 + y2 + 1

26

{
x2 + y2 > 1, z > 0
x2 + y2 + z2 6 4

27

{
x2 + y2 + z2 6 2
z 6 x2 + y2

28

{
0 6 z 6 x2 + y2

x+ y 6 2, x > 0, y > 0

Îñíîâíûå òèïû çàäà÷ ïî òåìàì
”
Êðèâîëèíåéíûå è ïî-

âåðõíîñòíûå èíòåãðàëû“ è
”
Òåîðèÿ ïîëÿ“

Çàäà÷è ýòîé ÷àñòè ñîñòàâëÿþò ñîäåðæàíèå òèïîâîãî ðàñ÷åòà.
Òèïîâîé ðàñ÷åò âûïîëíÿåòñÿ êàæäûì ñòóäåíòîì â îòäåëüíîé òåò-
ðàäè â ñîîòâåòñòâèè ñ íàçíà÷åííûì åìó íîìåðîì âàðèàíòà.

Îñíîâíûå îïðåäåëåíèÿ è òåîðåìû, à òàêæå ðàçáîð ðåøåíèÿ çà-
äà÷ ïî óêàçàííûì òåìàì ïðèâåäåíû â Ïðèëîæåíèè.

Çàäà÷à 3.1. Âû÷èñëèòü äâóìÿ ñïîñîáàìè: íåïîñðåäñòâåííî è
ïî ôîðìóëå Ãðèíà êðèâîëèíåéíûé èíòåãðàë ïî çàìêíóòîìó êîí-
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òóðó L, ïðîáåãàåìîìó ïðîòèâ ÷àñîâîé ñòðåëêè∫
L P (x, y) dx+Q(x, y) dy.

N L P (x, y) Q(x, y)

1 △ABC, A(1, 1)B(2, 2)C(1, 3) 2
(
x2 + y2

)
(x+ y)2

2
x2

4
+
y2

9
= 1 xy + x+ y xy + x− y

3 x2 + y2 = 2x xy + 1 xy − x+ y

4 x2 + y2 = 4 −x2y xy2

5 4x2 + 9y2 = 36 x+ y −x+ y

6 y = sin x, y = 0, 0 6 x 6 π exy ex

7
x2

4
+ y2 = 1 x3y x2 + 1

8 y = x2, y = 1 x2y x+ y

9 y = 3x2, y = 2x (x+ y)2 −(x− y)2

10 △ABC, A(0, 0), B(2, 4), C(0, 4) 3x2y x3 + 2x

11 y = 2x2, y = 2 x2 − 2xy y2 − 2xy

12 x2 + y2 = 4 y2 + x x2 + y

13 y =
x2

4
, y =

x

2
2xy −x2
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14 x = 2y2, 2y = x 2xy x2 + y2

15 x2 + y2 = 9 x+ y2 x− y2

16
x2

4
+
y2

25
= 1 y + x2 −x

17 2y = x2 + 2, y = 3x− 3 x+ y x− y

18 △ABC, A(0, 0), B(1, 1), C(0, 2) xy x2 + y2

19 |x|+ |y| = 1 (x+ y)2 −(x− y)2

20 x2 + y2 = 25 x+ y2 x3

21
x2

9
+
y2

16
= 1 x− y x2 − y2

22 y = x2, y = 3x− 2 x2 − 2xy 2xy + y2

23 △ABC, A(1, 1), B(2, 2), C(1, 3) (x+ y)2 x2 + y2

24 y =
√
x, 3y = x+ 2 x2 − y x2 + y

25 △ABC, A(1, 2), B(2, 4), C(1, 4)
y2 + 1

y

2y2 − x
y2

26 y = 2
√
x, y = 2x 2xy2 3x2y

27 x2 + y2 = 4 x+ 2y y − 2x

28 △ABC, A(1, 1), B(3, 2), C(2, 5) (x+ y)2 −x2 − y2
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Çàäà÷à 3.2. Âû÷èñëèòü ïëîùàäü ÷àñòè ïîâåðõíîñòè σ, çàêëþ-
÷åííóþ âíóòðè öèëèíäðè÷åñêîé ïîâåðõíîñòè Ö.

σ Ö

1 z = xy x2 + y2 = 1

2 z =
√
4− x2 − y2 x2 + y2 = 1

3 z = 4− x− y x2 + y2 = 2x

4 z2 = x2 + y2 x2 + y2 = 2x

5 x2 + z2 = 1, z > 0 x2 + y2 = 1

6 x2 + y2 + z2 = 4 x2 + y2 = 2y

7 x2 + y2 + z2 = 9
(
x2 + y2

)2
= 9

(
x2 − y2

)
8 z2 = x2 + y2

(
x2 + y2

)2
= 4

(
x2 − y2

)
9 2z = xy x2 + y2 = 4

10 2z = x2 + y2 x2 + y2 = 2

11 z2 = 2xy 0 6 x 6 1, 0 6 y 6 1

12 2z = 4− x2 − y2 x2 + y2 = 2

13 z =
√
x2 + y2 x2 + y2 = 2x

14 z =
√
x2 − y2

(
x2 + y2

)2
= x2 − y2
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15 2z = x2 − y2 x2 + y2 = 1

16 2z = x2 + y2
(
x2 + y2

)2
= 2xy

17 1− z =
(
x2 + y2

)3/2
z > 0

18 z = x2 + y2 4
(
x2 + y2

)2
= x2 − y2

19 x2 + y2 = z2
(
x2 + y2

)2
= 2xy

20 x2 + y2 + z2 = 1
(
x2 + y2

)2
= 2xy

21 x2 + z2 = 1 x+ y = 0, x− y = 0

22 2z2 = x2 + y2 x2 + y2 = 2y

23 4z = x2 + y2
(
x2 + y2

)2
= 8xy

24 x2 + y2 + z2 = 4 x2 + y2 = 2x

25 x2 + y2 + z2 = 25, z > 0 x2 + y2 = 9

26 z2 = x2 − y2 x2 + y2 = 2x

27 4z = x2 + y2, z 6 1 y2 = 3x2

28 z = 4 + 2x− y
(
x2 + y2

)2
= 4xy

Çàäà÷à 3.3. Íàéòè ïîòîê âåêòîðíîãî ïîëÿ ÷åðåç çàìêíóòóþ
ïîâåðõíîñòü äâóìÿ ñïîñîáàìè: 1) íåïîñðåäñòâåííî, âû÷èñëÿÿ ïî-
òîêè ÷åðåç âñå ãëàäêèå êóñêè ïîâåðõíîñòè;
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2) ïî òåîðåìå Îñòðîãðàäñêîãî-Ãàóññà.

N A σ

1 x2i+ yj− zk 2z = 4− x2 − y2, x > 0, y > 0, z > 0

2 i+ j− z2k z2 = x2 + y2, 0 6 z 6 2

3 xzi+ yzj+ k x2 + y2 = 1, y > 0, 0 6 z 6 2

4 (1− z) (xi+ yj) + k (1− z)2 = x2 + y2, 0 6 z 6 1

5 xzi+ yzj+ xk 2z = 9− x2 − y2, z > 0

6 xi+ yj− z2k x2 + y2 + z2 = 1, x > 0, y > 0, z > 0

7 i− y2j+ k x2 + y2 = 4, x > 0, y > 0, 1 6 z 6 3

8 x2i− zj+ yk x2 + y2 + z2 = 4, x > 0, y > 1, z > 0

9 xy(i+ j) + k y = 4− x2 − z2, y > 0, z > 0

10 i+ j− z2k 2− z = x2 + y2, z = −2

11 xi+ yj+ zk y2 = x2 + z2, 0 6 y 6 1, z 6 0

12 xzi+ yzj+ z2k x2 + y2 + z2 = 4, 0 6 z 6 1

13 xi+ yj+ z2k z2 = x2 + y2, −1 6 z 6 0, x > 0
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14 xi+ j+ xzk x2 + y2 = 9, y > 0, 0 6 z 6 2

15 x2j+ zk 2z = 2− x2 − y2, z > 0

16 i− j+ x(2− z)k (2− z)2 = x2 + y2, y > 0, z > 0

17 yi− xj+ z2k x2 + y2 + z2 = 4, x > 0, y > 0, z > 0

18 x2i+ yj+ zk z = x2 + y2, x > 0, z 6 4

19 yzi+ x2j− z2k x2 − 2y + y2 = 0, 0 6 z 6 4

20 2xyi− y2j+ z2k x+ y + z = 1, x > 0, y > 0, z > 0

21 x2i+ yj+ xk 2z = 8− x2 − y2, z > 2, y > 0

22 2xyzi+ 3xyj− z2yk x+ y = 2, x > 0, y > 0, 0 6 z 6 4

23 2xi+ y2j− xzk x2 − 2z + z2 = 0, 0 6 y 6 2

24 xi− y2j+ z2k 2y − 3 = x2 + z2, y 6 2, z > 0

25 xyi+ x2j+ 2yzk x2 + y2 = z2, x > 0, y > 0, 0 6 z 6 1

26 yi+ 2xj+ zk z = 1− x2 − y2, x > 0, y > 0, z > 0

27 xi− yj+ z2k x2 + y2 + z2 = 4, 0 6 x 6 y, z > 0

28 xi+ yj+ zk 2z = 4− x2 − y2, x > 0, y > 0, z > 0
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Çàäà÷à 3.4. Íàéòè öèðêóëÿöèþ âåêòîðíîãî ïîëÿ A ïî êîíòó-
ðó Γ äâóìÿ ñïîñîáàìè: 1) íåïîñðåäñòâåííî, âû÷èñëÿÿ ëèíåéíûé
èíòåãðàë âåêòîðíîãî ïîëÿ ïî êîíòóðó Γ, 2) ïî òåîðåìå Ñòîêñà.

N A Γ

1 yi− xj+ x2k
x2 + z2 = 4− y, x = 0, y = 0, z = 0

(1 îêòàíò)

2 2yi+ x2j− 3xk x2 + y2 = 1, x+ y + z = 3

3 xyi+ z2j
y2 = 1− x− z, x = 0, y = 0, z = 0

(1 îêòàíò)

4 xi− xzj+ yk x+ y + z = 1, x = 0, y = 0, z = 0

5 xyi+ xj− yzk x2 + y2 = 4, y = z

6 xy(i+ j) + zk
x2 + z2 = 1− y, x = 0, y = 0, z = 0

(1 îêòàíò)

7 i+ xzj+ y2k x2 + y2 = 1, x = z + 1

8 yi− z2j+ xk x+ 2y + 2z = 4, x = 0, y = 0, z = 0

9 z2i− xj− yk x2 + z2 = 4, y = z + 1

10 y2i− x2j+ zk 3x+ y + 2z = 6, x = 0, y = 0, z = 0

11 y2i− j+ k
z2 = 1− x− y, x = 0, y = 0, z = 0

(1 îêòàíò)

12 zi− xj+ y2k x2 + y2 = 9, x+ y + z = 5

13 z2i− x2j+ zk 2x+ y + z = 2, x = 0, y = 0, z = 0

14 yi− zj+ x2k
y2 = 1− x− z, x = 0, y = 0, z = 0

(1 îêòàíò)
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15 zi− y2j+ x2k x2 + y2 = 1, x+ y + z = 3

16 yi− x2j+ xk x2 + z2 = 4, z = y + 2

17 xy(i+ j+ k) x+ 2y + z = 4, x = 0, y = 0, z = 0

18 zi− yj− xk x2 + z2 = 1− y, x = 0, y = 0, z = 0

(1 îêòàíò)

19 yzi− xj+ yk x2 + y2 = 9, z = x+ 1

20 xzi+ zj+ yk y2 + z2 = 1, x+ y + z = 3

21 zi− yj− xk x2 + y2 + z2 = 4, x = 0, y = 0, z = 0

(1 îêòàíò)

22 zi+ zxj+ yk z = x2 + y2, z = 4

23 2yi+ z2j− xk x2 + y2 = 4, y = z

24 xi− xzj+ yk 2x+ y + 2z = 2, x = 0, y = 0, z = 0

25 −2xzi+ 2xj+ y2k
x2 + y2 = 1− z, x = 0, y = 0, z = 0

(1 îêòàíò)

26 zi− 2yj− xk x2 + y2 + z2 = 4, x = 0, y = 0, z = 0

(1 îêòàíò)

27 xj− k x2 + y2 + z2 = 1, z = y

28 zi+ x2j− xk x2 + y2 = 1− z, x = 0, y = 0, z = 0

(1 îêòàíò)

ÏÐÈËÎÆÅÍÈÅ

Â äàííîì ïðèëîæåíèè èçëàãàåòñÿ êðàòêàÿ òåîðèÿ è ìåòîäèêà
ðåøåíèÿ òèïîâûõ çàäà÷ ïî ñëåäóþùèì òåìàì, óêàçàííûì íèæå.
Èçó÷åíèå ìàòåðèàëà ýòîãî Ïðèëîæåíèÿ íåîáõîäèìî äëÿ óñïåøíî-
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ãî âûïîëíåíèÿ êîíòðîëüíûõ ðàáîò è òèïîâîãî ðàñ÷åòà, à òàêæå
ÿâëÿåòñÿ ïîëåçíûì ïðè ïîäãîòîâêå ê ýêçàìåíó (çà÷åòó).

1. Íåîïðåäåëåííûé èíòåãðàë

2. Îïðåäåëåííûé èíòåãðàë

3. Íåñîáñòâåííûå èíòåãðàëû

4. Êðèâîëèíåéíûå èíòåãðàëû

5. Ïîâåðõíîñòíûå èíòåãðàëû

6. Ýëåìåíòû òåîðèè ïîëÿ

1 Íåîïðåäåëåííûé èíòåãðàë

1.1 Îïðåäåëåíèå ïåðâîîáðàçíîé

Îïðåäåëåíèå 1.1 Ïóñòü ôóíêöèÿ f(x) çàäàíà íà íåêîòîðîì
èíòåðâàëå (a, b) ⊂ R. Åñëè íàéäåòñÿ òàêàÿ ôóíêöèÿ F (x), ÷òî
ïðè âñåõ x ∈ (a, b) èìååò ìåñòî ðàâåíñòâî

F ′(x) = f(x)

òî ôóíêöèÿ F (x) íàçûâàåòñÿ ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x).

Íàõîæäåíèå ïåðâîîáðàçíîé - îïåðàöèÿ, îáðàòíàÿ ê îïåðàöèè
âû÷èñëåíèÿ ïðîèçâîäíîé. Íàéòè ïåðâîîáðàçíóþ ïî äàííîé ôóíê-
öèè f(x) îçíà÷àåò âîññòàíîâèòü ôóíêöèþ F (x) ïî åå ïðîèçâîäíîé.

Îäíîçíà÷íî âîññòàíîâèòü ôóíêöèþ F (x) ïî åå ïðîèçâîäíîé
íåâîçìîæíî: åñëè F (x) ïåðâîîáðàçíàÿ ôóíêöèè f(x), òî äëÿ ïðî-
èçâîëüíîé êîíñòàíòû C ∈ R ôóíêöèÿ F (x) + C òàêæå ÿâëÿåòñÿ
ïåðâîîáðàçíîé ôóíêöèè f(x), è ëþáàÿ ïåðâîîáðàçíàÿ ïðåäñòàâè-
ìà â ýòîì âèäå.

Òåîðåìà 1.1 Ïóñòü F (x) � ïåðâîîáðàçíàÿ ôóíêöèè f(x) íà (a, b)
è ôóíêöèÿ Φ(x) � íåêîòîðàÿ äðóãàÿ ïåðâîîáðàçíàÿ. Òîãäà ýòè
ïåðâîîáðàçíûå îòëè÷àþòñÿ íà êîíñòàíòó, ò.å.

Φ(x) = F (x) + C

ïðè íåêîòîðîé ïîñòîÿííîé C.
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1.2 Íåîïðåäåëåííûé èíòåãðàë è òàáëèöà íåîïðåäå-
ëåííûõ èíòåãðàëîâ

Îïðåäåëåíèå 1.2 Ñîâîêóïíîñòü âñåõ ïåðâîîáðàçíûõ ôóíêöèè
f(x) íàçûâàåòñÿ íåîïðåäåëåííûì èíòåãðàëîì îò f(x) è îáî-
çíà÷àåòñÿ ∫

f(x) dx

Ïðè ýòîì f(x) íàçûâàåòñÿ ïîäûíòåãðàëüíîé ôóíêöèåé, f(x)dx
- ïîäûíòåãðàëüíûì âûðàæåíèåì, x - ïåðåìåííîé èíòåãðèðîâàíèÿ,∫
- çíàêîì èíòåãðàëà. Òàêèì îáðàçîì,∫

f(x) dx = F (x) + C

Òàáëèöà íåîïðåäåëåííûõ èíòåãðàëîâ äëÿ ÷àñòî âñòðå÷àþùèõñÿ
ôóíêöèé ñðàçó ñëåäóåò èç òàáëèöû ïðîèçâîäíûõ.

Òàáëèöà îñíîâíûõ íåîïðåäåëåííûõ èíòåãðàëîâ

1.
∫
dx = x+ C

2. Ïðè n ̸= −1 ∫
xndx =

xn+1

n+ 1
+ C

3. Â ëþáîì èíòåðâàëå, ãäå x ̸= 0∫
dx

x
= ln |x|+ C

4. Åñëè a = const, a > 0, a ̸= 1, òî∫
axdx =

ax

ln a
+ C

5. Â ÷àñòíîñòè, åñëè a = e, òî∫
exdx = ex + C
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6. ∫
cosx dx = sin x+ C

7. ∫
sinx dx = − cosx+ C

8. Â ëþáîì èíòåðâàëå, ãäå cosx ̸= 0,∫
dx

cos2 x
= tg x+ C

9. Â ëþáîì èíòåðâàëå, ãäå sinx ̸= 0,∫
dx

sin2 x
= − ctg x+ C

10. Íà èíòåðâàëå (−|a|, |a|)∫
dx√
a2 − x2

= arcsin
x

a
+ C

Â ÷àñòíîñòè, íà èíòåðâàëå (−1, 1)∫
dx√
1− x2

= arcsin x+ C

11. Åñëè a = const ̸= 0, òî∫
dx

a2 + x2
=

1

a
arctg

x

a
+ C

Â ÷àñòíîñòè, ∫
dx

1 + x2
= arctg x+ C

12. Åñëè k = const ̸= 0, òî∫
dx√
x2 + k

= ln
∣∣∣x+√x2 + k

∣∣∣+ C

ïðè ýòîì ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà íàçûâàþò èíîãäà
¾äëèííûì ëîãàðèôìîì¿.
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13. Åñëè a = const ̸= 0, òî∫
dx

x2 − a2
=

1

2a
ln

∣∣∣∣x− ax+ a

∣∣∣∣+ C

ïðè ýòîì ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà ÷àñòî íàçûâàþò ¾âû-
ñîêèì ëîãàðèôìîì¿.

1.3 Ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà

Ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà âûòåêàþò èç îïðåäåëåíèÿ
è ñîîòâåòñòâóþùèõ ñâîéñòâ ïðîèçâîäíûõ.

1. Èç îïðåäåëåíèÿ âûòåêàåò, ÷òî∫
F ′(x) dx = F (x) + C

è (∫
f(x) dx

)′
= f(x)

Ýòè ðàâåíñòâà ïîêàçûâàþò, ÷òî îïåðàöèè äèôôåðåíöèðîâà-
íèÿ è èíòåãðèðîâàíèÿ ìîæíî ðàññìàòðèâàòü êàê âçàèìíî îá-
ðàòíûå.

2. Ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíîñèòü çà çíàê èíòåãðàëà:∫
kf(x) dx = k

∫
f(x) dx,

ãäå k - ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3. Èíòåãðàë îò ñóììû ðàâåí ñóììå èíòåãðàëîâ:∫ (
f(x) + g(x)

)
dx =

∫
f(x) dx+

∫
g(x) dx

Èç 2 è 3 ñëåäóåò, ÷òî äëÿ ëþáûõ ïîñòîÿííûõ k1 è k2∫ (
k1f(x) + k2 g(x)

)
dx = k1

∫
f(x) dx+ k2

∫
g(x) dx

Ïîñëåäíåå ðàâåíñòâî íàçûâàþò ñâîéñòâîì ëèíåéíîñòè íåîïðåäå-
ëåííîãî èíòåãðàëà.
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1.4 Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå

Íåïîñðåäñòâåííûì èíòåãðèðîâàíèåì áóäåì íàçûâàòü èíòåãðè-
ðîâàíèå ñ ïîìîùüþ ñâîéñòâà ëèíåéíîñòè è èñïîëüçîâàíèÿ òàáëè-
öû.

Ïðèìåð 1.4.1. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë:∫
(2 sin x+ 5 cosx) dx

Ðåøåíèå:∫
(2 sin x+ 5 cosx) dx =

∫
2 sin x dx+

∫
5 cos x dx =

= 2

∫
sinx dx+ 5

∫
cosx dx = 2(− cosx) + 5 sin x+ C =

= 5 sinx− 2 cos x+ C

Ïðèìåð 1.4.2. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë:∫ (
3x2 − 7ex +

1

4x2 − 9

)
dx

Ðåøåíèå:∫ (
3x2 − 7ex +

1

4x2 − 9

)
dx = 3

∫
x2dx−7

∫
exdx+

∫
dx

4x2 − 9
=

= 3
x3

3
− 7ex +

1

4

∫
dx

x2 − (3/2)2
=

= x3 − 7ex +
1

4
· 1

2 · (3/2)
ln

∣∣∣∣x− 3/2

x+ 3/2

∣∣∣∣+ C =

= x3 − 7ex +
1

12
ln

∣∣∣∣x− 3/2

x+ 3/2

∣∣∣∣+ C

Ïðèìåð 1.4.3. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë:∫ (
3xex +

1

sin2 x
− 6

x2 + 7

)
dx



53

Ðåøåíèå: ∫ (
3xex +

1

sin2 x
− 6

x2 + 7

)
dx =

=

∫
(3e)xdx+

∫
dx

sin2 x
− 6

∫
dx

x2 + 7
=

=
(3e)x

ln(3e)
− ctg x− 6

∫
dx

x2 +
(√

7
)2 =

=
(3e)x

ln(3e)
− ctg x− 6√

7
arctg

(
x√
7

)
+ C

Ïðèìåð 1.4.4. Âû÷èñëèòü íåîïðåäåëåííûé èíòåãðàë:∫ (
8x5 +

√
x

x3
+

1√
x2 + 3

− 1√
4− x2

)
dx

Ðåøåíèå:∫ (
8x5 +

√
x

x3
+

1√
x2 + 3

− 1√
4− x2

)
dx =

= 8

∫
x2 dx+

∫
x−5/2 dx+

∫
dx√
x2 + 3

−
∫

dx√
22 − x2

=

=
8x3

3
− 2

3
x−3/2 + ln

∣∣∣x+√x2 + 3
∣∣∣− arcsin

(x
2

)
+ C

1.5 Ìåòîäû èíòåãðèðîâàíèÿ

1.5.1 Ìåòîä èíòåãðèðîâàíèÿ ïîäñòàíîâêîé

Ôîðìóëà èíòåãðèðîâàíèÿ ïîäñòàíîâêîé (çàìåíîé ïåðå-
ìåííîé)

Ïóñòü u = φ(x). Òîãäà∫
f(u) du

u=φ(x)
=

∫
f(φ(x))φ′(x) dx
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Â ëåâîé ÷àñòè ïîñëå âû÷èñëåíèÿ èíòåãðàëà
∫
f(u)du ñäåëàíà ïîä-

ñòàíîâêà u = φ(x). Ôîðìóëó çàìåíû ïåðåìåííîé ìîæíî òàêæå
ïðåäñòàâèòü â âèäå∫

f(φ(x))φ′(x)dx =

∫
f(φ(x))d(φ(x))

Ýòîò ïðèåì íàçûâàþò ïîäâåäåíèåì ïîä çíàê äèôôåðåíöèàëà.
Ïðèìåð 1.5.1. Â û÷èñëèòü èíòåãðàë∫

ex
2

xdx

Ðåøåíèå: Îáîçíà÷èì u = x2 , òîãäà du = 2xdx , è xdx = 1
2 du.

Ïî ôîðìóëå èíòåãðèðîâàíèÿ ïîäñòàíîâêîé ïîëó÷àåì:∫
ex

2

xdx =

∣∣∣∣∣ u = x2

xdx =
1

2
du

∣∣∣∣∣ =
∫
eu
1

2
du =

1

2

∫
eudu =

1

2
eu + C =

=
1

2
ex

2

+ C

Ðåøåíèå ýòîé çàäà÷è ñ ïîìîùüþ ïîäâåäåíèÿ ïîä çíàê äèôôå-
ðåíöèàëà èìååò âèä∫

ex
2

xdx =
1

2

∫
ex

2

d(x2) =
1

2
ex

2

+ C

Ïðèìåð 1.5.2. Ëèíåéíàÿ çàìåíà.

Ïóñòü ∫
f(z)dz = F (z) + C

Âûâåñòè ôîðìóëó∫
f(ax+ b)dx =

1

a
F (ax+ b) + C

Ðåøåíèå: Ïîëîæèì z = ax + b, òîãäà dz = adx, è dx = 1
adz. Ïî
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ôîðìóëå èíòåãðèðîâàíèÿ ïîäñòàíîâêîé ïîëó÷àåì:∫
f(ax+ b)dx =

∫
f(z)

1

a
dz

z=ax+b
=

=
1

a
F (z) + C

z=ax+b
=

1

a
F (ax+ b) + C

Çàìå÷àíèå. Â ñïðàâåäëèâîñòè ôîðìóëû ìîæíî òàêæå óáåäèòü-
ñÿ ñ ïîìîùüþ íåïîñðåäñòâåííîãî äèôôåðåíöèðîâàíèÿ.

Îòñþäà ïîëó÷àåì ñëåäóþùèå ðàâåíñòâà, êîòîðûå ïîëåçíî çà-
ïîìíèòü.

Äîïîëíåíèå ê òàáëè÷íûì èíòåãðàëàì.∫
sin(ax+ b)dx = −1

a
cos(ax+ b) + C∫

cos(ax+ b)dx =
1

a
sin(ax+ b) + C∫

eax+bdx =
1

a
eax+b + C ;

∫
1

ax+ b
dx =

1

a
ln (|ax+ b|) + C∫

(ax+ b)ndx =
1

n+ 1
(ax+ b)n+1 + C, n ̸= −1

1.5.2 Ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì

Ïóñòü ôóíêöèè u = u(x) è v = v(x) äèôôåðåíöèðóåìû. Òîãäà
(uv)′ = u′v + v′u . Èíòåãðèðóÿ ýòî ðàâåíñòâî, ïîëó÷àåì ôîðìóëó,
êîòîðàÿ íàçûâàåòñÿ ôîðìóëîé èíòåãðèðîâàíèÿ ïî ÷àñòÿì.

Ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
udv = uv −

∫
vdu

Ïðèìåð 1.5.3. Âû÷èñëèòü èíòåãðàë∫
5e2xxdx
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Ðåøåíèå: Ïî ôîðìóëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
5e2xxdx = 5

∫
e2xxdx =

=

∣∣∣∣∣ u = x du = dx

dv = e2xdx v =
1

2
e2x

∣∣∣∣∣ = 5

(
x
1

2
e2x − 1

2

∫
e2xdx

)
=

= 5

(
x

2
e2x − 1

4
e2x
)
+ C

Ïðèìåð 1.5.4. Âû÷èñëèòü èíòåãðàë∫
x lnxdx

Ðåøåíèå: Ïî ôîðìóëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì

∫
x lnxdx =

∣∣∣∣∣∣∣
u = lnx du =

dx

x

dv = xdx v =
1

2
x2

∣∣∣∣∣∣∣ = ln x · 1
2
x2 − 1

2

∫
x2
dx

x
=

= ln x · 1
2
x2 − x2

4
+ C

Ïðèìåð 1.5.5. Âû÷èñëèòü èíòåãðàë∫
x arctg xdx

Ðåøåíèå: Ïî ôîðìóëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
x arctg xdx =

∣∣∣∣∣∣
u = arctg x dv = xdx

du =
dx

1 + x2
v =

x2

2

∣∣∣∣∣∣ =
=
x2

2
arctg x− 1

2

∫
x2dx

1 + x2
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Ïðåîáðàçóåì èíòåãðàë â ïðàâîé ÷àñòè:∫
x arctg xdx =

x2

2
arctg x− 1

2

∫
(1 + x2)− 1

1 + x2
dx =

=
x2

2
arctg x− 1

2

∫ (
1− 1

1 + x2

)
dx =

=
x2

2
arctg x− 1

2
(x− arctg x) + C =

=
1

2

(
(x2 + 1) arctg x− x

)
+ C

Ïîâòîðíîå ïðèìåíåíèå ôîðìóëû èíòåãðèðîâàíèÿ ïî
÷àñòÿì.

Ïðèìåð 1.5.6. Âû÷èñëèòü èíòåãðàë∫
x2 sinxdx

Ðåøåíèå: Ïî ôîðìóëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
x2 sinxdx =

∣∣∣∣ u = x2 du = 2xdx
dv = sin xdx v = − cosx

∣∣∣∣ =
= −x2 cosx+ 2

∫
x cosxdx =

∣∣∣∣ u = x du = dx
dv = cos xdx v = sin x

∣∣∣∣ =
= −x2 cosx+ 2

(
x sinx−

∫
sinxdx

)
=

= −x2 cosx+ 2x sinx+ 2 cos x+ C

Âîçâðàùåíèå ê èñõîäíîìó èíòåãðàëó.
Ïðèìåð 1.5.7. Âû÷èñëèòü èíòåãðàë

I =

∫ √
1− x2dx
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Ðåøåíèå: Ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Ïðè
ýòîì â ïðàâîé ÷àñòè ïîëó÷àåòñÿ òàêîé æå èíòåãðàë I .

I =

∫ √
1− x2dx =

∣∣∣∣∣∣ u =
√
1− x2 du =

−x√
1− x2

dx

dv = dx v = x

∣∣∣∣∣∣ =
= x

√
1− x2 −

∫
−x2√
1− x2

dx = x
√

1− x2 −
∫

(1− x2)− 1√
1− x2

dx =

= x
√
1− x2 −

∫ √
1− x2dx+

∫
1√

1− x2
dx

= x
√
1− x2 − I + arcsinx+ C

Ïîëó÷àåì óðàâíåíèå

I = x
√

1− x2 − I + arcsinx+ C ,

îòêóäà

I =
1

2

(
x
√

1− x2 + arcsinx
)
+ C

Çàìå÷àíèå. Ýòèì æå ïðèåìîì âû÷èñëÿþòñÿ òàêæå èíòåãðàëû âè-
äà
∫
eax sin(bx)dx è

∫
eax cos(bx)dx

Ïðèìåð 1.5.8. Íàéòè èíòåãðàë

J =

∫
ex sinxdx

Ðåøåíèå: Ïðèìåíèì äâàæäû ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷à-
ñòÿì.

J =

∫
ex sinxdx =

∣∣∣∣ u = ex du = exdx
dv = sin xdx v = − cosx

∣∣∣∣ =
= −ex cosx+

∫
ex cosxdx =

∣∣∣∣ u = ex du = exdx
dv = cos xdx v = sinx

∣∣∣∣ =
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= −ex cosx+ ex sinx−
∫
ex sinxdx

Ïîëó÷àåì óðàâíåíèå

J = −ex cosx+ ex sinx− J ,

îòêóäà

J =

∫
ex sinxdx =

1

2
ex(− cosx+ sinx) + C

Òèïû èíòåãðàëîâ, êîòîðûå âû÷èñëÿþòñÿ ïî ôîðìóëå
èíòåãðèðîâàíèÿ ïî ÷àñòÿì.

1. Èíòåãðàëû âèäà∫
P (x) sin(ax)dx,

∫
P (x) cos(ax)dx,

∫
P (x)eaxdx,

ãäå P (x) - ìíîãî÷ëåí, a = const . Ïðèìåíÿÿ ôîðìóëó èíòå-
ãðèðîâàíèÿ ïî ÷àñòÿì, ïîëàãàåì

à) äëÿ ïåðâîãî èíòåãðàëà u = P (x) ,dv = sin(ax)dx ;

á) äëÿ âòîðîãî èíòåãðàëà u = P (x) , dv = cos(ax)dx;

â) äëÿ òðåòüåãî èíòåãðàëà u = P (x) , dv = eaxdx .

2. Èíòåãðàëû âèäà∫
P (x) arcsin xdx,

∫
P (x) arccos xdx,

∫
P (x) arctg xdx,∫

P (x) arcctg xdx,

∫
P (x) ln xdx,

ãäå P (x) - ìíîãî÷ëåí. Â òàêèõ èíòåãðàëàõ ïîëàãàåì
dv = P (x)dx, à â êà÷åñòâå u áåðåì îñòàâøóþñÿ ôóíêöèþ,
ò.å., ñîîòâåòñòâåííî, u = arcsinx, u = arccosx, u = arctg x,
u = arcctg x, u = ln x.
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3. Èíòåãðàëû âèäà∫
eax sin(bx)dx,

∫
eax cos(bx)dx, a = const.

Çäåñü ïîëàãàåì u = eax è, äâàæäû ïðèìåíÿÿ ôîðìóëó èíòå-
ãðèðîâàíèÿ ïî ÷àñòÿì, ïðèõîäèì ê óðàâíåíèþ îòíîñèòåëüíî
èñêîìîãî èíòåãðàëà (ñì. ïðèìåð, ðàçîáðàííûé âûøå).

1.6 Èíòåãðèðîâàíèå íåêîòîðûõ òèïîâ ýëåìåíòàðíûõ
ôóíêöèé

1.6.1 Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé

1.6.1.1 Èíòåãðèðîâàíèå íåïðàâèëüíûõ ðàöèîíàëüíûõ
äðîáåé

Ôóíêöèÿ R(x) íàçûâàåòñÿ ðàöèîíàëüíîé ôóíêöèåé, èëè ðàöè-
îíàëüíîé äðîáüþ, åñëè îíà ïðåäñòàâëÿåò ñîáîé îòíîøåíèå äâóõ
ìíîãî÷ëåíîâ P (x) è Q(x) :

R(x) =
P (x)

Q(x)
.

Ïóñòü ñòåïåíü ìíîãî÷ëåíà P (x) ðàâíà m, à ñòåïåíü Q(x) ðàâíà n.
Åñëè m < n, òî äðîáü R(x) íàçûâàåòñÿ ïðàâèëüíîé, à åñëè m > n,
òî íåïðàâèëüíîé. Åñëè äðîáü íåïðàâèëüíàÿ, òî åå ÷èñëèòåëü P (x)
ìîæíî ïîäåëèòü íà çíàìåíàòåëü Q(x) è ïðåäñòàâèòü äðîáü â âèäå
ñóììû ìíîãî÷ëåíà è ïðàâèëüíîé äðîáè:

R(x) =
P (x)

Q(x)
= N(x) +

r(x)

Q(x)
.

Çäåñü N(x) - ìíîãî÷ëåí, íàçûâàåìûé öåëîé ÷àñòüþ ðàöèîíàëü-
íîé äðîáè R(x) , à r(x) - îñòàòîê , ñòåïåíü êîòîðîãî ìåíüøå n.
Ñëåäîâàòåëüíî, èíòåãðèðîâàíèå ðàöèîíàëüíûõ äðîáåé ñâîäèòñÿ
ê èíòåãðèðîâàíèþ ìíîãî÷ëåíîâ è ïðàâèëüíûõ äðîáåé.

Ïðèìåð 1.6.1. ∫
x3 + 5x2 − 2x+ 1

x− 2
dx.
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Ðåøåíèå: Ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ íåïðàâèëüíîé
äðîáüþ. Äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðåäñòàâèì ýòó äðîáü â âèäå
ñóììû ìíîãî÷ëåíà è ïðàâèëüíîé äðîáè. Ðàçäåëèì ìíîãî÷ëåí

P (x) = x3 + 5x2 − 2x+ 1 íà Q(x) = x− 2 :

x3 + 5x2 − 2x + 1 x − 2

x3 − 2x2 x2 + 7x + 12

7x2 − 2x + 1
7x2 − 14x

12x + 1
12x − 24

25

Ñëåäîâàòåëüíî, N(x) = x2 + 7x+ 12 , r(x) = 25 . Òàêèì îáðàçîì,

R(x) =
x3 + 5x2 − 2x+ 1

x− 2
= x2 + 7x+ 12 +

25

x− 2

è èñêîìûé èíòåãðàë ðàâåí∫
x3 + 5x2 − 2x+ 1

x− 2
dx =

∫ (
x2 + 7x+ 12 +

25

x− 2

)
dx =

=
x3

3
+

7x2

2
+ 12x+ 25 ln |x− 2|+ C.

1.6.1.2 Èíòåãðèðîâàíèå ïðàâèëüíûõ ðàöèîíàëüíûõ
äðîáåé

Òåîðåìà 1.2 Òåîðåìà î ðàçëîæåíèè ïðàâèëüíîé

ðàöèîíàëüíîé äðîáè. Ïóñòü
P (x)

Q(x)
� ïðàâèëüíàÿ ðàöèîíàëüíàÿ

äðîáü, è çíàìåíàòåëü Q(x) ïðåäñòàâëåí â âèäå

Q(x) = (x−x1)k1 . . . (x−xr)kr(x2+ p1x+ q1)m1 . . . (x2+ psx+ qs)
ms,

ãäå p2i − 4qi < 0 .
Òîãäà èìååò ìåñòî ñëåäóþùåå ðàçëîæåíèå

P (x)

Q(x)
=

r∑
j=1

(
A

(1)
j

x− xj
+ . . .+

A
(kj)
j

(x− xj)kj

)
+
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+
s∑
i=1

(
B

(1)
i x+ C

(1)
i

x2 + pix+ qi
+ . . .+

B
(mi)
i x+ C

(mi)
i

(x2 + pix+ qi)mi

)
,

ãäå

A
(1)
j , A

(2)
j , . . . , A

(kj)
j , j = 1, 2, . . . , r; B

(1)
i , B

(2)
i , . . . , B

(mi)
i ,

C
(1)
i , C

(2)
i , . . . , C

(mi)
i , i = 1, 2 . . . s, � äåéñòâèòåëüíûå ÷èñëà.

Ñëåäñòâèå 1.2.1 Èíòåãðèðîâàíèå ïðàâèëüíûõ ðàöèîíàëüíûõ
äðîáåé ñâîäèòñÿ ê âû÷èñëåíèþ èíòåãðàëîâ âèäà:∫

A

(x− a)n
dx è

∫
Ax+B

(x2 + px+ q)n
dx,

ãäå p2 − 4q < 0 , à n � íàòóðàëüíîå.

Ïîäûíòåãðàëüíûå ôóíêöèè
A

(x− a)n
è

Ax+B

(x2 + px+ q)n
íàçûâà-

þòñÿ ïðîñòåéøèìè äðîáÿìè.

Çàìå÷àíèå. Âèä ðàçëîæåíèÿ ïðàâèëüíîé äðîáè
P (x)

Q(x)
â ñóììó

ïðîñòåéøèõ çàâèñèò òîëüêî îò çíàìåíàòåëÿ Q(x).
Äëÿ èëëþñòðàöèè òåîðåìû ïðèâåäåì âèä ðàçëîæåíèÿ äëÿ ðÿäà

ïðàâèëüíûõ äðîáåé áåç âû÷èñëåíèÿ êîýôôèöèåíòîâ.

5x− 1

(x+ 3)(x+ 4)
=

A

x+ 4
+

B

x+ 3
;

4x+ 1

(x+ 3)(x+ 4)x(x− 2)
=

A

x+ 3
+

B

x+ 4
+
C

x
+

D

x− 2
;

5x2 + 1

(x+ 3)(x+ 1)3
=

A

x+ 3
+

B1

x+ 1
+

B2

(x+ 1)2
+

B3

(x+ 1)3
;

4x+ 1

(x2 + x+ 1)x(x− 2)
=

Ax+B

x2 + x+ 1
+
C

x
+

D

x− 2
;

4x3 + 3

(x2 + x+ 1)2 x(x− 2)
=

A1x+B1

x2 + x+ 1
+

A2x+B2

(x2 + x+ 1)2
+
C

x
+

D

x− 2
;
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3x− 6

(x2 + x+ 1)(x2 + 1)
=

Ax+B

x2 + x+ 1
+
Cx+D

x2 + 1
.

Ïðèìåð 1.6.2. Âû÷èñëèòü èíòåãðàë∫
1

x2 + 7x+ 12
dx.

Ðåøåíèå: Ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ ïðàâèëüíîé
äðîáüþ. Äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðåäñòàâèì ýòó äðîáü â âè-
äå ñóììû ïðîñòåéøèõ äðîáåé. Äëÿ ýòîãî ñíà÷àëà íàéäåì êîðíè
çíàìåíàòåëÿ è ðàçëîæèì åãî íà ëèíåéíûå ìíîæèòåëè

x2 + 7x+ 12 = (x+ 3)(x+ 4).

Òîãäà ñóùåñòâóþò òàêèå ÷èñëà A è B, ÷òî

1

x2 + 7x+ 12
=

1

(x+ 4)(x+ 3)
=

A

x+ 4
+

B

x+ 3
=

=
Ax+ 3A+Bx+ 4B

(x+ 4)(x+ 3)
=

(A+B)x+ (3A+ 4B)

(x+ 4)(x+ 3)
.

Ïîëó÷åííàÿ äðîáü äîëæíà ñîâïàäàòü ñ èñõîäíîé ïðè ëþáûõ x,
ñëåäîâàòåëüíî, êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x â ÷èñ-
ëèòåëÿõ îáåèõ äðîáåé äîëæíû áûòü ðàâíûìè. Îòñþäà{

A + B = 0
3A + 4B = 1

,

òî åñòü A = −1, B = 1. Òàêèì îáðàçîì, èñõîäíóþ äðîáü ìîæíî
ïðåäñòàâèòü â âèäå

1

x2 + 7x+ 12
=
−1
x+ 4

+
1

x+ 3

è, ñëåäîâàòåëüíî,∫
1

x2 + 7x+ 12
dx =

∫
−1
x+ 4

dx+

∫
1

x+ 3
dx =

= − ln |x+ 4|+ ln |x+ 3|+ C.
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1.6.1.3 Èíòåãðèðîâàíèå ïðîñòåéøèõ äðîáåé

Èç òåîðåìû î ðàçëîæåíèè ïðàâèëüíîé ðàöèîíàëüíîé äðîáè âû-
òåêàåò, ÷òî ëþáóþ ïðàâèëüíóþ ðàöèîíàëüíóþ äðîáü ìîæíî ïðåä-
ñòàâèòü â âèäå ëèíåéíîé êîìáèíàöèè äðîáåé âèäà:

1)
A

x− a
, 2)

A

(x− a)n
, 3)

Ax+B

x2 + px+ q
,

4)
Ax+B

(x2 + px+ q)n
, (p2 − 4q) < 0.

Ýòè äðîáè íàçûâàþòñÿ ïðîñòåéøèìè äðîáÿìè. Âû÷èñëèì èíòå-
ãðàëû îò ýòèõ äðîáåé.

1)

∫
A

x− a
dx = A

∫
1

x− a
d(x− a) = A ln |x− a|+ C

2)

∫
A

(x− a)n
dx = A

∫
(x− a)−n d(x− a) = A(x− a)−n+1

−n+ 1
+ C.

3)

∫
Ax+B

x2 + px+ q
dx =

∫
Ax+B(

x2 + px+
p2

4

)
+ q − p2

4

dx =

=

∫ A
(
x+

p

2

)
+B − Ap

2(
x+

p

2

)2
+ q − p2

4

d
(
x+

p

2

)

Ñäåëàåì çàìåíó t = x+
p

2
è îáîçíà÷èì

B − Ap
2
=M, q − p2

4
= L2.

Òîãäà èñêîìûé èíòåãðàë ïåðåïèøåòñÿ â âèäå∫
At+M

t2 + L2
dt =

A

2

∫
2t dt

t2 + L2
+M

∫
1

t2 + L2
dt =

=
A

2

∫
d(t2 + L2)

t2 + L2
+M

∫
1

t2 + L2
dt =
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=
A

2
ln(t2 + L2) +

M

L
arctg

t

L
+ C =

=
A

2
ln(x2 + px+ q) +

M

L
arctg

2x+ p

2L
+ C.

4) Ìåòîä èíòåãðèðîâàíèÿ ïðîñòåéøèõ äðîáåé ïîñëåäíåãî òèïà
èçëîæåí â ëåêöèÿõ.

Ïðèìåð 1.6.3. Âû÷èñëèòü èíòåãðàë∫
7

(5x+ 12)9
dx.

Ðåøåíèå: Ñäåëàåì çàìåíó t = 5x + 12 , òîãäà dt = 5dx . Ñëåäî-

âàòåëüíî,∫
7

(5x+ 12)9
dx =

7

5

∫
dt

t9
=

7

5

t−8

(−8)
+ C =

−7
40(5x+ 12)8

+ C

Ïðèìåð 1.6.4. Âû÷èñëèòü èíòåãðàë∫
3x+ 5

x2 + 2x+ 3
dx.

Ðåøåíèå:∫
3x+ 5

x2 + 2x+ 3
dx =

∫
3x+ 5

(x2 + 2x+ 1) + 2
dx =

∫
3(x+ 1) + 2

(x+ 1)2 + 2
dx

Ñäåëàåì çàìåíó t = x + 1, dt = dx. Òîãäà èñêîìûé èíòåãðàë
ïåðåïèøåòñÿ â âèäå∫

3(x+ 1) + 2

(x+ 1)2 + 2
dx =

∫
3t+ 2

t2 + 2
dt =

∫
3t

t2 + 2
dt+

∫
2

t2 + 2
dt =

=
3

2
ln(t2 + 2) +

2√
2
arctg

t√
2
+ C =

=
3

2
ln(x2 + 2x+ 3) +

√
2 arctg

x+ 1√
2

+ C.
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1.6.1.4 Ñõåìà èíòåãðèðîâàíèÿ ðàöèîíàëüíûõ äðîáåé

1. Îïðåäåëèòü òèï çàäàííîé ðàöèîíàëüíîé äðîáè (íåïðàâèëü-
íàÿ, ïðàâèëüíàÿ, ïðîñòåéøàÿ).

2. Åñëè äðîáü íåïðàâèëüíàÿ, òî ïðåäñòàâèòü å¼ â âèäå ñóììû
ìíîãî÷ëåíà è ïðàâèëüíîé äðîáè.

3. Åñëè äðîáü ïðàâèëüíàÿ, òî ïðåäñòàâèòü å¼ â âèäå ñóììû ïðî-
ñòåéøèõ äðîáåé.

4. Ïðîèíòåãðèðîâàòü ïîëó÷åííûå âûðàæåíèÿ.

Ïðèìåð 1.6.5. Âû÷èñëèòü èíòåãðàë∫
2x3 + 3x2 + 8x+ 8

x4 + 2x3 + 4x2
dx

Ðåøåíèå: Ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ ïðàâèëüíîé
äðîáüþ. Äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðåäñòàâèì ýòó äðîáü â âè-
äå ñóììû ïðîñòåéøèõ äðîáåé. Äëÿ ýòîãî ñíà÷àëà íàéäåì êîðíè
çíàìåíàòåëÿ è ðàçëîæèì åãî íà ìíîæèòåëè

x4 + 2x3 + 4x2 = x2(x2 + 2x+ 4)

Òîãäà ðàçëîæåíèå íà ïðîñòåéøèå äðîáè èìååò âèä

2x3 + 3x2 + 8x+ 8

x4 + 2x3 + 4x2
=

2x3 + 3x2 + 8x+ 8

x2(x2 + 2x+ 4)
=
A

x
+
B

x2
+

Cx+D

x2 + 2x+ 4
=

=
Ax3 + 2Ax2 + 4Ax+Bx2 + 2Bx+ 4B + Cx3 +Dx2

x2(x2 + 2x+ 4)
=

=
(A+ C)x3 + (2A+B +D)x2 + (4A+ 2B)x+ 4B

x2(x2 + 2x+ 4)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x â ÷èñ-
ëèòåëÿõ, ïîëó÷àåì 

A+ C = 2
2A+B +D = 3

4A+ 2B = 8
4B = 8

,
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îòêóäà A = 1, B = 2, C = 1, D = −1.
Ñëåäîâàòåëüíî,∫

2x3 + 3x2 + 8x+ 8

x4 + 2x3 + 4x2
dx =

∫
dx

x
+ 2

∫
dx

x2
+

+

∫
x− 1

x2 + 2x+ 4
dx

Äàëüíåéøèå âû÷èñëåíèÿ ïðîâåñòè ñàìîñòîÿòåëüíî.
Ïðèìåð 1.6.6. Âû÷èñëèòü èíòåãðàë∫

x2 + 5x+ 8

x+ 1
dx.

Ðåøåíèå: Ïîäûíòåãðàëüíîå âûðàæåíèå ÿâëÿåòñÿ íåïðàâèëüíîé
äðîáüþ. Äëÿ âû÷èñëåíèÿ èíòåãðàëà ïðåäñòàâèì ýòó äðîáü â âèäå
ñóììû ìíîãî÷ëåíà è ïðàâèëüíîé äðîáè∫

x2 + 5x+ 8

x+ 1
dx =

∫ (
x+ 4 +

4

x+ 1

)
dx =

=
x2

2
+ 4x+ 4 ln |x+ 1|+ C

1.6.2 Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ
âûðàæåíèé

1.6.2.1 Èíòåãðèðîâàíèå ïðîèçâåäåíèé ñèíóñîâ è
êîñèíóñîâ îò ðàçíûõ àðãóìåíòîâ

Èíòåãðàëû âèäà∫
sinαx cos βx dx,

∫
sinαx sin βx dx,

∫
cosαx cos βx dx

âû÷èñëÿþòñÿ ñ ïðèìåíåíèåì ôîðìóë

sinαx cos βx =
1

2
(sin(α+ β)x+ sin(α− β)x)
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sinαx sin βx =
1

2
(cos(α− β)x− cos(α+ β)x)

cosαx cos βx =
1

2
(cos(α+ β)x+ cos(α− β)x)

Ïðèìåð 1.6.7.∫
sin 5x sin 3xdx =

1

2

∫
cos 2xdx− 1

2

∫
cos 8xdx =

=
1

4
sin 2x− 1

16
sin 8x+ C

1.6.2.2 Èíòåãðèðîâàíèå ïðîèçâåäåíèé ñòåïåíåé ñèíóñà
è êîñèíóñà ñ îäèíàêîâûìè àðãóìåíòàìè∫

sinn x cosm x dx

1. n èm - öåëûå ÷èñëà, è õîòÿ áû îäíî èç ÷èñåë n,m - íå÷åòíîå.
Çàìåíà t = sin x ïðè íå÷åòíîì m
(èëè t = cosx ïðè íå÷åòíîì n).

Ïðèìåð 1.6.8.∫
sin6 x cos5 xdx =

∫
sin6 x cos4 x cosxdx =

=

∫
sin6 x(1− sin2 x)2d sinx =

∫
t6(1− t2)2dt =

=
t7

7
− 2t9

9
+
t11

11
+ C =

sin7 x

7
− 2 sin9 x

9
+

sin11 x

11
+ C

Ïðèìåð 1.6.9.∫
sin4 x

cosx
dx =

∫
sin4 x

cos2 x
cosxdx =
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=

∫
sin4 x

(1− sin2 x)
d sinx =

∫
t4

(1− t)(1 + t)
dt =

=
1

2

∫ (
1

1− t
+

1

1 + t

)
dt−

∫
(t2 + 1)dt =

=
1

2
(− ln |1− t|+ ln |1 + t|)− t3

3
− t+ C =

=
1

2
ln

∣∣∣∣1 + cos x

1− cosx

∣∣∣∣− cos3 x

3
− cosx+ C.

2. n èm � ÷åòíûå ïîëîæèòåëüíûå ÷èñëà. Ìîæíî ïîíèçèòü ñòå-
ïåíè òðèãîíîìåòðè÷åñêèõ ôóíêöèé ñ ïîìîùüþ ôîðìóë

sin2 α =
1− cos 2α

2
, cos2 α =

1 + cos 2α

2
.

Ïðèìåð 1.6.10.∫
sin4 xdx =

∫ (
1− cos 2x

2

)2

dx =

=
1

4

∫ (
1− 2 cos 2x+ cos2 2x

)
dx =

=
1

4

(
x− sin 2x+

∫
1 + cos 4x

2
dx

)
=

=
x

4
− 1

4
sin 2x+

x

8
+

1

32
sin 4x+ C

3. n è m - ÷åòíûå è õîòÿ áû îäíî èç íèõ îòðèöàòåëüíî. Ïîä-
ñòàíîâêà t = tg x èëè t = ctg x.

Ïðèìåð 1.6.11.∫
sin2 x

cos6 x
dx =

∫
sin2 x

cos2 x

1

cos2 x

dx

cos2 x
=
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=

∫
tg2 x(1 + tg2 x)d tg x =

∫
(t2 + t4)dt =

=
t3

3
+
t5

5
+ C =

1

3
tg3 x+

1

5
tg5 x+ C

4. (n+m) - ÷åòíîå îòðèöàòåëüíîå ÷èñëî. Ïîäñòàíîâêà t = tg x.

Ïðèìåð 1.6.12. ∫
dx√

cosx sin3 x
Ðåøåíèå: Ïîñêîëüêó n+m = −2 , òî ïîäñòàíîâêà t = tg x.∫

dx√
cosx sin3 x

=

∫
dx√

cos4 x tg3 x
=

∫
dx

cos2 x
√

tg3 x
=

=

∫
d(tg x)√
tg3 x

=
(tg x)−1/2

−1/2
+ C = − 2√

tg x
+ C.

1.6.2.3 Óíèâåðñàëüíàÿ òðèãîíîìåòðè÷åñêàÿ
ïîäñòàíîâêà

Îïðåäåëåíèå 1.3 Ôóíêöèÿ R(u, v) íàçûâàåòñÿ ðàöèîíàëüíîé
ôóíêöèåé äâóõ ïåðåìåííûõ, åñëè îíà ïðåäñòàâëÿåò ñîáîé îò-
íîøåíèå ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ P (u, v) è Q(u, v) :

R(u, v) =
P (u, v)

Q(u, v)
.

Èíòåãðàëû âèäà ∫
R(sinx, cosx)dx,

ãäå R(u, v) - ðàöèîíàëüíàÿ ôóíêöèÿ, ñâîäÿòñÿ ê èíòåãðàëàì îò
ðàöèîíàëüíûõ ôóíêöèé ñ ïîìîùüþ óíèâåðñàëüíîé òðèãîíîìåò-
ðè÷åñêîé ïîäñòàíîâêè

t = tg
x

2
, sinx =

2t

1 + t2
, cosx =

1− t2

1 + t2
,



71

x = 2arctg t, dx =
2dt

1 + t2
.

Ïðèìåð 1.6.13.∫
1

sinx
dx = 2

∫
dt(

2t

1 + t2

)
(1 + t2)

=

=

∫
dt

t
= ln |t|+ C = ln

∣∣∣tg x
2

∣∣∣+ C.

1.6.2.4 ×àñòíûå òðèãîíîìåòðè÷åñêèå ïîäñòàíîâêè

1. Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ R(sinx, cosx) íå÷åòíà îòíî-
ñèòåëüíî sinx , ò.å.

R(− sinx, cosx) = −R(sinx, cosx),

òî ìîæíî èñïîëüçîâàòü ïîäñòàíîâêó t = cos x.

Ïðèìåð 1.6.14. ∫
sin3 x

1 + 2 cosx
dx.

Ðåøåíèå: Ïîëîæèì t = cosx.∫
sin3 x

1 + 2 cosx
dx =

∫
sin2 x sinx

1 + 2 cosx
dx = −

∫
(1− t2)
1 + 2t

dt

Äîäåëàòü ñàìîñòîÿòåëüíî.

2. Åñëè ïîäûíòåãðàëüíàÿ ôóíêöèÿ R(sinx, cosx) íå÷åòíà îòíî-
ñèòåëüíî cosx , ò.å.

R(sinx,− cosx) = −R(sinx, cosx),

òî ìîæíî èñïîëüçîâàòü ïîäñòàíîâêó t = sin x.
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3. Åñëè R(− sinx,− cosx) = R(sinx, cosx), òî ìîæíî èñïîëüçî-
âàòü ïîäñòàíîâêó t = tg x. Ïðè ýòîì

sin2 x =
t2

1 + t2
, cos2 x =

1

1 + t2
, x = arctg t, dx =

dt

1 + t2
.

Ïðèìåð 1.6.15. ∫
1

sin2 x− 3 cos2 x
dx

Ðåøåíèå: Ïîñêîëüêó ïîäûíòåãðàëüíîå âûðàæåíèå íå ìåíÿåò-
ñÿ ïðè çàìåíå sinx íà (− sinx) è cosx íà (− cosx), òî ïîëî-
æèì t = tg x.∫

1

sin2 x− 3 cos2 x
dx =

∫
1

t2

1 + t2
− 3

1 + t2

dt

1 + t2
=

=

∫
1

t2 − 3
dt =

1

2
√
3

∫ (
1

t−
√
3
− 1

t+
√
3

)
dt =

=
1

2
√
3

(
ln |t−

√
3| − ln |t+

√
3|
)
+ C =

=
1

2
√
3
ln

∣∣∣∣∣tg x−
√
3

tg x+
√
3

∣∣∣∣∣+ C

1.6.3 Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

1.6.3.1 Èíòåãðèðîâàíèå äðîáíî-ëèíåéíûõ
èððàöèîíàëüíîñòåé

Ïóñòü R- ðàöèîíàëüíàÿ ôóíêöèÿ, r1, . . . , rn - ðàöèîíàëüíûå ÷èñëà.
Èíòåãðàëû âèäà∫

R

(
x,

(
ax+ b

cx+ d

)r1
, . . . ,

(
ax+ b

cx+ d

)rn)
dx
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ñâîäÿòñÿ ê èíòåãðàëàì îò ðàöèîíàëüíîé äðîáè çàìåíîé

tm =
ax+ b

cx+ d
,

ãäå m - íàèìåíüøèé îáùèé çíàìåíàòåëü äðîáåé

r1 =
p1
m1

, . . . , rn =
pn
mn

.

Ïðèâåäåì äâà ÷àñòíûõ ñëó÷àÿ èíòåãðèðîâàíèÿ äðîáíî-ëèíåéíûõ
èððàöèîíàëüíîñòåé.

1. Èíòåãðàëû âèäà ∫
R
(
x, n
√
x
)
dx

ñâîäÿòñÿ ê èíòåãðàëàì îò ðàöèîíàëüíîé äðîáè
çàìåíîé x = tn.

2. Èíòåãðàëû âèäà ∫
R

(
x,

(
n

√
ax+ b

cx+ d

))
dx

ñâîäÿòñÿ ê èíòåãðàëàì îò ðàöèîíàëüíîé äðîáè çàìåíîé.

tn =
ax+ b

cx+ d
.

Ïðèìåð 1.6.16. Âû÷èñëèòü èíòåãðàë
∫ √

x+ 1

x
dx

Ðåøåíèå:

Ñäåëàåì çàìåíó t =

√
x+ 1

x
, òîãäà x =

1

t2 − 1
, dx =

−2tdt
(t2 − 1)2

.

Òîãäà ∫ √
x+ 1

x
dx =

∫
−2t2dt
(t2 − 1)2

=

=
1

2

∫ (
− 1

t− 1
− 1

(t− 1)2
+

1

t+ 1
− 1

(t+ 1)2

)
dt =
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=
1

2
ln

∣∣∣∣t+ 1

t− 1

∣∣∣∣+ 1

2(t+ 1)
+

1

2(t− 1)
+ C =

=
1

2
ln

√
x+ 1 +

√
x√

x+ 1−
√
x
+

1

2

√
x+ 1

x
+ 1

+
1

2

√
x+ 1

x
− 1

+ C

Ïðèìåð 1.6.17. Âû÷èñëèòü èíòåãðàë
∫
x+ 3 +

√
x

3
√
x

dx.

Ðåøåíèå: Çàìåíà t = x1/6, òîãäà x = t6, dx = 6t5dt . Òîãäà∫
x+ 3 +

√
x

3
√
x

dx =

∫
(t6 + 3 + t3)6t5dt

t2
= 6

∫
(t9 + t6 + 3t3)dt =

=
3

5
t10 +

6

7
t7 +

9

2
t4 + C =

3

5
x5/3 +

6

7
x7/6 +

9

2
x2/3 + C

1.6.3.2 Èíòåãðèðîâàíèå êâàäðàòè÷åñêèõ
èððàöèîíàëüíîñòåé ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ

(ãèïåðáîëè÷åñêèõ) ïîäñòàíîâîê

Èíòåãðàëû âèäà∫
R
(
x,
√
Ax2 +Bx+ C

)
dx

ïîñëå âûäåëåíèÿ ïîä çíàêîì ðàäèêàëà ïîëíîãî êâàäðàòà è èñïîëü-

çîâàíèÿ ëèíåéíîé ïîäñòàíîâêè t = x+
B

2A
ñâîäÿòñÿ ê èíòåãðàëàì

îäíîãî èç ñëåäóþùèõ òðåõ òèïîâ∫
R
(
x,
√
a2 − x2

)
dx,

∫
R
(
x,
√
a2 + x2

)
dx,∫

R
(
x,
√
x2 − a2

)
dx.

Ïîñëå èñïîëüçîâàíèÿ íàäëåæàùåé òðèãîíîìåòðè÷åñêîé ïîäñòà-
íîâêè èíòåãðàëû ýòèõ òðåõ òèïîâ ñâîäÿòñÿ ê èíòåãðàëàì îò ôóíê-
öèè, ðàöèîíàëüíî çàâèñÿùåé îò sinx è cosx.
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1. ∫
R
(
x,
√
a2 − x2

)
dx.

Ïîäñòàíîâêà x = a sin t (èëè x = a cos t ). Òîãäà ïðè x = a sin t

èìååì
√
a2 − x2 =

√
a2(1− sin2 t) = a · cos t, dx = a · cos tdt.

2. ∫
R
(
x,
√
a2 + x2

)
dx.

Ïîäñòàíîâêà x = a·tg t (èëè x = a·ctg t). Òîãäà ïðè x = a·tg t
èìååì

√
x2 + a2 =

√
a2(1 + tg2 t) =

a

cos t
; dx =

adt

cos2 t
.

3. ∫
R
(
x,
√
x2 − a2

)
dx.

Ïîäñòàíîâêà x =
a

sin t

(
èëè x =

a

cos t

)
. Ïðè x =

a

sin t
èìååì

√
x2 − a2 =

√
a2

sin2 t
− a2 =

√
a2(1− sin2 t)

sin2 t
− a2 = a cos t

sin t
;

dx = −a cos tdt
sin2 t

, t = arcsin
a

x
.

Ïðèìåð 1.6.18.
∫
x
√

9− x2 dx

Ðåøåíèå: Ýòî èíòåãðàë âèäà
∫
R
(
x,
√
a2 − x2

)
dx, ïîýòîìó èñ-

ïîëüçóåì çàìåíó x = 3 sin t. Òîãäà∫
x
√
9− x2 dx =

∫
3 sin t · 3 cos t · 3 cos tdt =

= −27
∫

cos2 t · d(cos t) = −27cos
3 t

3
+ C = −9 cos3 t+ C =

= −9
(√

9− x2
)3

27
+ C = −1

3
(9− x2)3/2 + C.
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Ïðèìåð 1.6.19. ∫ √
x2 + 4

x
dx

Ðåøåíèå: Ýòî èíòåãðàë âèäà
∫
R
(
x,
√
a2 + x2

)
dx, èñïîëüçóåì

çàìåíó x = 2 tg t . Òîãäà
√
x2 + 22 = 2

√
(1 + tg2 t) =

2

cos t
;

dx =
2dt

cos2 t
è, ñëåäîâàòåëüíî,∫ √

x2 + 4

x
dx =

∫
2

cos t · 2 tg t
2dt

cos2 t
= 2

∫
1

sin t · cos2 t
dt =

= 2

∫
sin t · dt

sin2 t · cos2 t
= −2

∫
du

(1− u2)u2
,

ãäå u = cos t . Ïðåäñòàâèâ ïîäûíòåãðàëüíóþ ôóíêöèþ â âèäå ñóì-
ìû ïðîñòåéøèõ äðîáåé, ïîëó÷èì:

−2
∫

du

u2(1− u)(1 + u)
= −

∫ (
2

u2
+

1

1− u
+

1

1 + u

)
dx =

=
2

u
− ln

∣∣∣∣1 + u

1− u

∣∣∣∣+ C =
2

sin t
− ln

1 + sin t

1− sin t
+ C =

=
2
√
4 + x2

x
− ln

√
4 + x2 + x√
4 + x2 − x

+ C.

Íà ïîñëåäíåì øàãå ïîëüçóåìñÿ ðàâåíñòâîì.

sin t =
tg t√

1 + tg2 t
=

x√
4 + x2

.

Ïðèìåð 1.6.20.
∫

dx

x
√
x2 − 9

Ðåøåíèå: Ýòî èíòåãðàë âèäà
∫
R
(
x,
√
x2 − a2

)
dx ïîýòîìó èñ-

ïîëüçóåì çàìåíó x =
3

sin t
. Òîãäà t = arcsin

3

x
,

√
x2 − 32 =

√
32

sin2 t
− 32 =

√
32(1− sin2 t)

sin2 t
=

3 cos t

sin t
,
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dx = −3 cos tdt
sin2 t

.

Ñëåäîâàòåëüíî∫
dx

x
√
x2 − 9

=

∫
sin t · sin t
3 · 3 cos t

(−3 cos t)dt
sin2 t

=

= −
∫
dt

3
= − t

3
+ C = −1

3
arcsin

3

x
+ C.

Ïðè âû÷èñëåíèè èíòåãðàëîâ âèäà∫
R
(
x,
√
a2 − x2

)
dx,

∫
R
(
x,
√
a2 + x2

)
dx,∫

R
(
x,
√
x2 − a2

)
dx

ñâåñòè ïîäûíòåãðàëüíóþ ôóíêöèþ ê ðàöèîíàëüíîé ìîæíî òàêæå
ñ ïîìîùüþ ãèïåðáîëè÷åñêèõ ïîäñòàíîâîê.

Íàïîìíèì, ÷òî ãèïåðáîëè÷åñêèå ôóíêöèè îïðåäåëÿþòñÿ ñëåäó-
þùèì îáðàçîì.

sh x =
ex − e−x

2
- ãèïåðáîëè÷åñêèé ñèíóñ;

chx =
ex + e−x

2
- ãèïåðáîëè÷åñêèé êîñèíóñ;

thx =
shx

chx
- ãèïåðáîëè÷åñêèé òàíãåíñ.

Íåòðóäíî ïðîâåðèòü, ÷òî ñïðàâåäëèâû ñîîòíîøåíèÿ:

ch2 x− sh2 x = 1; ch2 x+ sh2 x = ch(2x); sh(2x) = 2 sh x · chx;

(chx)′ = sh x; (shx)′ = chx.

Ãëÿäÿ íà ýòè ðàâåíñòâà, íåòðóäíî äîãàäàòüñÿ, êàêóþ ïîäñòà-
íîâêó íóæíî èñïîëüçîâàòü ïðè âû÷èñëåíèè èíòåãðàëà ñ êâàäðà-
òè÷íîé èððàöèîíàëüíîñòüþ.
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Ïðè ýòîì, åñëè x = sh t , òî dx = ch t · dt è t = ln(x+
√
x2 + 1).

Ïðèìåð 1.6.21.
∫ √

9 + x2dx

Ðåøåíèå: Ïîñêîëüêó ch2 t = sh2 t+1 , ïîëîæèì x = 3 sh t , òîãäà

t = ln

(
x

3
+

1

3

√
x2 + 9

)
, dx = 3 ch t · dt è, ñëåäîâàòåëüíî,∫ √

9 + x2dx =

∫ √
9 + 9 sh2 t · 3 ch tdt = 9

∫
ch2 t · dt =

= 9

∫
e2t + e−2t + 2

4
dt = 9

e2t − e−2t

8
+

9

2
t+ C =

=
9

4
sh(2t) +

9

2
· t+ C =

9

2
sh t ch t+

9

2
· t+ C =

=
1

2
x
√

9 + x2 +
9

2
ln

(
x

3
+

1

3

√
x2 + 9

)
+ C =

=
1

2
x
√
9 + x2 +

9

2
· ln(x+

√
x2 + 9) + C1.

2 Îïðåäåëåííûé èíòåãðàë

2.1 Çàäà÷è, ïðèâîäÿùèå ê ïîíÿòèþ îïðåäåëåííîãî
èíòåãðàëà

Çàäà÷à î íàõîæäåíèè ïëîùàäè êðèâîëèíåéíîé òðàïå-
öèè

Ðàññìîòðèì êðèâîëèíåéíóþ òðàïåöèþ D, îãðàíè÷åííóþ îòðåç-
êîì [a, b] îñè Ox, ãðàôèêîì íåïðåðûâíîé ôóíêöèè y = f(x) > 0,
çàäàííîé íà îòðåçêå [a, b], è âåðòèêàëüíûìè ïðÿìûìè x = a è
x = b.
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xyy = f(x)DabÐèñ. 1.

Çàäà÷à î íàõîæäåíèè ïëîùàäè êðèâîëèíåéíîé òðàïåöèè D
ïðèâîäèò ê ïîíÿòèþ ¾îïðåäåëåííûé èíòåãðàë¿, êîòîðûé îáîçíà-

÷àåòñÿ
∫ b

a

f(x)dx. Ïðè ýòîì ïëîùàäü êðèâîëèíåéíîé òðàïåöèè D

ðàâíà S(D) =

∫ b

a

f(x)dx. ×èñëà a è b íàçûâàþòñÿ ñîîòâåòñòâåííî

íèæíèì è âåðõíèì ïðåäåëàìè èíòåãðèðîâàíèÿ.

Çàäà÷à î íàõîæäåíèè ðàáîòû ïåðåìåííîé ñèëû
Ïóñòü ìàòåðèàëüíàÿ òî÷êà ïåðåìåùàåòñÿ ïîä äåéñòâèåì ïåðå-

ìåííîé ñèëû F = F (x) âäîëü îñè Ox. Âû÷èñëåíèå ðàáîòûA ïå-
ðåìåííîé ñèëû ïî ïåðåìåùåíèþ èç òî÷êè x = a â òî÷êó x = b,
(a < b) ñâîäèòñÿ ê âû÷èñëåíèþ îïðåäåëåííîãî èíòåãðàëà

A =

∫ b

a

F (x)dx.

Çàäà÷à î íàõîæäåíèè ïóòè ìàòåðèàëüíîé òî÷êè ïðè
äâèæåíèè ñ ïåðåìåííîé ñêîðîñòüþ v(t)

Ïóòü S ìàòåðèàëüíîé òî÷êè, ïðîéäåííûé çà ïðîìåæóòîê âðå-
ìåíè îò t = a äî t = b âû÷èñëÿåòñÿ ñ ïîìîùüþ îïðåäåëåííîãî
èíòåãðàëà îò àáñîëþòíîé âåëè÷èíû ñêîðîñòè

S =

∫ b

a

|v(t)|dt.

Çàäà÷à î íàõîæäåíèè ìàññû íåîäíîðîäíîãî ñòåðæíÿ
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Ìàññà m íåîäíîðîäíîãî ñòåðæíÿ ïëîòíîñòè ρ = ρ(x) íà îòðåçêå
[a, b] ñâîäèòñÿ ê âû÷èñëåíèþ îïðåäåëåííîãî èíòåãðàëà

m =

∫ b

a

ρ(x)dx.

2.2 Ñâîéñòâà îïðåäåëåííîãî èíòåãðàëà

1. Ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíîñèòü çà çíàê èíòåãðàëà:∫ b

a

Af(x)dx = A

∫ b

a

f(x)dx.

2. Èíòåãðàë îò ñóììû ðàâåí ñóììå èíòåãðàëîâ∫ b

a

(f1(x) + f2(x))dx =

∫ b

a

f1(x)dx+

∫ b

a

f2(x)dx.

Èç 1 è 2 ñëåäóåò, ÷òî äëÿ ëþáûõ ïîñòîÿííûõ C1 è C2∫ b

a

(C1f1(x) + C2f2(x))dx = C1

∫ b

a

f1(x)dx+ C2

∫ b

a

f2(x)dx.

Ïîñëåäíåå ðàâåíñòâî íàçûâàþò ñâîéñòâîì ëèíåéíîñòè îïðå-
äåë¼ííîãî èíòåãðàëà.

3. Ñâîéñòâî àääèòèâíîñòè. Äëÿ ëþáûõ òðåõ ÷èñåë a, b, c ñïðà-
âåäëèâî ðàâåíñòâî∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ c

b

f(x)dx,

åñëè âñå ýòè èíòåãðàëû ñóùåñòâóþò.

4. ∫ a

a

f(x)dx = 0.

5. ∫ a

b

f(x)dx = −
∫ b

a

f(x)dx.
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6. Èíòåãðèðîâàíèå íåðàâåíñòâ. Åñëè íà îòðåçêå [a, b] âûïîëíåíî
íåðàâåíñòâî f(x) 6 g(x), òî∫ b

a

f(x)dx 6
∫ b

a

g(x)dx.

Â ÷àñòíîñòè, åñëè f(x) > 0,

∫ b

a

f(x)dx > 0.

Îòìåòèì åùå îäíî ïîëåçíîå íåðàâåíñòâî∣∣∣∣∫ b

a

f(x)dx

∣∣∣∣ 6 ∫ b

a

|f(x)|dx

7. Òåîðåìà îá îöåíêå.

Òåîðåìà 2.1 Åñëè m è M - íàèìåíüøåå è íàèáîëüøåå çíà-
÷åíèÿ ôóíêöèè f(x) íà îòðåçêå [a, b], òî

m(b− a) 6
∫ b

a

f(x)dx 6M(b− a).

8. Òåîðåìà î ñðåäíåì.

Òåîðåìà 2.2 Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå
[a, b], òî íà ýòîì îòðåçêå íàéäåòñÿ òàêàÿ òî÷êà ξ, ÷òî∫ b

a

f(x)dx = (b− a)f(ξ).

9. Òåîðåìà î ïðîèçâîäíîé îïðåäåëåííîãî èíòåãðàëà ïî âåðõíåìó
ïðåäåëó.

Òåîðåìà 2.3 Åñëè f(x) - íåïðåðûâíàÿ ôóíêöèÿ è

Φ(x) =

∫ x

a

f(t)dt òî

Φ′(x) = f(x).

Îòñþäà ñëåäóåò, ÷òî âñÿêàÿ íåïðåðûâíàÿ ôóíêöèÿ èìååò ïåð-
âîîáðàçíóþ.
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2.3 Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå ïî ôîðìóëå
Íüþòîíà-Ëåéáíèöà

Ôîðìóëà Íüþòîíà - Ëåéáíèöà. Åñëè F (x) ÿâëÿåòñÿ ïåðâîîá-
ðàçíîé íåïðåðûâíîé ôóíêöèè f(x), òî ñïðàâåäëèâà ôîðìóëà∫ b

a

f(x)dx = F (b)− F (a).

Ïðàâàÿ ÷àñòü îáîçíà÷àåòñÿ F (b)−F (a) = F (x)
∣∣b
a
è ôîðìóëà Íüþ-

òîíà - Ëåéáíèöà çàïèñûâàåòñÿ â âèäå∫ b

a

f(x)dx = F (x)
∣∣b
a
= F (b)− F (a).

Ïðèìåð 2.3.1.∫ 2

1

x+ 4

x2
dx =

∫ 2

1

1

x
dx+

∫ 2

1

4

x2
dx =

= ln |x|
∣∣∣∣2
1

− 4

x

∣∣∣∣2
1

= ln 2−
(
4

2
− 4

1

)
= ln 2 + 2

Ïðèìåð 2.3.2.∫ 1

0

1

1 + x2
dx = arctg x

∣∣∣∣1
0

= arctg 1− arctg 0 =
π

4
− 0 =

π

4

Ïðèìåð 2.3.3.

π/2∫
0

sin3 xdx =

π/2∫
0

(1− cos2 x) sin xdx =

= −
π/2∫
0

(1− cos2 x)d(cosx) =

(
− cosx+

cos3 x

3

)∣∣∣∣π/2
0

=
2

3
.
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2.4 Çàìåíà ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå

Òåîðåìà 2.4 Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b],
ôóíêöèÿ φ(t) íåïðåðûâíà è èìååò íåïðåðûâíóþ ïðîèçâîäíóþ
φ′(t) íà îòðåçêå [α, β], ãäå a = φ(α), b = φ(β), à òàêæå ìíîæå-
ñòâî çíà÷åíèé ôóíêöèè φ(t) ïðè t ∈ [α, β] ïðèíàäëåæèò îòðåçêó
[a, b], òî ∫ b

a

f(x)dx =

∫ β

α

f(φ(t))φ′(t)dt.

Ïðèìåð 2.4.1. Âû÷èñëèòü èíòåãðàë
∫ 2

−1

2x+ 5√
x+ 2

dx.

Ðåøåíèå: Ñäåëàåì çàìåíó t =
√
x+ 2, îòêóäà x = t2 − 2,

x′ = 2t . Íîâûå ïðåäåëû èíòåãðèðîâàíèÿ α =
√
−1 + 2 = 1,

β =
√
2 + 2 = 2 . Òîãäà∫ 2

−1

2x+ 5√
x+ 2

dx =

∫ 2

1

(2t2 + 1)2t

t
dt = 2

∫ 2

1

(2t2 + 1)dt =

=

(
4

3
t3 + 2t

)∣∣∣∣2
1

=
32

3
− 4

3
+ (4− 2) =

34

3
.

2.5 Èíòåãðèðîâàíèå ïî ÷àñòÿì â îïðåäåëåííîì èíòå-
ãðàëå

Òåîðåìà 2.5 Åñëè ôóíêöèè u(x) è v(x) íåïðåðûâíû âìåñòå ñî
ñâîèìè ïðîèçâîäíûìè íà îòðåçêå [a, b], òî∫ b

a

udv = uv

∣∣∣∣b
a

−
∫ b

a

vdu.

Ýòà ôîðìóëà íàçûâàåòñÿ ôîðìóëîé èíòåãðèðîâàíèÿ ïî ÷àñòÿì
äëÿ îïðåäåëåííîãî èíòåãðàëà.

Ïðèìåð 2.5.1. Âû÷èñëèòü èíòåãðàë
∫ π/2

0

x sinxdx .
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Ðåøåíèå: Ïóñòü u = x, dv = sin xdx. Òîãäà du = dx, v = − cosx.∫ π/2

0

x sinxdx = −x cosx
∣∣∣∣π/2
0

+

∫ π/2

0

cosxdx = sin x

∣∣∣∣π/2
0

= 1

Ïðèìåð 2.5.2.
∫ 1

0

arctg xdx = x arctg x
∣∣1
0
−
∫ 1/2

0

x

1 + x2
dx =

=
π

4
− 1

2

∫ 1

0

d(1 + x2)

1 + x2
=
π

4
− 1

2
ln(1 + x2)

∣∣1
0
=
π

4
− 1

2
ln 2.

Çäåñü u = x, v = arctg x.

2.6 Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòå-
ãðàëà

2.6.1 Âû÷èñëåíèå ïëîùàäåé, îãðàíè÷åííûõ êðèâûìè,
çàäàííûìè â äåêàðòîâûõ êîîðäèíàòàõ

Ðàññìîòðèì ïëîñêóþ îáëàñòü D, îãðàíè÷åííóþ ãðàôèêàìè
íåïðåðûâíûõ ôóíêöèé y = f1(x), y = f2(x), f1(x) 6 f2(x), çà-
äàííûìè íà îòðåçêå [a, b] , è âåðòèêàëüíûìè ïðÿìûìè x = a è
x = b(ñì. ðèñ.). Òðåáóåòñÿ íàéòè ïëîùàäü îáëàñòè D.

xyy = f2(x)y = f1(x)DabÐèñ. 2.

Ýòó ïëîùàäü ìîæíî íàéòè ïî ôîðìóëå

S(D) =

∫ b

a

[f2(x)− f1(x)]dx.
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Ïðèìåð 2.6.1. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêà-
ìè ôóíêöèé y = −x è y = 2x− x2.

Ðåøåíèå: Íàéäåì àáñöèññû òî÷åê ïåðåñå÷åíèÿ óêàçàííûõ ãðà-
ôèêîâ, òî åñòü êîðíè óðàâíåíèÿ 2x− x2 = −x,−x2 + 3x = 0. Ýòè
êîðíè x1 = a = 0, x2 = b = 3 îïðåäåëÿþò ïðåäåëû èíòåãðèðîâà-
íèÿ. Òàê êàê íà èíòåðâàëå [0, 3] ïðÿìàÿ ïðîõîäèò íèæå ïàðàáîëû
y = 2x− x2 , òî

S =

∫ 3

0

(2x−x2− (−x))dx =

∫ 3

0

(3x−x2)dx =

(
3

2
x2 − x3

3

)∣∣∣∣3
0

=
9

2
.

2.6.2 Âû÷èñëåíèå ïëîùàäåé, îãðàíè÷åííûõ êðèâûìè,
çàäàííûõ ïàðàìåòðè÷åñêè

Ðàññìîòðèì êðèâîëèíåéíóþ òðàïåöèþ D, îãðàíè÷åííóþ îòðåç-
êîì [a, b] îñè Ox, âåðòèêàëüíûìè ïðÿìûìè x = a è x = b, ãðàôè-
êîì íåîòðèöàòåëüíîé íåïðåðûâíîé ôóíêöèè, çàäàííîé ïàðàìåò-
ðè÷åñêè {

x = x(t),
y = y(t)

ïðè t =∈ [α, β].

Çäåñü α è β îïðåäåëÿþòñÿ èç ðàâåíñòâ a = x(α), b = x(β), à
ôóíêöèÿ x = x(t) èìååò íåïðåðûâíóþ íåîòðèöàòåëüíóþ ïðîèç-
âîäíóþ x′(t) ïðè t ∈ [α, β].

Òîãäà ïëîùàäü êðèâîëèíåéíîé òðàïåöèè D íàõîäèòñÿ ïî ôîð-
ìóëå

S(D) =

∫ β

α

y(t) · x′(t)dt.

Ïðèìåð 2.6.2. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ýëëèïñîì

x2

25
+
y2

4
= 1.

Ðåøåíèå: Ïåðåéäåì ê ïàðàìåòðè÷åñêîé çàïèñè
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x = 5 cos t, y = 2 sin t, t ∈ [0, 2π]. Îãðàíè÷èìñÿ âû÷èñëåíèåì
ïëîùàäè âåðõíåé ïîëîâèíû. Çäåñü x ìåíÿåòñÿ îò (−5) äî 5, ñëå-
äîâàòåëüíî, t ìåíÿåòñÿ îò π äî 0.

xy−552−2Ðèñ. 3.

1

2
S =

∫ 0

π

2 sin t · (5 cos t)′dt = 5

∫ π

0

2 sin2 tdt =

= 5

∫ π

0

(1− cos 2t)dt = 5π

Ñëåäîâàòåëüíî, S = 10π.

2.6.3 Âû÷èñëåíèå ïëîùàäåé â ïîëÿðíûõ êîîðäèíàòàõ

Íàïîìíèì, ÷òî ïîëÿðíûìè êîîðäèíàòàìè òî÷êè M ÿâëÿåòñÿ
ïàðà ÷èñåë (ρ, φ), ãäå ρ > 0 � äëèíà îòðåçêà MO � ïîëÿðíûé ðà-
äèóñ, φ, φ ∈ [0, 2π], � óãîë ìåæäóMO è ïîëÿðíîé îñüþ (ñì. ðèñ.).
Ïîëîæèòåëüíûì íàïðàâëåíèåì ïîëÿðíîãî óãëà φ áóäåì ñ÷èòàòü
åãî èçìåíåíèå ïðîòèâ ÷àñîâîé ñòðåëêè.
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OφM
ρÐèñ. 4. xyφM

ρ
O

y = ρ sinφ
x = ρ cosφÐèñ. 5.

Åñëè ñîâìåñòèòü íà÷àëî äåêàðòîâîé ñèñòåìû êîîðäèíàò ñ ïî-
ëþñîì, à ïîëîæèòåëüíóþ ïîëóîñü Ox - ñ ïîëÿðíîé îñüþ, òî ñâÿçü
ìåæäó ïîëÿðíûìè è äåêàðòîâûìè êîîðäèíàòàìè òî÷êè M âûðà-
æàåòñÿ ñ ïîìîùüþ ôîðìóë

x = ρ cosφ, y = ρ sinφ,

è, ñëåäîâàòåëüíî,

ρ =
√
x2 + y2, tgφ =

y

x
.

Âû÷èñëåíèå ïëîùàäè êðèâîëèíåéíîãî ñåêòîðà.

βαOρ = ρ(φ)
Ðèñ. 6.

Ïëîùàäü êðèâîëèíåéíîãî ñåêòîðà, îãðàíè÷åííîãî äóãîé êðè-
âîé, çàäàííîé óðàâíåíèåì â ïîëÿðíûõ êîîðäèíàòàõ ρ = ρ(φ) è
äâóìÿ ëó÷àìè φ = α è φ = β îïðåäåëÿåòñÿ ïî ôîðìóëå

S =
1

2

∫ β

α

ρ2dφ.
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Åñëè îáëàñòü íà ïëîñêîñòè îãðàíè÷åíà äóãàìè êðèâûõ, óðàâíå-
íèÿ êîòîðûõ çàäàíû â ïîëÿðíûõ êîîðäèíàòàõ â âèäå ρ = ρ1(φ) è
ρ = ρ2(φ) (ρ1(φ) 6 ρ2(φ), è äâóìÿ ëó÷àìè φ = α è φ = β,

βαOρ = ρ2(φ)ρ = ρ1(φ)Ðèñ. 7.

òî ïëîùàäü òàêîé îáëàñòè (êàê ðàçíîñòü ïëîùàäåé êðèâîëè-
íåéíûõ ñåêòîðîâ, îãðàíè÷åííûõ êðèâûìè ρ = ρ1(φ) è ρ = ρ2(φ) )
îïðåäåëÿåòñÿ ïî ôîðìóëå

S =
1

2

∫ β

α

(ρ22 − ρ21)dφ.

Ïðèìåð 2.6.3. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëåìíèñ-
êàòîé Áåðíóëëè ρ2 = 9 cos 2φ.

Ðåøåíèå: Âû÷èñëèì ïëîùàäü ÷åòâåðòè äàííîé ôèãóðû, ëåæà-
ùåé â ïåðâîé ÷åòâåðòè, ò.å.φ ∈ [o, π/4].

1

4
S =

1

2

∫ π/4

0

9 cos 2φ · dφ =
9

4
sin 2φ

∣∣∣∣π/4
0

=
9

4

Ñëåäîâàòåëüíî, S = 9.

2.6.4 Âû÷èñëåíèå îáúåìà òåëà ÷åðåç ïëîùàäè åãî ñå-
÷åíèé

Ïóñòü èìååòñÿ íåêîòîðîå òåëî, äëÿ êîòîðîãî èçâåñòíà ïëîùàäü
ëþáîãî åãî ñå÷åíèÿ ïëîñêîñòüþ, ïåðïåíäèêóëÿðíîé îñè Ox, ÿâëÿ-
þùàÿñÿ ôóíêöèåé îò x : Q = Q(x). Îáúåì ðàññìàòðèâàåìîãî òåëà
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â ïðåäïîëîæåíèè, ÷òî Q � íåïðåðûâíàÿ ôóíêöèÿ, ðàâåí îïðåäå-
ëåííîìó èíòåãðàëó

V =

∫ b

a

Q(x)dx.

Ïðèìåð 2.6.4. Íàéòè îáúåì ýëëèïñîèäà

x2

a2
+
y2

b2
+
z2

c2
= 1,

ãäå a = 2, b = 3, c = 5.

xaybzcÐèñ. 8.

Ðåøåíèå: Ïðè x = const ñå÷åíèÿìè áóäóò ýëëèïñû
y2

9
+
z2

25
=

= 1 − x2

4
ñ ïëîùàäüþ Q(x) = 15π

(
1− x2

4

)
. Òîãäà îáúåì ýëëèï-

ñîèäà

V = 15π

∫ 2

−2

(
1− x2

4

)
dx = 15π

(
x− 1

12
x3
)∣∣∣∣2
−2

= 40π.

2.6.5 Âû÷èñëåíèå îáúåìà òåëà âðàùåíèÿ

Ïóñòü òðåáóåòñÿ îïðåäåëèòü îáúåì òåëà âðàùåíèÿ ,
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xyy = f(x)abzÐèñ. 9.

îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Ox êðèâîëèíåéíîé òðà-
ïåöèè, îãðàíè÷åííîé ÷àñòüþ ãðàôèêà ôóíêöèè y = f(x) îò x = a
äî x = b, îòðåçêàìè ïðÿìûõ x = a, x = b è îñüþ y = 0. Ïëîùàäü
ñå÷åíèÿ òàêîãî òåëà ïëîñêîñòüþ x = const ðàâíà Q(x) = πy2 =
π(f(x))2, è ôîðìóëà âû÷èñëåíèÿ îáúåìà â ýòîì ñëó÷àå èìååò âèä

V = π

∫ b

a

y2dx = π

∫ b

a

(f(x))2dx.

Îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Oy ôèãóðû,
îãðàíè÷åííîé êðèâîé x = φ(y), ïðÿìûìè y = c, y = d è x = 0 ,
âû÷èñëÿåòñÿ ïî ôîðìóëå

V = π

∫ b

c

x2dy = π

∫ b

a

(φ(y))2dy.

Ïðèìåð 2.6.5. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âî-

êðóã îñè Ox ôèãóðû, îãðàíè÷åííîé êðèâîé y =
3

2
cosx è ïðÿìîé

y = 0 íà îòðåçêå [−π/2, π/2].
Ðåøåíèå: Ïðè âðàùåíèè êðèâîé y =

3

2
cosx âîêðóã îñè Ox âîç-

íèêàåò òåëî âðàùåíèÿ
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xy
−π
2

π

2zÐèñ. 10.

Íàéä¼ì îáú¼ì ýòîãî òåëà âðàùåíèÿ.

V = π

∫ π/2

−π/2
y2dx =

9π

4

∫ π/2

−π/2
(cosx)2dx =

=
9π

8

∫ π/2

−π/2
(1 + cos 2x)dx =

9π

8

(
x+

1

2
sin 2x

)∣∣∣∣π/2
−π/2

=
9π2

8
.

Ïðèìåð 2.6.6. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âî-
êðóã îñè Ox ôèãóðû, îãðàíè÷åííîé îäíîé àðêîé öèêëîèäû, çàäàí-
íîé íà ïëîñêîñòè xOy ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè

x = a(t− sin t), y = a(1− cos t), a > 0,

ëåæàùåé ìåæäó òî÷êàìè O(0, 0) (ñîîòâåòñòâóåò t = 0 ) è A(2πa, 0)
(ñîîòâåòñòâóåò t = 2π ).

xyO2πa
A2aÐèñ. 11.

Ðåøåíèå:

V = π

∫ 2πa

0

y2dx = π

∫ 2π

0

a2(1− cos t)2ad(t− sin t) =
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= πa3
∫ 2π

0

(1− cos t)3dt.

Ýòîò èíòåãðàë ïðåäëàãàåòñÿ âû÷èñëèòü ñàìîñòîÿòåëüíî.
Îòâåò: V = 5π2a3.

2.6.6 Âû÷èñëåíèå ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ

Ïóñòü òðåáóåòñÿ îïðåäåëèòü ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ ,
îáðàçîâàííîé âðàùåíèåì âîêðóã îñè Ox êðèâîé y = f(x),
f(x) > 0, îò x = a äî x = b.

Ôîðìóëà äëÿ ïëîùàäè ïîâåðõíîñòè âðàùåíèÿ èìååò âèä

S = 2π

∫ b

a

f(x)
√
1 + (f ′(x))2dx.

Åñëè êðèâàÿ çàäàíà ïàðàìåòðè÷åñêè{
x = x(t),
y = y(t)

ïðè t =∈ [α, β],

òî ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ ïðèìåò âèä

S = 2π

∫ b

a

y(t)
√

(x′(t))2 + (y′(t))2dt.

Ïðèìåð 2.6.7. Íàéòè ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ, ïîëó÷åí-
íîé ïðè âðàùåíèè äóãè öèêëîèäû x = t− sin t, y = 1− cos t,
0 6 t 6 2π , âîêðóã îñè Ox.

xyO2π2zÐèñ. 12.
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Ðåøåíèå: Èìååì x′ = 1− cos t, y′ = sin t è, ñëåäîâàòåëüíî,

S = 2π

∫ 2π

0

(1− cos t)
√
(1− cos t)2 + (sin t)2dt =

= 2π

∫ 2π

0

(1− cos t)
√

(2− 2 cos t)dt =

= 2π

∫ 2π

0

(1− cos t)2 sin(t/2)dt =
64π

3
.

Óêàçàíèå. Äëÿ âû÷èñëåíèÿ èíòåãðàëà âîñïîëüçîâàòüñÿ ôîðìó-
ëîé

sinαx cos βx =
1

2
(sin(α+ β)x+ sin(α− β)x)

2.6.7 Âû÷èñëåíèå äëèíû äóãè ñ ïîìîùüþ îïðåäåëåí-
íîãî èíòåãðàëà

Äëèíà äóãè â äåêàðòîâûõ êîîðäèíàòàõ.

Ðàññìîòðèì ôóíêöèþ y = f(x), íåïðåðûâíóþ íà îòðåçêå [a, b]
âìåñòå ñî ñâîåé ïðîèçâîäíîé. Åñëè êðèâàÿ çàäàíà óðàâíåíèåì y =
f(x), a 6 x 6 b , òî ôîðìóëà äëÿ âû÷èñëåíèÿ äëèíû äóãè èìååò
âèä

L =

∫ b

a

√
1 + (f ′(x))2dx =

∫ b

a

√
1 +

(
dy

dx

)2

dx.

Äëèíà äóãè êðèâîé, çàäàííîé â ïàðàìåòðè÷åñêîé ôîðìå.
Åñëè êðèâàÿ çàäàíà ïàðàìåòðè÷åñêè{

x = x(t),
y = y(t)

ïðè t =∈ [α, β].

x(t) è y(t) - íåïðåðûâíûå ôóíêöèè ñ íåïðåðûâíûìè ïðîèçâîäíû-
ìè, òî äëèíà äóãè âû÷èñëÿåòñÿ ïî ôîðìóëå

L =

∫ β

α

√
(x′(t))2 + (y′(t))2dt
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Åñëè ïðîñòðàíñòâåííàÿ ëèíèÿ çàäàíà ïàðàìåòðè÷åñêèìè óðàâíå-
íèÿìè  x = x(t)

y = y(t),
z = χ(t)

òî

L =

∫ β

α

√
(φ′(t))2 + (ψ′(t))2 + (χ′(t)2)dt

Äëèíà äóãè â ïîëÿðíûõ êîîðäèíàòàõ.

Åñëè êðèâàÿ çàäàíà â ïîëÿðíûõ êîîðäèíàòàõ

ρ = ρ(φ), α 6 φ 6 β,

òî äëèíà äóãè âû÷èñëÿåòñÿ ïî ôîðìóëå

L =

∫ β

α

√
(ρ(φ))2 + (ρ′(φ))2dφ.

Ïðèìåð 2.6.8. Íàéòè äëèíó äóãè ïîëóêóáè÷åñêîé ïàðàáîëû

y =
2

3

√
x3, 0 6 x 6 3.

Ðåøåíèå: Èìååì y′ =
√
x è, ñëåäîâàòåëüíî,

L =

∫ 3

0

√
1 + (y′)2dx =

∫ 3

0

√
1 + xdx =

2

3
(1 + x)3/2

∣∣∣∣3
0

=
14

3
.

Ïðèìåð 2.6.9. Íàéòè äëèíó äóãè îäíîé àðêè öèêëîèäû

x = t− sin t, y = 1− cos t, 0 6 t 6 2π.

Ðåøåíèå: Èìååì x′ = 1− cos t, y′ = sin t è, ñëåäîâàòåëüíî,

L =

∫ 2π

0

√
(1− cos t)2 + (sin t)2dt =

∫ 2π

0

√
(2− 2 cos t)dt =
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=

∫ 2π

0

2| sin(t/2)|dt =
∫ 2π

0

2 sin(t/2)dt = 8.

Ïðèìåð 2.6.10. Íàéòè äëèíó äóãè êàðäèîèäû ρ = 1 + cosφ.

Ðåøåíèå: Èìååì ρ = 1 + cosφ, ρ′ = − sinφ è, ñëåäîâàòåëüíî,

L =

∫ 2π

0

√
(1 + cosφ)2 + (sinφ)2dφ =

∫ 2π

0

√
(2 + 2 cosφ)dφ =

=

∫ 2π

0

2| cos(φ/2|dφ = 2

∫ π

0

2 cos(φ/2)dφ = 8 sin(φ/2)

∣∣∣∣π
0

= 8.

2.7 Ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà â ìåõàíèêå
è ôèçèêå

2.7.1 Ðàáîòà ïåðåìåííîé ñèëû

Ïóñòü ìàòåðèàëüíàÿ òî÷êà ïåðåìåùàåòñÿ ïîä äåéñòâèåì ïåðå-
ìåííîé ñèëû F = F (x) âäîëü îñè Ox. Ðàáîòà A ïåðåìåííîé ñèëû
ïî ïåðåìåùåíèþ èç òî÷êè x = a â òî÷êó x = b (a < b) âû÷èñëÿåòñÿ
ïî ôîðìóëå

A =

∫ b

a

F (x)dx.

Ïðèìåð 2.7.1. Êàêóþ ðàáîòó íóæíî ñîâåðøèòü, ÷òîáû ïîäíÿòü
òåëî ìàññû m ñ óðîâíÿ h îò ïîâåðõíîñòè Çåìëè íà âûñîòó H?

Ðåøåíèå: Áóäåì ðàññìàòðèâàòü òåëî êàê ìàòåðèàëüíóþ òî÷êó.
Òåëî ïåðåìåùàåòñÿ, ïðåîäîëåâàÿ äåéñòâèå ïåðåìåííîé ñèëû òÿãî-

òåíèÿ F = γ
mM

x2
, ãäå x - ðàññòîÿíèå äî öåíòðà Çåìëè.

Ïóñòü ðàäèóñ Çåìëè ðàâåí R.

A =

∫ R+H

R+h

γ
mM

x2
dx = −γmM

x

∣∣∣∣R+H
R+h

=

= γmM

(
1

R + h
− 1

R +H

)
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Íà ïîâåðõíîñòè Çåìëè mg = γ
mM

R2
è, ñëåäîâàòåëüíî,

A =
γmM

R2
R2

(
1

R + h
− 1

R +H

)
= mg

H − h
(R + h)(R +H)

R2 =

= mg
H − h(

1 +
h

R

)(
1 +

H

R

) .
Ïðèìåð 2.7.2. Êàêóþ ðàáîòó íóæíî ñîâåðøèòü, ÷òîáû ðàñòÿ-

íóòü ïðóæèíó íà 3 ñì, åñëè ñèëà â 10H ðàñòÿãèâàåò åå íà 1 ñì?
Ñ÷èòàòü, ÷òî äëÿ òàêèõ ðàñòÿæåíèé ñïðàâåäëèâ çàêîí Ãóêà.

Ðåøåíèå: Ïî çàêîíó Ãóêà F = kx , ãäå k - êîýôôèöèåíò ïðî-
ïîðöèîíàëüíîñòè. Ïî óñëîâèþ 10H = k · 0, 01 ì.

A =

∫ 0,03

0

kxdx = k
x2

2

∣∣∣∣0,03
0

=
103

2
· 9 · 10−4(Äæ) = 4, 5 · 10−1(Äæ)

2.7.2 Ïóòü è ïåðåìåùåíèå ïðè äâèæåíèè ñ ïåðåìåí-
íîé ñêîðîñòüþ

Ïóñòü ìàòåðèàëüíàÿ òî÷êà äâèæåòñÿ âäîëü ïðÿìîé ñ ïåðåìåí-
íîé ñêîðîñòüþ v(t). Ïóòü S, ïðîéäåííûé çà ïðîìåæóòîê âðåìåíè
îò t = t0 äî t = t1, âû÷èñëÿåòñÿ ïî ôîðìóëå

S =

∫ t1

t0

|v(t)|dt.

. Åñëè x0 - êîîðäèíàòà òî÷êè â ìîìåíò âðåìåíè t = t0 , x1 - êîîð-
äèíàòà â ìîìåíò âðåìåíè t = t1 , òî

x1 = x0 +

∫ t1

t0

v(t)dt.

Ïðèìåð 2.7.3. Ïóñòü ìàòåðèàëüíàÿ òî÷êà äâèæåòñÿ âäîëü ïðÿ-
ìîé ñ ïåðåìåííîé ñêîðîñòüþ (ãàðìîíè÷åñêèå êîëåáàíèÿ)

v(t) =
2π

T
cos

(
2π

T
t+ φ

)
,
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ãäå T � ïåðèîä, φ � íà÷àëüíàÿ ôàçà. Ïóñòü φ = 0 è â ìîìåíò
âðåìåíè t0 = 0 êîîðäèíàòà òî÷êè x0 = 0. Íàéòè êîîðäèíàòó òî÷-
êè â ìîìåíò âðåìåíè t1 è ïóòü, ïðîéäåííûé ê ýòîìó ìîìåíòó:

à)t1 =
1

4T
; á) t1 =

1

2T
.

Ðåøåíèå: Îáîçíà÷èì ω =
2π

T
. Òîãäà èìååì

x1 = x0 + ω

∫ t1

t0

cos(ωt)dt = sin(ωt)

∣∣∣∣t1
0

= sin(ωt1).

a) x1 = sin(ω(T/4)) = sin(π/2) = 1;

á) x1 = sin(φ(T/2)) = sin(π) = 0 = x0,

ò. å. çà ïîëîâèíó ïåðèîäà òî÷êà âîçâðàùàåòñÿ â èñõîäíîå ïîëîæå-
íèå. Âû÷èñëèì òåïåðü ïðîéäåííûé ïóòü.

S =

∫ t1

t0

|ν(t)|dt = ω

∫ t1

0

| cos(ωt)|dt =
∫ ωt1

0

| cos(s)|ds

a) S =

∫ π/2

0

| cos(s)|ds =
∫ π/2

0

cos(s)ds = 1;

á) S =

∫ π

0

| cos(s)|ds = 2

∫ π/2

0

cos(s)ds = 2.

2.7.3 Âû÷èñëåíèå ñòàòè÷åñêèõ ìîìåíòîâ è
êîîðäèíàò öåíòða ìàññ

Ñòàòè÷åñêèå ìîìåíòû è öåíòð òÿæåñòè ïëîñêîé
êðèâîé.

Ïóñòü îäíîðîäíàÿ äóãà L = AB ñ ëèíåéíîé ïëîòíîñòüþ
ρ = const çàäàíà ãðàôèêîì íåïðåðûâíî äèôôåðåíöèðóåìîé
ôóíêöèè íà îòðåçêå [a, b].
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xyy = f(x)
AaBbÐèñ. 13.

Ñòàòè÷åñêèå ìîìåíòû Mx è My êðèâîé AB îòíîñèòåëüíî
îñåé Ox è Oy âû÷èñëÿþòñÿ ïî ôîðìóëàì

Mx = ρ

∫ b

a

yds = ρ

∫ b

a

y
√

1 + (y′)2dx = ρ

∫ b

a

f(x)
√
1 + (f ′(x))2dx;

My = ρ

∫ b

a

xds = ρ

∫ b

a

x
√

1 + (y′)2dx = ρ

∫ b

a

x
√
1 + (f ′(x))2dx.

Ìàññà äóãè L = AB ñ ëèíåéíîé ïëîòíîñòüþ ρ = const îïðåäå-
ëÿåòñÿ ïî ôîðìóëå

M = ρ

∫ b

a

ds = ρ

∫ b

a

√
1 + (y′)2dx = ρ

∫ b

a

√
1 + (f ′(x))2dx.

Êîîðäèíàòû öåíòðà òÿæåñòè (öåíòðà ìàññ)

xc =
My

M
, yc =

Mx

M
.

Åñëè ðàññìàòðèâàåìàÿ äóãà L ñèììåòðè÷íà îòíîñèòåëüíî
íåêîòîðîé ïðÿìîé, òî öåíòð òÿæåñòè ëåæèò íà ýòîé ïðÿìîé.

Ìîìåíòû èíåðöèè Ix è Iy êðèâîé L îòíîñèòåëüíî îñåé Ox è
Oy âû÷èñëÿþòñÿ ïî ôîðìóëàì

Ix = ρ

∫ b

a

y2ds = ρ

∫ b

a

y2
√

1 + (y′)2dx;

Iy = ρ

∫ b

a

x2ds = ρ

∫ b

a

x2
√
1 + (y′)2dx.
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Çàìå÷àíèå. Åñëè êðèâàÿ L çàäàíà ïàðàìåòðè÷åñêè{
x = x(t),
y = y(t)

ïðè t =∈ [α, β],

òî âî âñåõ ïðèâåäåííûõ âûøå ôîðìóëàõ äèôôåðåíöèàë äóãè

ds =
√
(x′(t))2 + (y′(t))2dt.

Íàïðèìåð, ôîðìóëà äëÿ ìàññû ïðèìåò âèä

M = ρ

∫ b

a

ds = ρ

∫ b

a

√
(x′(t))2 + (y′(t))2dt.

Ïðèìåð 2.7.4. Íàéòè ñòàòè÷åñêèå ìîìåíòû Mx ,My, öåíòð òÿ-
æåñòè è ìîìåíòû èíåðöèè Ix è Iy îäíîðîäíîé (ρ = 1) ÷åòâåðòè
îêðóæíîñòè x2 + y2 = R2, x > 0, y > 0.

Ðåøåíèå: Ïåðåéäåì ê ïàðàìåòðè÷åñêèì óðàâíåíèÿì ÷åòâåðòè
îêðóæíîñòè

x = R cos t, y = R sin t, t ∈ [0, π/2].

Â äàííîì ñëó÷àå ds = dt è, ñëåäîâàòåëüíî,

Mx =

∫ R

0

yds =

∫ π/2

0

R sin tRdt = −R2 cos t

∣∣∣∣π/2
0

= R2;

My =

∫ R

0

xds =

∫ π/2

0

R cos tRdt = R2 sin t

∣∣∣∣π/2
0

= R2;

M =

∫ R

0

ds = R

∫ π/2

0

dt =
πR

2
.

Êîîðäèíàòû öåíòðà ìàññ

xc =
My

M
=

2R

π
, yc =

Mx

M
=

2R

π
.

Ìîìåíòû èíåðöèè Ix è Iy ÷åòâåðòè îêðóæíîñòè îòíîñèòåëüíî
îñåé Ox è Oy

Ix = ρ

∫ b

a

y2ds =

∫ π/2

0

R2 sin2 tRdt =
R3

2

∫ π/2

0

(1− cos 2t)dt =
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=
R3

2

(
t− sin 2t

2

)∣∣∣∣π/2
0

=
πR3

4
;

Iy = ρ

∫ b

a

x2ds =

∫ π/2

0

R2 cos2 tRdt =
R3

2

∫ π/2

0

(1 + cos 2t)dt =

=
R3

2

(
t+

sin 2t

2

)∣∣∣∣π/2
0

=
πR3

4
.

Ñòàòè÷åñêèå ìîìåíòû è öåíòð òÿæåñòè ïëîñêîé
ôèãóðû.
Ðàññìîòðèì ïëîñêóþ ïëàñòèíó, èìåþùóþ âèä êðèâîëèíåéíîé
òðàïåöèè D . Îíà îãðàíè÷åíà îòðåçêîì [a, b] îñè Ox, ãðàôèêîì
íåïðåðûâíîé ôóíêöèè y = f(x) > 0 , çàäàííîé íà îòðåçêå [a, b] ,
è âåðòèêàëüíûìè ïðÿìûìè x = a è x = b.

xyy = f(x)DabÐèñ. 14.

Áóäåì ñ÷èòàòü, ÷òî íà ïëàñòèíå D ðàñïðåäåëåíà ìàññà ñ ïî-
âåðõíîñòíîé ïëîòíîñòüþ ρ = ρ(x).
Ñòàòè÷åñêèå ìîìåíòû Mx è My ïëàñòèíû D îòíîñèòåëüíî îñåé
Ox è Oy âû÷èñëÿþòñÿ ïî ôîðìóëàì

Mx =
1

2

∫ b

a

ρ · y2dx =
1

2

∫ b

a

ρ(x)f 2(x)dx;

My =

∫ b

a

ρ · x · ydx =

∫ b

a

ρ(x) · x · f(x)dx.
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Ìàññà M ïëàñòèíû D îïðåäåëÿåòñÿ ïî ôîðìóëå

M =

∫ b

a

ρ · ydx =

∫ b

a

ρ(x) · f(x)dx.

Êîîðäèíàòû öåíòðà ìàññ

xc =
My

M
, yc =

Mx

M
.

Ìîìåíòû èíåðöèè Ix è Iy ïëàñòèíû D îòíîñèòåëüíî îñåé Ox
è Oy âû÷èñëÿþòñÿ ïî ôîðìóëàì

Ix =
1

3

∫ b

a

ρ · y3dx =
1

3

∫ b

a

ρ(x)f 3(x)dx;

Iy =

∫ b

a

ρ · x2 · ydx =

∫ b

a

ρ(x) · x2 · f(x)dx.

Ïðèìåð 2.7.5. Íàéòè ñòàòè÷åñêèå ìîìåíòûMx ,My è öåíòð òÿ-
æåñòè îäíîðîäíîé (ρ = 1 ) ïëàñòèíû D , èìåþùåé âèä ¾÷åòâåðòè
ýëëèïñà¿

x2

a2
+
y2

b2
= 1, x > 0, y > 0.

Ðåøåíèå: Ïåðåéäåì ê ïàðàìåòðè÷åñêèì óðàâíåíèÿì ÷åòâåðòè
ýëëèïñà x = α cos t, y = b sin t, t ∈ [0, π/2]. Ïðè èçìåíåíèè x îò
0 äî α ïåðåìåííàÿ t ìåíÿåòñÿ îò π/2 äî 0. Ñòàòè÷åñêèå ìîìåíòû
Mx è My ïëàñòèíû D îòíîñèòåëüíî îñåé Ox è Oy:

Mx =
1

2

∫ b

a

ρ · y2dx =

=
1

2

∫ b

a

b2 sin2 t · a(− sin t)dt =
ab2

2

∫ 0

π/2

(1− cos2 t) · d(cos t) =

=
ab2

2

∫ 0

π/2

(1− cos2 t) · d(cos t) = ab2

3
;
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My =

∫ b

a

ρ · x · ydx =

∫ 0

π/2

α cos t · b sin t · a · (− sin t)dt =

= −ba2
∫ 0

π/2

sin2 t · d(sin t) = a2b

3
.

.
Ìàññà M ïëàñòèíû D îïðåäåëÿåòñÿ ïî ôîðìóëå

M =

∫ b

a

ρ · ydx =

∫ 0

π/2

b sin t · (−a sin t)dt = πab

4
.

Êîîðäèíàòû öåíòðà ìàññ

xc =
My

M
=

4a

3π
, yc =

Mx

M
=

4b

3π
.

2.7.4 Ïðèëîæåíèå ê çàäà÷àì ýëåêòðîòåõíèêè

Âû÷èñëåíèå ýíåðãèè, òîêà è íàïðÿæåíèÿ.
Ïóñòü ÷åðåç ó÷àñòîê ýëåêòðè÷åñêîé öåïè ïðîõîäèò ýëåêòðè÷å-

ñêèé çàðÿä. Ñêîðîñòü ïîñòóïëåíèÿ â öåïü ýëåêòðè÷åñêîé ýíåðãèè
W (t) â ìîìåíò âðåìåíè t ïðåäñòàâëÿåò ñîáîé ìãíîâåííóþ ìîù-
íîñòü p(t) = W ′(t).

Ïðè çàäàííîé ìîùíîñòè p(t) ýíåðãèÿ, ïîñòóïàþùàÿ â ïðèåì-
íèê çà ïðîìåæóòîê âðåìåíè îò t = t0 äî t = t1, âû÷èñëÿåòñÿ ïî
ôîðìóëå

W =

∫ t1

t0

p(t)dt.

Ïðèìåð 2.7.6. Íàéòè ýíåðãèþ, ïîñòóïàþùóþ â ïðèåìíèê çà
ïðîìåæóòîê âðåìåíè îò 0 äî t , åñëè ìãíîâåííàÿ ìîùíîñòü
p(t) = A cosφ+A cos(2ωt−φ), ãäå àìïëèòóäà A, ôàçà φ, ÷àñòîòà
2ω ïðåäïîëàãàþòñÿ ïîñòîÿííûìè.

Ðåøåíèå:

W =

∫ t

0

p(s)ds =

∫ t

0

(A cosφ+ A cos(2ωs− φ))ds =
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=

(
(A cosφ)s+

A

2ω
sin(2ωs− φ)

)∣∣∣∣t
0

=

= (A cosφ)t+
A

2ω
sin(2ωt− φ) + A

2ω
sinφ.

Íàïðÿæåíèå íà ýëåìåíòå ýëåêòðè÷åñêîé öåïè �
èíäóêòèâíîñòè � îïðåäåëÿåòñÿ ïî ôîðìóëå

UL = L
di

dt
,

ãäå i = i(t) � òîê â öåïè, L � èíäóêòèâíîñòü.
Ïðè çàäàííîì íàïðÿæåíèè UL òîê â èíäóêòèâíîñòè ðàâåí

i = i(0) +
1

L

∫ t

0

UL(s)ds,

ãäå i(0) � çíà÷åíèå òîêà â íà÷àëüíûé ìîìåíò âðåìåíè.

Ïðèìåð 2.7.7. Íàéòè òîê íà èíäóêòèâíîñòè, åñëè íàïðÿæåíèå
íà èíäóêòèâíîñòè UL = L(−a)e−at, ãäå L � èíäóêòèâíîñòü,
a� ïîñòîÿííàÿ, i(0) = 1.

Ðåøåíèå: Íàïðÿæåíèå íà ýëåìåíòå ýëåêòðè÷åñêîé öåïè � èí-
äóêòèâíîñòè � îïðåäåëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå

UL = L
di

dt
,

ãäå i = i(t) � òîê â öåïè, L � èíäóêòèâíîñòü. Îòñþäà

i = i(0) +
1

L

∫ t

0

UL(s)ds = 1− La

L

∫ t

0

e−asds = e−at.

Òîê íà ýëåìåíòå ýëåêòðè÷åñêîé öåïè � ¼ìêîñòè � îïðåäåëÿåòñÿ
ïî ôîðìóëå

i = C
dUC
dt

,

ãäå i = i(t) � òîê â öåïè, C � ¼ìêîñòü, UC � íàïðÿæåíèå íà
¼ìêîñòè.
Ïðè çàäàííîì òîêå íàïðÿæåíèå íà ¼ìêîñòè

UC = UC(0) +
1

C

∫ t

0

i(s)ds,
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ãäå UC(0) - çíà÷åíèå íàïðÿæåíèÿ â íà÷àëüíûé ìîìåíò âðåìåíè.

2.7.5 Ïðîñòåéøèå äèôôåðåíöèàëüíûå óðàâíåíèÿ
è èõ ðåøåíèå

Ïðèìåð 2.7.8. Ìàòåðèàëüíàÿ òî÷êà ìàññû m ñâîáîäíî ïàäàåò
ïîä äåéñòâèåì ñèëû òÿæåñòè F = mg . Íàéòè çàêîí äâèæåíèÿ
òî÷êè (áåç ó÷åòà ñîïðîòèâëåíèÿ âîçäóõà), åñëè çàäàíû ïîëîæåíèå
S0 = S(0) è ñêîðîñòü v0 = v(0) â íà÷àëüíûé ìîìåíò âðåìåíè t = 0.

Ðåøåíèå: Ïîñêîëüêó óñêîðåíèå ÿâëÿåòñÿ âòîðîé ïðîèçâîäíîé
îò ïåðåìåùåíèÿ g = a(t) = S ′′(t), òî ïîëó÷àåì óðàâíåíèå âè-
äà S ′′(t) = g , êîòîðîå ÿâëÿåòñÿ ïðîñòåéøèì äèôôåðåíöèàëüíûì
óðàâíåíèåì âòîðîãî ïîðÿäêà.

Çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ ôóíêöèè ïî çàäàííîé âòîðîé
ïðîèçâîäíîé. Ïðîèíòåãðèðîâàâ îáå ÷àñòè óðàâíåíèÿ äâàæäû, ïî-
ëó÷èì

S(t) = g
t2

2
+ C1t+ C2,

ãäå C1, C2 - íåêîòîðûå ïðîèçâîëüíûå ïîñòîÿííûå. Ýòè ïîñòîÿí-
íûå îïðåäåëèì èç çàäàííûõ íà÷àëüíûõ óñëîâèé:
C2 = S(0) = S0- ïîëîæåíèå òî÷êè â íà÷àëüíûé ìîìåíò âðåìå-
íè, C1 = S ′(0) = v(0) = v0 - íà÷àëüíàÿ ñêîðîñòü. Îêîí÷àòåëüíî
ïîëó÷èì

S(t) = g
t2

2
+ v0t+ S0.

Ïðèìåð 2.7.9. Ïåðåõîäíûé ïðîöåññ â ëèíåéíîé ýëåêòðè÷åñêîé
öåïè.

Ïóñòü ëèíåéíàÿ ýëåêòðè÷åñêàÿ öåïè, ñîñòîÿùàÿ èç ïîñëåäîâà-
òåëüíî ñîåäèíåííûõ ýëåìåíòîâ � ñîïðîòèâëåíèÿ r è èíäóêòèâíî-
ñòè L � ïðèñîåäèíÿåòñÿ ê èñòî÷íèêó ý.ä.ñ.E(t) = E. Îïèñàòü ïå-
ðåõîäíûé ïðîöåññ (çíà÷åíèå òîêà â íà÷àëüíûé ìîìåíò âðåìåíè
i(0) = 0).
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Ðåøåíèå: Ïåðåõîäíûé ïðîöåññ â äàííîé ýëåêòðè÷åñêîé öåïè íà
îñíîâàíèè âòîðîãî çàêîíà Êèðõãîôà îïèñûâàåòñÿ óðàâíåíèåì

Ur + UL = E(t).

Ïîñêîëüêó Ur = r · i , à UL = L
di

dt
, ïîëó÷àåì óðàâíåíèå

ri+ L
di

dt
= E(t).

Ìû ïðèøëè ê äèôôåðåíöèàëüíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà.
Ìåòîäû ðåøåíèÿ òàêèõ óðàâíåíèé áóäóò èçó÷àòüñÿ ïîçäíåå. Ïîêà-
æåì, êàê ýòî óðàâíåíèå ìîæíî ðåøèòü ñ ïîìîùüþ íåïîñðåäñòâåí-
íîãî èíòåãðèðîâàíèÿ. Ïåðåïèøåì óðàâíåíèå â âèäå

r

L
i+

di

dt
=
E

L

è äëÿ óäîáñòâà îáîçíà÷èì k =
r

L
, m = m(t) =

E(t)

L
. Â íîâûõ

îáîçíà÷åíèÿõ

k · i+ di

dt
= m(t).

Äîìíîæèì ýòî óðàâíåíèå íà ekt:

ektk · i+ di

dt
ekt = m(t)ekt.

Ïîñêîëüêó ektk · i+ di

dt
ekt = (i · ekt)′, òî ïðèõîäèì ê óðàâíåíèþ

d

dt
(i · ekt) = m(t)ekt.

Èíòåãðèðóÿ, ïîëó÷èì

(i · ekt) = 1

L

∫ t

0

E(t) · eksds+ C.

Ïîñêîëüêó çíà÷åíèå òîêà â íà÷àëüíûé ìîìåíò âðåìåíè i(0) = 0 ,
òî C = 0 è, ñëåäîâàòåëüíî,

i(t) =
e−kt

L

∫ t

0

E(t) · eksds.
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Â ñëó÷àå ïîñòîÿííîé ý.ä.ñ.E(t) = E = const.

i(t) =
e−kt

L

∫ t

0

E · eksds = Ee−kt

Lk
(ekt − 1) =

E

r
− E

r
exp(
−r
L
t).

3 Íåñîáñòâåííûå èíòåãðàëû

3.1 Íåñîáñòâåííûå èíòåãðàëû ñ áåñêîíå÷íûìè ïðåäå-
ëàìè (íåñîáñòâåííûå èíòåãðàëû 1-ãî ðîäà)

3.1.1 Îïðåäåëåíèå. Ïîíÿòèå ñõîäÿùèõñÿ è ðàñõîäÿ-
ùèõñÿ èíòåãðàëîâ

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà ïðè x > a è èíòåãðèðóåìà íà
ëþáîì êîíå÷íîì îòðåçêå [a, b] , ãäå b ∈ [a,+∞). Òîãäà èíòåãðàë∫ b

a

f(x)dx èìååò ñìûñë ïðè ëþáîì b > a è ÿâëÿåòñÿ ôóíêöèåé

àðãóìåíòà b.

xyy = f(x)Sbab→ +∞Ðèñ. 15.

Îïðåäåëåíèå 3.1 Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
b→+∞

∫ b

a

f(x)dx,

òî åãî íàçûâàþò íåñîáñòâåííûì èíòåãðàëîì 1-ãî ðîäà
îò ôóíêöèèf(x) íà èíòåðâàëå [a,+∞) è îáîçíà÷àþò∫ +∞

a

f(x)dx = lim
b→+∞

∫ b

a

f(x)dx.
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Ïðè ýòîì ãîâîðÿò, ÷òî íåñîáñòâåííûé èíòåãðàë ñóùåñòâóåò èëè
ñõîäèòñÿ. Åñëè æå íå ñóùåñòâóåò êîíå÷íîãî ïðåäåëà, íåñîáñòâåí-
íûé èíòåãðàë íå ñóùåñòâóåò èëè ðàñõîäèòñÿ. Åñëè f(x) > 0 íà
èíòåðâàëå [a,+∞), òî âåëè÷èíà íåñîáñòâåííîãî èíòåãðàëà

I =

∫ +∞

a

f(x)dx ÿâëÿåòñÿ ïëîùàäüþ íåîãðàíè÷åííîé îáëàñòè,

ðàñïîëîæåííîé ìåæäó ãðàôèêîì ôóíêöèè y = f(x) , ïðÿìîé
x = a è îñüþ Ox.

xyy = f(x)Dab→ +∞Ðèñ. 16.

Àíàëîãè÷íî îïðåäåëÿåòñÿ íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà îò
ôóíêöèè f(x) íà èíòåðâàëå [a,+∞). Åñëè ôóíêöèÿ f(x) èíòåãðè-
ðóåìà íà ëþáîì êîíå÷íîì îòðåçêå [a, b] , ãäå −∞ < a < b , òî
ïîëàãàþò ∫ b

−∞
f(x)dx = lim

a→−∞

∫ b

a

f(x)dx.

xyy = f(x)Sab−∞← aÐèñ. 17.
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Åñëè ôóíêöèÿ f(x) èíòåãðèðóåìà íà ëþáîì êîíå÷íîì îòðåçêå
[a, b] ÷èñëîâîé îñè, òî íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà ñ äâóìÿ
áåñêîíå÷íûìè ïðåäåëàìè îïðåäåëÿåòñÿ ðàâåíñòâîì∫ +∞

−∞
f(x)dx =

∫ c

−∞
f(x)dx+

∫ +∞

c

f(x)dx,

ãäå c - ïðîèçâîëüíîå ÷èñëî.

Ïî îïðåäåëåíèþ èíòåãðàë
∫ +∞

−∞
f(x)dx ñóùåñòâóåò òîëüêî â

òîì ñëó÷àå, åñëè ñõîäÿòñÿ îáà èíòåãðàëà, ñòîÿùèå â ïðàâîé ÷à-
ñòè ðàâåíñòâà.

Ïðèìåð 3.1.1. Âû÷èñëèòü èíòåãðàë
∫ +∞

−∞

dx

1 + x2
.

Ðåøåíèå: Ýòî íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà ñ äâóìÿ áåñêî-
íå÷íûìè ïðåäåëàìè, ïîýòîìó ïðåäñòàâèì åãî â âèäå ñóììû∫ +∞

−∞

dx

1 + x2
=

∫ 0

−∞

dx

1 + x2
+

∫ +∞

0

dx

1 + x2
.

Âû÷èñëèì ñíà÷àëà∫ +∞

0

dx

1 + x2
= lim

b→∞

∫ b

0

dx

1 + x2
= lim

b→∞
(arctg b− arctg 0) =

π

2
.

xyy =
1

x2 + 1

S =
π

21Ðèñ. 18.

Àíàëîãè÷íî∫ 0

−∞

dx

1 + x2
= lim

a→−∞

∫ 0

a

dx

1 + x2
= lim

a→−∞
(arctg 0− arctg a) =

π

2
.

è, ñëåäîâàòåëüíî, ∫ +∞

−∞

dx

1 + x2
= π
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3.1.2 Îñíîâíûå ñâîéñòâà íåñîáñòâåííûõ èíòåãðàëîâ ñ
áåñêîíå÷íûìè ïðåäåëàìè

1. Ñâîéñòâî ëèíåéíîñòè.

Åñëè íåñîáñòâåííûå èíòåãðàëû
∫ +∞

a

f1(x)dx è
∫ +∞

a

f2(x)dx

ñõîäÿòñÿ, òî äëÿ ëþáûõ ïîñòîÿííûõ C1 è C2∫ +∞

a

(C1f1(x) + C2f2(x))dx =

= C1

∫ +∞

a

f1(x)dx+ C2

∫ +∞

a

f2(x)dx.

2. Ôîðìóëà Íüþòîíà - Ëåéáíèöà. Åñëè f(x) íåïðåðûâíà ïðè
x > a , à F (x) - ïåðâîîáðàçíàÿ, òî

∫ +∞

a

f(x)dx = F (x)

∣∣∣∣+∞
a

= F (+∞)− F (a),

ãäå ïî îïðåäåëåíèþ

F (+∞) = lim
b→+∞

F (b).

3. Èíòåãðèðîâàíèå ïî ÷àñòÿì.

Åñëè ôóíêöèè u(x) è v(x) íåïðåðûâíû âìåñòå ñî ñâîèìè ïðî-
èçâîäíûìè è ñóùåñòâóåò lim

x→+∞
u(x) · v(x) , òî

∫ +∞

a

udv = uv

∣∣∣∣+∞
a

−
∫ +∞

a

vdu,

ãäå

uv

∣∣∣∣+∞
a

= lim
b→+∞

u(x) · v(x)− u(a) · v(a).
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3.1.3 Ïðèçíàêè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðà-
ëîâ ñ áåñêîíå÷íûìè ïðåäåëàìè

Â ðÿäå çàäà÷ íóæíî òîëüêî óñòàíîâèòü ñõîäèìîñòü èëè ðàñõî-
äèìîñòü íåñîáñòâåííîãî èíòåãðàëà.

Ïðèçíàê ñðàâíåíèÿ. Ïóñòü 0 6 f(x) 6 g(x) ïðè x ∈ [a,+∞) .
Òîãäà:

1) åñëè èíòåãðàë
∫ +∞

a

g(x)dx ñõîäèòñÿ, òî èíòåãðàë∫ +∞

a

f(x)dx ñõîäèòñÿ;

2) åñëè èíòåãðàë
∫ +∞

a

f(x)dx ðàñõîäèòñÿ, òî èíòåãðàë∫ +∞

a

g(x)dx òàêæå ðàñõîäèòñÿ.

Ýòîò ïðèçíàê èìååò ïðîñòóþ ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ:
åñëè êîíå÷íà ïëîùàäü ïîä ãðàôèêîì áîëüøåé ôóíêöèè g(x), òî
êîíå÷íà ïëîùàäü ïîä ãðàôèêîì ìåíüøåé ôóíêöèè f(x).

xyy = f(x)y = g(x)aÐèñ. 19.

Àíàëîãè÷íûì îáðàçîì èíòåðïðåòèðóåòñÿ âòîðîå óòâåðæäåíèå.
Çàìå÷àíèå. Ïðèçíàê ñðàâíåíèÿ îñòàåòñÿ âåðíûì, åñëè íåðàâåí-

ñòâà 0 6 f(x) 6 g(x) âûïîëíåíû íå äëÿ âñåõ x ∈ [a,+∞] , à
íà÷èíàÿ ëèøü ñ íåêîòîðîãî A > a , ò.å. äëÿ x ∈ [A,+∞].
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Ïðèìåð 3.1.2. Èññëåäîâàòü íà ñõîäèìîñòü èíòåãðàë Ýéëåðà -

Ïóàññîíà

∫ +∞

0

e−x
2/2 dx.

Ðåøåíèå: Äëÿ ñðàâíåíèÿ âûáåðåì ôóíêöèþ g(x) = e−x+1.

Ïîñêîëüêó ñïðàâåäëèâî íåðàâåíñòâî −x
2

2
6 −x + 1 è, ñëåäîâà-

òåëüíî, 0 6 e−x
2/2 6 e−x+1 , à èíòåãðàë∫ +∞

0

e−x+1dx = −e−x+1

∣∣∣∣+∞
0

= e

ñõîäèòñÿ, òî è èñõîäíûé èíòåãðàë Ýéëåðà - Ïóàññîíà òàêæå ñõî-
äèòñÿ.

Ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ.

Ïóñòü f(x) > 0, φ(x) > 0 íà [a,∞). Åñëè ñóùåñòâóåò êîíå÷íûé
ïðåäåë, íå ðàâíûé íóëþ,

lim
x→∞

f(x)

φ(x)
= k, 0 < k < +∞,

òî èíòåãðàëû
∫ +∞

a

f(x)dx è
∫ +∞

a

φ(x)dx ñõîäÿòñÿ è ðàñõîäÿòñÿ

îäíîâðåìåííî.

Ïðè k = 0 èç ñõîäèìîñòè
∫ +∞

a

φ(x)dx ñëåäóåò ñõîäèìîñòü∫ +∞

a

f(x)dx .

Ïðè k = ∞ èç ðàñõîäèìîñòè
∫ +∞

a

φ(x)dx ñëåäóåò ðàñõîäèìîñòü

èíòåãðàëà
∫ +∞

a

f(x)dx.

Ïðè ïðèìåíåíèè ïðèçíàêà ñðàâíåíèÿ óäîáíî ñðàâíèâàòü

ïîäûíòåãðàëüíóþ ôóíêöèþ ñ ôóíêöèåé
1

xα
, α > 0, äëÿ êîòîðîé

ñõîäèìîñòü èëè ðàñõîäèìîñòü ñîîòâåòñòâóþùåãî íåñîáñòâåííîãî
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èíòåãðàëà ëåãêî óñòàíîâèòü íåïîñðåäñòâåííî.

Ïðèìåð 3.1.3. Èññëåäîâàòü íà ñõîäèìîñòü
∫ +∞

a

1

xα
dx , a > 0,

â çàâèñèìîñòè îò ïàðàìåòðà α.

Ðåøåíèå: Ïóñòü α ̸= 1, òîãäà∫ +∞

a

1

xα
dx = lim

b→+∞

∫ b

a

x−adx = lim
b→+∞

x1−α

1− α

∣∣∣∣b
a

=

= lim
b→+∞

(
b1−α

1− α
− a1−α

1− α

)
=

=

 +∞ (α < 1),
a1−α

α− 1
(α > 1)

Ïðè α = 1∫ +∞

a

dx

xα
= lim

b→+∞

∫ b

a

dx

x
= lim

b→+∞

(
ln |x|

∣∣∣∣b
a

)
=

= lim
b→+∞

(ln b− ln a) = +∞.

Ñëåäîâàòåëüíî, èíòåãðàë ∫ +∞

a

1

xα
dx

ñõîäèòñÿ ïðè α > 1 è ðàñõîäèòñÿ ïðè α 6 1.
Ïðèìåð 3.1.4. Èññëåäîâàòü íà ñõîäèìîñòü∫ +∞

0

2
√
x− cosx

x3 +
√
x5 + 3 sin x+ 5

dx.

Ðåøåíèå: Ïîäåëèì ÷èñëèòåëü è çíàìåíàòåëü íà ñòàðøóþ ñòå-
ïåíü çíàìåíàòåëÿ ïîäûíòåãðàëüíîé ôóíêöèè. Ïðè áîëüøèõ çíà-
÷åíèÿõ x ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðèáëèçèòåëüíî ðàâíà

2x−5/2 − cosx · x−3

1 + x−1/2 + 3 sin x · x−3 + 5x−3
≈ 2x−5/2

1
.
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Ïîýòîìó â êà÷åñòâå ôóíêöèè ñðàâíåíèÿ âîçüìåì ôóíêöèþ

φ(x) =
2

x5/2
. Ïðîâåðèì, ÷òî ïðè x→ +∞ ïîäûíòåãðàëüíàÿ ôóíê-

öèÿ ýêâèâàëåíòíà ôóíêöèè φ(x) =
2

x5/2
. Â ñàìîì äåëå:

lim
x→∞

f(x)

φ(x)
= lim

x→∞

(2
√
x− cosx) · x5/2

(x3 +
√
x5 + 3 sin x+ 5) · 2

= 1.

Òàêèì îáðàçîì, α =
5

2
> 1, è ïî ïðåäåëüíîìó ïðèçíàêó ñðàâ-

íåíèÿ äàííûé èíòåãðàë ñõîäèòñÿ.

Ïðèìåð 3.1.5. Èññëåäîâàòü íà ñõîäèìîñòü
∫ ∞
2

1

lnx+ 5
dx.

Ðåøåíèå: Íàâîäÿùèå ñîîáðàæåíèÿ: ôóíêöèÿ y = ln x ðàñòåò
ìåäëåííåå, ÷åì ôóíêöèÿ y = x. Ïîýòîìó âîçüìåì â êà÷åñòâå ôóíê-

öèè ñðàâíåíèÿ φ(x) =
1

x
. Èìååì:

1) Èíòåãðàë
∫ +∞

2

φ(x)dx =

∫ +∞

2

1

x
dx � ðàñõîäèòñÿ;

2) limx→∞
f(x)

φ(x)
= limx→∞

x

lnx+ 5
=∞.

Òîãäà â ñèëó ïðåäåëüíîãî ïðèçíàêà ñðàâíåíèÿ ïîëó÷àåì, ÷òî èñ-
õîäíûé èíòåãðàë òàêæå ðàñõîäèòñÿ.

3.1.4 Àáñîëþòíàÿ è óñëîâíàÿ ñõîäèìîñòü íåñîáñòâåí-
íûõ èíòåãðàëîâ 1-ãî ðîäà

Îïðåäåëåíèå 3.2 Íåñîáñòâåííûé èíòåãðàë

∫ +∞

a

f(x)dx

íàçûâàþò àáñîëþòíî ñõîäÿùèìñÿ, åñëè ñõîäèòñÿ èíòåãðàë∫ +∞

a

|f(x)|dx è óñëîâíî ñõîäÿùèìñÿ, åñëè èíòåãðàë∫ +∞

a

f(x)dx ñõîäèòñÿ, à èíòåãðàë

∫ +∞

a

|f(x)|dx ðàñõîäèòñÿ. Åñ-

ëè èíòåãðàë àáñîëþòíî ñõîäèòñÿ, òî ôóíêöèÿ f(x) íàçûâàåòñÿ
àáñîëþòíî èíòåãðèðóåìîé íà [a,+∞).
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Òåîðåìà 3.1 Åñëè èíòåãðàë

∫ +∞

a

f(x)dx àáñîëþòíî ñõîäèòñÿ,

òî îí ñõîäèòñÿ è â îáû÷íîì ñìûñëå.

Ïðèìåð 3.1.6. Èññëåäîâàòü íà àáñîëþòíóþ ñõîäèìîñòü∫ +∞

0

cosx

x3 + 1
dx.

Ðåøåíèå:

Ïîñêîëüêó

∣∣∣∣ cosxx3 + 1

∣∣∣∣ 6 1

x3 + 1
, à èíòåãðàë

∫ +∞

0

1

x3 + 1
dx ñõî-

äèòñÿ (ïî÷åìó?), òî èñõîäíûé èíòåãðàë ñõîäèòñÿ àáñîëþòíî.

3.2 Íåñîáñòâåííûå èíòåãðàëû îò íåîãðàíè÷åííûõ
ôóíêöèé (íåñîáñòâåííûå èíòåãðàëû 2-ãî ðîäà)

3.2.1 Îïðåäåëåíèå. Ïîíÿòèå ñõîäÿùèõñÿ è ðàñõîäÿ-
ùèõñÿ èíòåãðàëîâ

Ïóñòü ôóíêöèÿ f(x) îïðåäåëåíà íà ïîëóèíòåðâàëå [a, b) è èí-
òåãðèðóåìà íà ëþáîì îòðåçêå [a, b1] , ãäå b1 = b− ε ∈ [a, b), ε > 0,
íî íå èíòåãðèðóåìàÿ íà îòðåçêå [a, b] (èìååò ðàçðûâ ïðè x = b).

xyy = f(x)b1 → baÐèñ. 20.

Îïðåäåëåíèå 3.3 Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë∫ b

0

f(x)dx = lim
ε→+0

∫ b−ε

a

f(x)dx,
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òî åãî íàçûâàþò íåñîáñòâåííûì èíòåãðàëîì 2-ãî ðîäà.
Ïðè ýòîì ãîâîðÿò, ÷òî íåñîáñòâåííûé èíòåãðàë ñóùåñòâóåò
èëè ñõîäèòñÿ. Åñëè æå íå ñóùåñòâóåò êîíå÷íîãî ïðåäåëà, íåñîá-
ñòâåííûé èíòåãðàë íå ñóùåñòâóåò èëè ðàñõîäèòñÿ.

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþòñÿ íåñîáñòâåííûå èíòåãðàëû
îò ôóíêöèè, èìåþùåé ðàçðûâ ïðè x = a:∫ b

a

f(x)dx = lim
ε→0

∫ b

a+ε

f(x)dx.

Åñëè ôóíêöèÿ f(x) èìååò ðàçðûâ âíóòðè îòðåçêà [a, b] â íåêîòîðîé
òî÷êå c(a < c < b), òî ïî îïðåäåëåíèþ ïîëàãàþò∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx.

Ïî îïðåäåëåíèþ èíòåãðàë
∫ b

a

f(x)dx ñóùåñòâóåò òîëüêî â òîì ñëó-

÷àå, åñëè ñõîäÿòñÿ îáà èíòåãðàëà, ñòîÿùèå â ïðàâîé ÷àñòè ðàâåí-
ñòâà.

Ïðèìåð 3.2.1. Âû÷èñëèòü èíòåãðàë
∫ 1

−1

dx√
1− x2

dx.

Ðåøåíèå: Ïîäûíòåãðàëüíàÿ ôóíêöèÿ íà èíòåðâàëå (−1, 1) èìå-
åò äâà ðàçðûâà ïðè x = −1 è ïðè x = 1 . Ïîýòîìó ïðåäñòàâèì
èñõîäíûé èíòåãðàë â âèäå ñóììû äâóõ èíòåãðàëîâ, â êàæäîì èç
êîòîðûõ ïîäûíòåãðàëüíàÿ ôóíêöèÿ èìååò ðîâíî îäèí ðàçðûâ:∫ 1

−1

dx√
1− x2

=

∫ 0

−1

dx√
1− x2

+

∫ 1

0

dx√
1− x2

.

Ïî îïðåäåëåíèþ∫ 1

0

dx√
1− x2

= lim
b1→1+0

∫ b1

0

dx√
1− x2

dx = lim
ε→+0

∫ 1−ε

0

dx√
1− x2

dx =

= lim
ε→+0

(arcsin(1− ε)− arcsin 0) =
π

2
.
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xy
y =

1√
1− x2

−11b1
1Ðèñ. 21.

Àíàëîãè÷íî∫ 0

−1

dx√
1− x2

= lim
ε→+0

∫ 0

−1+ε

dx√
1− x2

dx =

= lim
ε→+0

(arcsin 0− arcsin(−1 + ε)) =
π

2
.

è, ñëåäîâàòåëüíî, ∫ 1

−1

dx√
1− x2

= π

Ïðèìåð 3.2.2. Âû÷èñëèòü èíòåãðàë
∫ 1

−1

dx

x2
.

Ðåøåíèå: Ïîäûíòåãðàëüíàÿ ôóíêöèÿ íà îòðåçêå [−1, 1] èíòåãðè-
ðîâàíèÿ èìååò îäèí ðàçðûâ ïðè x = 0. Ïîñêîëüêó ôóíêöèÿ f(x)
èìååò ðàçðûâ âíóòðè îòðåçêà [−1, 1] â òî÷êå x = 0, òî ïðåäñòàâèì
èíòåãðàë â âèäå ñóììû∫ 1

−1

dx

x2
=

∫ 0

−1

dx

x2
+

∫ 1

0

dx

x2
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xy
y =

1

x2−11OÐèñ. 22.

Ïî îïðåäåëåíèþ èíòåãðàë
∫ 1

−1

dx

x2
ñõîäèòñÿ òîëüêî â òîì ñëó÷àå,

åñëè ñõîäÿòñÿ îáà èíòåãðàëà, ñòîÿùèå â ïðàâîé ÷àñòè ðàâåíñòâà.

Òàê êàê
∫ 1

0

dx

x2
= lim

ε→+0

∫ 1

0+ε

dx

x2
dx = lim

ε→+0

(
−1

x

)∣∣∣∣1
ε

=∞ ðàñõîäèòñÿ,

òî è èñõîäíûé èíòåãðàë òàêæå ðàñõîäèòñÿ.
Çàìå÷àíèå. Äëÿ íåñîáñòâåííûõ èíòåãðàëîâ 2-ãî ðîäà ñïðàâåä-

ëèâû òå æå ñâîéñòâà, ÷òî è äëÿ íåñîáñòâåííûõ èíòåãðàëîâ 1-ãî
ðîäà.

3.2.2 Ïðèçíàêè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðà-
ëîâ îò íåîãðàíè÷åííûõ ôóíêöèé

Ïðèçíàê ñðàâíåíèÿ. Ïóñòü ôóíêöèè f(x) è φ(x) íåïðåðûâ-
íû ïðè a 6 x < b è èìåþò ðàçðûâ ïðè x = b. Åñëè 0 6 φ(x) 6 f(x)
ïðè x ∈ [a, b), òî:

1) åñëè èíòåãðàë
∫ b

a

f(x)dx ñõîäèòñÿ, òî ñõîäèòñÿ è
∫ b

a

φ(x)dx ;

2) åñëè èíòåãðàë
∫ b

a

φ(x)dx ðàñõîäèòñÿ, òî ðàñõîäèòñÿ è
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a

f(x)dx.

Ïðèìåð 3.2.3. Èññëåäîâàòü íà ñõîäèìîñòü èíòåãðàë∫ 1

0

cos2(1/x)√
x

dx.

Ðåøåíèå: Ïîñêîëüêó ïðè x ∈ (0, 1] ñïðàâåäëèâî íåðàâåíñòâî

0 <
cos2(1/x)√

x
6 1√

x
è èíòåãðàë

∫ 1

0

1√
x
dx = 2

√
x

∣∣∣∣1
0

= 2 ñõîäèòñÿ,

òî è èñõîäíûé èíòåãðàë òàêæå ñõîäèòñÿ.
Ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ.

Ïóñòü f(x) > 0, φ(x) > 0 íà [a, b). Åñëè ñóùåñòâóåò êîíå÷íûé
ïðåäåë, íå ðàâíûé íóëþ,

lim
x→b

f(x)

φ(x)
= k, 0 < k < +∞,

òî èíòåãðàëû
∫ b

a

f(x)dx è
∫ b

a

φ(x)dx ñõîäÿòñÿ è ðàñõîäÿòñÿ îäíî-

âðåìåííî. Ïðè k = 0 èç ñõîäèìîñòè
∫ b

a

φ(x)dx ñëåäóåò ñõîäèìîñòü∫ b

a

f(x)dx. Ïðè k =∞ èç ðàñõîäèìîñòè
∫ b

a

φ(x)dx ñëåäóåò ðàñõî-

äèìîñòü èíòåãðàëà
∫ b

a

f(x)dx .

Ïðè ïðèìåíåíèè ïðèçíàêà ñðàâíåíèÿ óäîáíî ñðàâíèâàòü ïîäûí-

òåãðàëüíóþ ôóíêöèþ ñ ôóíêöèåé
1

xα
, α > 0, äëÿ êîòîðîé ñõîäè-

ìîñòü èëè ðàñõîäèìîñòü ñîîòâåòñòâóþùåãî íåñîáñòâåííîãî èíòå-
ãðàëà ëåãêî óñòàíîâèòü íåïîñðåäñòâåííî.

Ïðèìåð 3.2.4. Èññëåäîâàòü íà ñõîäèìîñòü
∫ b

0

1

xα
dx

â çàâèñèìîñòè îò ïàðàìåòðà α.
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Ðåøåíèå: Ïóñòü α ̸= 1 òîãäà∫ b

0

1

xα
dx = lim

ε→+0

∫ b

0+ε

x−αdx = lim
ε→+0

x1−α

1− α

∣∣∣∣b
0+ε

=

= lim
ε→+0

(
b1−α

1− α
− ε1−α

1− α

)
=

=

 +∞ (α > 1)
b1−α

α− 1
(α < 1)

Ïðè α = 1∫ b

0

1

x
dx = lim

ε→+0

∫ b

0+ε

1

x
dx = lim

ε→+0

(
ln |x|

∣∣∣∣b
0+ε

)
=

= lim
ε→+0

(ln b− ln(0 + ε)) =∞.

Ñëåäîâàòåëüíî, èíòåãðàë ∫ b

0

1

xα
dx

ñõîäèòñÿ ïðè α < 1 è ðàñõîäèòñÿ ïðè α > 1.

Ïðèìåð 3.2.5. Èññëåäîâàòü íà ñõîäèìîñòü
∫ 1

0

dx

x3 + 3x2 + 5x
.

Ðåøåíèå: Ïîäûíòåãðàëüíàÿ ôóíêöèÿ íà ïðîìåæóòêå (0, 1] èí-
òåãðèðîâàíèÿ èìååò ðàçðûâ ïðè x = 0. Ïðè ìàëûõ x ïîäûíòå-
ãðàëüíàÿ ïðèáëèçèòåëüíî ðàâíà

1

x(x2 + 3x+ 5)
≈ 1

5x
.

Ïîýòîìó â êà÷åñòâå ôóíêöèè ñðàâíåíèÿ âîçüìåì ôóíêöèþ

φ(x) =
1

5x
. Ïðîâåðèì, ÷òî ïðè x → 0 ïîäûíòåãðàëüíàÿ ôóíêöèÿ

ýêâèâàëåíòíà ôóíêöèè φ(x) =
1

5x
. Â ñàìîì äåëå:

lim
x→0

f(x)

φ(x)
= lim

x→0

5

x2 + 3x+ 5
= 1.
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Ïîñêîëüêó
∫ 1

0

φ(x)dx =

∫ 1

0

dx

5x
ðàñõîäèòñÿ (α = 1), òî ïî ïðå-

äåëüíîìó ïðèçíàêó ñðàâíåíèÿ èñõîäíûé èíòåãðàë ðàñõîäèòñÿ.

Ïðèìåð 3.2.6. Èññëåäîâàòü íà ñõîäèìîñòü
∫ 1/2

0

1√
x lnx

dx.

Ðåøåíèå: Âîçüìåì â êà÷åñòâå ôóíêöèè ñðàâíåíèÿ φ(x) =
1√
x
.

Èìååì:

1) Èíòåãðàë
∫ 1/2

0

φ(x)dx =

∫ 1/2

0

1√
x
dx = 2

√
x
∣∣1/2
0

=
2√
2
=
√
2 �

ñõîäèòñÿ;

2) lim
x→0

f(x)

φ(x)
= lim

x→0

√
x√

x lnx
= 0.

Òîãäà â ñèëó ïðåäåëüíîãî ïðèçíàêà ñðàâíåíèÿ ïîëó÷àåì, ÷òî èñ-
õîäíûé èíòåãðàë òàêæå ñõîäèòñÿ.

Àáñîëþòíàÿ è óñëîâíàÿ ñõîäèìîñòü äëÿ íåñîáñòâåííûõ èíòå-
ãðàëîâ 2-ãî ðîäà îïðåäåëÿåòñÿ òàê æå êàê è äëÿ íåñîáñòâåííûõ
èíòåãðàëîâ 1-ãî ðîäà.

Ïðèìåð 3.2.7. Èññëåäîâàòü íà àáñîëþòíóþ ñõîäèìîñòü∫ 1

0

sin 2x

x3 +
√
x
dx.

Ðåøåíèå: Ïîñêîëüêó

∣∣∣∣ sin 2x

x3 +
√
x

∣∣∣∣ 6 1

x3 +
√
x
, à èíòåãðàë∫ 1

0

1

x3 +
√
x
dx ñõîäèòñÿ, òî èñõîäíûé èíòåãðàë ñõîäèòñÿ

àáñîëþòíî.

4 Êðèâîëèíåéíûå èíòåãðàëû

Ïóñòü íà îòðåçêå [a, b] çàäàíà âåêòîðíàÿ ôóíêöèÿ

r⃗(t) = x(t)⃗i+ y(t)⃗j + z(t)k⃗, (1)

ò.å. êàæäîìó t ∈ [a, b] ñîïîñòàâëÿåòñÿ âåêòîð ñ íà÷àëîì â òî÷êå
(0, 0, 0) , èìåþùèé êîîðäèíàòû r⃗(t) = (x(t), y(t), z(t)) (ðèñ.23).
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yzxA
B
r⃗(x, y, z)Ðèñ. 23.

Ïðè èçìåíåíèè t îò a äî b êîíåö âåêòîðà r⃗(t) îïèñûâàåò íåêî-
òîðóþ ëèíèþ (êðèâóþ) L îò òî÷êè A = (x(a), y(a), z(a)) äî òî÷êè
B = (x(b), y(b), z(b)). Ãîâîðÿò, ÷òî òàêàÿ ïðîñòðàíñòâåííàÿ ëèíèÿ
L çàäàíà óðàâíåíèåì (1). Â ÷àñòíîñòè, ïðè z(t) = 0 ìû ïîëó÷èì
óðàâíåíèå ïëîñêîé êðèâîé: r⃗(t) = x(t)⃗i + y(t)⃗j. Çàäàíèå êðèâîé
óðàâíåíèåì (1) îïðåäåëÿåò íå òîëüêî ãåîìåòðè÷åñêîå ìåñòî òî÷åê
ñ êîîðäèíàòàìè (x(t), y(t), z(t)), íî è ¾ïîðÿäîê¿ òî÷åê íà êðèâîé:
ïðè âîçðàñòàíèè t îò a äî b òî÷êà (x(t), y(t), z(t)) ¾ïðîáåãàåò¿ êðè-
âóþ îò òî÷êè A äî òî÷êè B.

Îïðåäåëåíèå 4.1 Êðèâàÿ L, íà êîòîðîé îïðåäåëåí ïîðÿäîê ¾ñëå-
äîâàíèÿ¿ òî÷åê, íàçûâàåòñÿ îðèåíòèðîâàííîé, à âûáðàííûé
ïîðÿäîê � îðèåíòàöèåé. Ó êðèâîé ìîæåò áûòü äâå îðèåíòà-
öèè.

Îïðåäåëåíèå 4.2 Êàñàòåëüíîé ê êðèâîé L â òî÷êå

M(
−−→
OM = r⃗(t)) íàçûâàåòñÿ ïðåäåëüíîå ïîëîæåíèå ñåêóùåé

−−−→
MM1 = r⃗(t + ∆t) − r⃗(t) ïðè ∆t → 0 , åñëè îíî ñóùåñòâóåò
(ðèñ.24).
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yzxMM1r⃗(t+∆t)r⃗(t)OÐèñ. 24.

Ïðîèçâîäíàÿ îò âåêòîð-ôóíêöèè r⃗(t) â òî÷êå t:

r⃗ ′(t) = lim
∆t→0

r⃗(t+∆t)− r⃗(t)
∆t

,

ëåãêî ïîêàçàòü, ÷òî

r⃗ ′(t) = x′(t)⃗i+ y′(t)⃗j + z′(t)k⃗.

Îïðåäåëåíèå 4.3 Êðèâàÿ L íàçûâàåòñÿ ãëàäêîé, åñëè ïðè ëþ-
áîì t ∈ [a, b] ñóùåñòâóþò è íåïðåðûâíû ïðîèçâîäíûå
x′(t); y′(t); z′(t) .

Îïðåäåëåíèå 4.4 Êðèâàÿ L íàçûâàåòñÿ êóñî÷íî-ãëàäêîé, åñ-
ëè ôóíêöèè x(t), y(t), z(t) íåïðåðûâíû, è îòðåçîê [a, b] ìîæíî
ðàçáèòü íà êîíå÷íîå ÷èñëî ïîäîòðåçêîâ, íà êàæäîì èç êîòîðûõ
ýòè ôóíêöèè èìåþò íåïðåðûâíûå ïðîèçâîäíûå.

Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü òîëüêî ãëàäêèå èëè
êóñî÷íî-ãëàäêèå êðèâûå. Íàãëÿäíî ãîâîðÿ, êðèâàÿ, çàäàííàÿ óðàâ-
íåíèåì (1), ÿâëÿåòñÿ ãëàäêîé ïðè t ∈ [a, b], åñëè â êàæäîé å¼ òî÷êå
ñóùåñòâóåò êàñàòåëüíàÿ, ¾íåïðåðûâíî¿ ìåíÿþùàÿñÿ âäîëü L.
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4.1 Êðèâîëèíåéíûé èíòåãðàë 1-ãî ðîäà
(ïî äëèíå äóãè)

Ïóñòü íà êðèâîé L çàäàíà ôóíêöèÿ f(M) . Ðàçîáüåì êðèâóþ
L íà ÷àñòè Lk , 1 6 k 6 n â êàæäîé ÷àñòè âûáåðåì ïðîèçâîëüíóþ
òî÷êó Mk . Çàòåì óìíîæèì f(Mk) íà ∆sk � äëèíó ÷àñòè Lk , è
âñå òàêèå ïðîèçâåäåíèÿ ïðîñóììèðóåì:

f(M1)∆s1 + . . . . . .+ f(Mn)∆sn =
n∑
k=1

f(Mk)∆sk. (2)

Òàêàÿ ñóììà íàçûâàåòñÿ èíòåãðàëüíîé ñóììîé.

Îïðåäåëåíèå 4.5 Êðèâîëèíåéíûì èíòåãðàëîì 1-ãî ðîäà
(ïî äëèíå äóãè) îò ôóíêöèè f(M) íàçûâàåòñÿ ïðåäåë å¼ èí-
òåãðàëüíûõ ñóìì (2) ïðè max

k
∆sk → 0 ïðè óñëîâèè, ÷òî ýòîò

ïðåäåë ñóùåñòâóåò è íå çàâèñèò îò ñïîñîáà ðàçáèåíèÿ êðèâîé L
íà ÷àñòè Lk è âûáîðà íà íèõ òî÷åê Mk :

lim
max

k
∆sk→0

n∑
k=1

f(Mk)∆sk =

∫
L

f(M)ds. (3)

Òåîðåìà 4.1 Ïóñòü ôóíêöèÿ f(M) îïðåäåëåíà è íåïðåðûâíà íà
êðèâîé L. Òîãäà êðèâîëèíåéíûé èíòåãðàë 1-ãî ðîäà (ïî äëèíå äó-
ãè) îò ôóíêöèè f(M) ñóùåñòâóåò.

Îñíîâíûå ñâîéñòâà êðèâîëèíåéíîãî èíòåãðàëà
1-ãî ðîäà

1) Çíà÷åíèå êðèâîëèíåéíîãî èíòåãðàëà 1-ãî ðîäà íå çàâèñèò îò
âûáîðà îðèåíòàöèè íà êðèâîé L.

2) Ëèíåéíîñòü.∫
L

(c1f1(M) + c2f2(M))ds = c1

∫
L

f1(M)ds+ c2

∫
L

f2(M)ds,

ãäå c1, c2 � ïîñòîÿííûå.
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3) Àääèòèâíîñòü. Åñëè êðèâàÿ L = AB ðàçáèòà íà äâå ÷àñòè
L1 = AC è L2 = CB , òî∫

L

f(M)ds =

∫
L1

f(M)ds+

∫
L2

f(M)ds.

4) Åñëè íà L âûïîëíåíî íåðàâåíñòâî m1 6 f(M) 6 m2 è
l - äëèíà ëèíèè L, òî

m1l 6
∫
L

f(M)ds 6 m2l.

5) Åñëè f(M) íåïðåðûâíà íà L, òî∫
L

f(M)ds = f(M0)l,

ãäå M0 - íåêîòîðàÿ ¾ñðåäíÿÿ¿ òî÷êà íà L (òåîðåìà î ñðåäíåì).
Åñëè f(M) ≡ 1, òî ∫

L

ds = l.

Ïîñëåäíåå ñîîòíîøåíèå ïîçâîëÿåò èñïîëüçîâàòü êðèâîëèíåé-
íûé èíòåãðàë 1-ãî ðîäà äëÿ íàõîæäåíèÿ äëèíû äóãè êðèâîé.

Åñëè f(M) > 0, òî f(M) ìîæíî èíòåðïðåòèðîâàòü êàê ïëîò-

íîñòü, à èíòåãðàë
∫
L

f(M)ds êàê ìàññó.

Îòìåòèì òàêæå, ÷òî ñ ïîìîùüþ èíòåãðàëà 1-ãî ðîäà ìîæíî
âû÷èñëÿòü ñòàòè÷åñêèå ìîìåíòû êðèâîé îòíîñèòåëüíî îñåé êîîð-
äèíàò, à òàêæå êîîðäèíàòû åå öåíòðà òÿæåñòè. Ïðèâåäåì ñîîòâåò-
ñòâóþùèå ôîðìóëû äëÿ ïëîñêîé êðèâîé.

Ïóñòü f(M) = f(x, y) � ëèíåéíàÿ ïëîòíîñòü ïëîñêîé êðèâîé L
. Òîãäà

1) ìàññà êðèâîé L

m =

∫
L

f(M)ds;
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2) êîîðäèíàòû öåíòðà òÿæåñòè

x0 =
1

m

∫
L

xf(x, y)ds, y0 =
1

m

∫
L

yf(x, y)ds;

3) ìîìåíòû èíåðöèè ñîîòâåòñòâåííî îòíîñèòåëüíî îñåé Ox , Oy
è íà÷àëà êîîðäèíàò

Jx =

∫
L

y2f(x, y)ds, Jy =

∫
L

x2f(x, y)ds, J0 =

∫
L

(x2+y2)f(x, y)ds.

Àíàëîãè÷íûå ôîðìóëû èìåþò ìåñòî äëÿ ñëó÷àÿ ïðîñòðàíñòâåí-
íîé êðèâîé.

Âû÷èñëåíèå êðèâîëèíåéíîãî èíòåãðàëà 1-ãî ðîäà
(ïî äëèíå äóãè).

1) Åñëè êðèâàÿ L çàäàíà ïàðàìåòðè÷åñêè: x = x(t), y = y(t),
z = z(t), t ∈ [a; b], òî∫

L

f(M)ds =

∫ b

a

f(x(t), y(t), z(t))

√
[x′t(t)]

2 + [y′t(t)]
2 + [z′t(t)]

2dt.

(4)
2) Åñëè êðèâàÿ L ïëîñêàÿ è y = y(x), a 6 x 6 b, òî∫

L

f(M)ds =

∫ b

a

f(x, y(x))

√
1 + [y′x(x)]

2dx. (5)

3) Åñëè êðèâàÿ L çàäàíà â ïîëÿðíûõ êîîðäèíàòàõ óðàâíåíèåì
ρ = ρ(φ), α 6 φ 6 β , òî∫

L

f(M)ds =

∫ β

α

f(ρ(φ) cosφ, ρ(φ) sinφ)

√
ρ(φ)2 + [ρ′(φ)]2dφ.

(6)
Âû÷èñëåíèå êðèâîëèíåéíîãî èíòåãðàëà, êàê ìû âèäèì, ñâîäèò-

ñÿ ê âû÷èñëåíèþ îïðåäåëåííîãî èíòåãðàëà.

Ïðèìåð 4.1.1. Âû÷èñëèòü I =

∫
L

(x+ y + z)ds ,

åñëè L : x = cos t, y = sin t, z = t ïðè 0 6 t 6 π/2.
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Ðåøåíèå:
Èñïîëüçóåì ôîðìóëó (4):

I =

∫ π/2

0

(cos t+ sin t+ t)
√

(− sin t)2 + (cos t)2 + (1)2dt =

=
√
2

∫ π/2

0

(cos t+ sin t+ t)dt =
√
2

(
2 +

π2

8

)
.

Ïðèìåð 4.1.2. Âû÷èñëèòü I =

∫
L

x2ds, åñëè L : y = ln x ïðè

1 6 x 6 2.
Ðåøåíèå: Èñïîëüçóåì ôîðìóëó (5):

I =

∫ 2

1

x2

√
1 +

(
1

x

)2

dx =
1

2

∫ 2

1

(1 + x2)1/2d(1 + x2) =

=
1

3

(
53/2 − 23/2

)
.

Ïðèìåð 4.1.3. Íàéòè äëèíó äóãè êðèâîé L : x = cos t,
y = sin t, ïðè 0 6 t 6 π/2.

Ðåøåíèå:

l =

∫
L

ds =

∫ π/2

0

√
((cos t)′)2 + ((sin t)′)2dt =

=

∫ π/2

0

√
sin2 t+ cos2 t dt =

∫ π/2

0

dt =
π

2
.

4.2 Êðèâîëèíåéíûé èíòåãðàë 2-ãî ðîäà
(ïî êîîðäèíàòàì)

Ïóñòü L - îðèåíòèðîâàííàÿ êóñî÷íî-ãëàäêàÿ êðèâàÿ ñ íà÷àëü-
íîé òî÷êîé A è êîíå÷íîé òî÷êîé B. Íà êðèâîé L çàäàíà âåêòîð-
ôóíêöèÿ

a⃗(M) = P (M )⃗i+Q(M )⃗j +R(M)k⃗ =

= P (x, y, z)⃗i+Q(x, y, z)⃗j +R(x, y, z)k⃗.



127

Ðàçîáüåì êðèâóþ L íà ÷àñòè òî÷êàìè Ak, 1 6 k 6 n,
A = A0, A1, . . . , An = B. Êîîðäèíàòû òî÷êè Ak îáîçíà÷èì ÷åðåç
(xk, yk, zk). Ïîëîæèì

∆xk = xk+1 − xk,∆yk = yk+1 − yk, ∆zk = zk+1 − zk.

Â êàæäîé ÷àñòè Ak−1Ak ðàçáèåíèÿ êðèâîé L âûáåðåì ïðîèç-
âîëüíóþ òî÷êó Mk . Ñîñòàâèì èíòåãðàëüíóþ ñóììó

σ =
n−1∑
k=0

[P (Mi)∆xi +Q(Mi)∆yi +R(Mi)∆zi]

Îòìåòèì, ÷òî ∆xk,∆yk,∆zk � ïðîåêöèè äóãè Ak−1Ak ñîîòâåò-
ñòâåííî íà îñè Ox,Oy,Oz. Ïóñòü ∆l � äëèíà íàèáîëüøåé èç äóã
Ak−1Ak.

Îïðåäåëåíèå 4.6 Åñëè ïðè ∆l → 0 ñóùåñòâóåò êîíå÷íûé ïðå-
äåë èíòåãðàëüíûõ ñóìì σ, íå çàâèñÿùèé íè îò ñïîñîáà ðàçáè-
åíèÿ êðèâîé L, íè îò âûáîðà òî÷åê Mk íà äóãàõ Ak−1, Ak, òî
ýòîò ïðåäåë íàçûâàåòñÿ êðèâîëèíåéíûì èíòåãðàëîì 2-ãî
ðîäà îò âåêòîð-ôóíêöèè a⃗(M) ïî êðèâîé L è îáîçíà÷àåòñÿ∫

L

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz.

Òàêèì îáðàçîì, ïî îïðåäåëåíèþ∫
L

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz =

= lim
∆l→0

n−1∑
k=0

[P (Mi)∆xi +Q(Mi)∆yi +R(Mi)∆zi] .

Òåîðåìà 4.2 Òåîðåìà ñóùåñòâîâàíèÿ. Ïóñòü L � îðèåíòèðî-
âàííàÿ êóñî÷íî-ãëàäêàÿ êðèâàÿ, ôóíêöèè P (x, y, z), Q(x, y, z),
R(x, y, z) îïðåäåëåíû è íåïðåðûâíû íà L. Òîãäà ñóùåñòâóåò
êðèâîëèíåéíûé èíòåãðàë 2-ãî ðîäà (ïî êîîðäèíàòàì)∫
L

Pdx+Qdy +Rdz.
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Çàìå÷àíèå. Â ñëó÷àå ïëîñêîé êðèâîé L êðèâîëèíåéíûé èíòå-
ãðàë 2-ãî ðîäà (ïî êîîðäèíàòàì) èìååò âèä∫

L

Pdx+Qdy.

Îáîçíà÷èì ÷åðåç

r⃗(M) = x⃗i+ yj⃗ + zk⃗

ðàäèóñ-âåêòîð òî÷êè M(x, y, z) . Òîãäà
dr⃗ = dx · i⃗+ dy · j⃗ + dz · k⃗.
Èñïîëüçóÿ ñêàëÿðíîå ïðîèçâåäåíèå, ïðèõîäèì ê áîëåå êðàòêîé çà-
ïèñè êðèâîëèíåéíîãî èíòåãðàëà 2-ãî ðîäà∫

L

Pdx+Qdy +Rdz =

∫
L

(⃗a, dr⃗).

Ïóñòü τ⃗(M) � åäèíè÷íûé êàñàòåëüíûé âåêòîð ê ëèíèè L â òî÷-
êå M , íàïðàâëåííûé â ñîîòâåòñòâèè ñ îðèåíòàöèåé L.

n⃗τ⃗AB
M

Ðèñ. 25.

Áóäåì ñ÷èòàòü, ÷òî îðèåíòèðîâàííàÿ êðèâàÿ L çàäàíà óðàâíå-
íèåì r⃗ = r⃗(l), ãäå ïàðàìåòð l � äëèíà êðèâîé, îòñ÷èòûâàåìàÿ îò
íà÷àëüíîé òî÷êè A. Òîãäà

dr⃗

dl
= τ⃗ , dr⃗ = τ⃗ · dl,

ãäå τ⃗ = τ⃗(l) åäèíè÷íûé âåêòîð êàñàòåëüíîé â òî÷êå M =M(l) .
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Òåîðåìà 4.3 (ñâÿçü ñ êðèâîëèíåéíûì èíòåãðàëîì 1-ãî ðî-
äà) ∫

L

(⃗a, dr⃗) =

∫
L

(⃗a, τ⃗)ds,

ãäå èíòåãðàë ñïðàâà � êðèâîëèíåéíûé èíòåãðàë ïî äëèíå äóãè L
îò ñêàëÿðíîãî ïðîèçâåäåíèÿ (⃗a, τ⃗).

Ñâîéñòâà àääèòèâíîñòè è ëèíåéíîñòè, ïðèâåäåííûå âûøå äëÿ
êðèâîëèíåéíîãî èíòåãðàëà 1-ãî ðîäà, ñïðàâåäëèâû è äëÿ êðèâîëè-
íåéíîãî èíòåãðàëà 2-ãî ðîäà. Ïðè èçìåíåíèè îðèåíòàöèè êðèâîé
çíàê êðèâîëèíåéíîãî èíòåãðàëà ïî êîîðäèíàòàì ìåíÿåòñÿ íà ïðî-
òèâîïîëîæíûé ∫

AB

(⃗a, dr⃗) = −
∫
BA

(⃗a, r⃗)ds

Âû÷èñëåíèå êðèâîëèíåéíîãî èíòåãðàëà 2-ãî ðîäà (ïî
êîîðäèíàòàì)

1) Ïóñòü êðèâàÿ L çàäàíà ïàðàìåòðè÷åñêèì óðàâíåíèåì

r⃗(t) = x(t)⃗i+ y(t)⃗j + z(t)k⃗, a 6 t 6 b.

Òîãäà ∫
L

(⃗a, dr⃗) =

∫ b

a

(Px′t +Qy′t +Rz′t)dt, (7)

ãäå P = P (x(t), y(t), z(t)), àíàëîãè÷íî îïðåäåëåíû Q è R.
2) Åñëè êðèâàÿ L ïëîñêàÿ è y = y(x), a 6 x 6 b, òî∫

L

(⃗a, dr⃗) =

∫ b

a

(P (x, y) +Q(x, y)y′(x))dx. (8)

Ïðèìåð 4.2.1. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 2-ãî ðîäà

îò ôóíêöèè a⃗ = z⃗i+ x⃗j + yk⃗ âäîëü êðèâîé L :
r⃗(t) = t⃗i+ t2⃗j + t3k⃗, 0 6 t 6 1.

Ðåøåíèå:
Ïî ôîðìóëå (7)∫

L

Pdx+Qdy +Rdz =

∫ 1

0

(t3 · 1 + t · 2t+ t2 · 3t2)dt = 91

60
.
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Ïðèìåð 4.2.2. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë 2-ãî ðîäà∫
AB

x2dx+ xydy âäîëü îòðåçêà AB, ãäå A(0, 0), B(1, 1).

Ðåøåíèå: Óðàâíåíèå ïðÿìîé AB: x = y

xyA
BÐèñ. 26.

Ïî ôîðìóëå (8)
∫
AB

x2dx+ xydy =

∫ 1

0

(x2 + x2)dx =

=

(
2x3

3

)∣∣∣∣1
0

=
2

3
.

Ôîðìóëà Ãðèíà

Ôîðìóëà Ãðèíà óñòàíàâëèâàåò ñâÿçü ìåæäó êðèâîëèíåéíûì
èíòåãðàëîì 2-ãî ðîäà ïî ãðàíèöå L íåêîòîðîé ïëîñêîé îáëàñòè
D ñ äâîéíûì èíòåãðàëîì ïî ýòîé îáëàñòè.

Òåîðåìà 4.4 Åñëè ôóíêöèè P (x, y) è Q(x, y) íåïðåðûâíû âìå-

ñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè
∂P

∂y
è
∂Q

∂x
â çàìêíóòîé

îáëàñòè, îãðàíè÷åííîé êóñî÷íî-ãëàäêèì êîíòóðîì L , òî èìååò
ìåñòî ðàâåíñòâî∮

L

Pdx+Qdy =

∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy. (9)

Ñèìâîë
∮
L îáîçíà÷àåò èíòåãðèðîâàíèå ïî çàìêíóòîìó êîíòó-

ðó L - ãðàíèöå îáëàñòè D. Îðèåíòàöèÿ íà L âûáèðàåòñÿ òàêèì
îáðàçîì, ÷òî ïðè èíòåãðèðîâàíèè ïî L îáëàñòü D îñòàåòñÿ ñëåâà
(ïîëîæèòåëüíàÿ îðèåíòàöèÿ). Ïðè ýòîì ãðàíèöà îáëàñòè D ìî-
æåò ñîñòîÿòü, âîîáùå ãîâîðÿ, èç íåñêîëüêèõ çàìêíóòûõ êðèâûõ
(â ýòîì ñëó÷àå îáëàñòü íàçûâàåòñÿ ìíîãîñâÿçíîé).
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5 Ïîâåðõíîñòíûå èíòåãðàëû

Ïóñòü çàäàíà âåêòîð-ôóíêöèÿ äâóõ àðãóìåíòîâ u è v, èçìåíÿ-
þùèõñÿ â íåêîòîðîé îáëàñòè D(u, v):

r⃗(u, v) = x(u, v)⃗i+ y(u, v)⃗j + z(u, v)k⃗. (10)

Ïðè ýòîì áóäåì ïðåäïîëàãàòü, ÷òî ïðè ðàçíûõ çíà÷åíèÿõ àðãó-
ìåíòà (u, v) ̸= (u1, v1) çíà÷åíèÿ âåêòîð-ôóíêöèè òàêæå ðàçëè÷íû:
r⃗(u, v) ̸= r⃗(u1, v1).

Âåêòîð r⃗(u, v) îòêëàäûâàåòñÿ èç òî÷êè O (íà÷àëî äåêàðòî-
âîé ñèñòåìû êîîðäèíàò), ò.å. îí ÿâëÿåòñÿ ðàäèóñ-âåêòîðîì òî÷êè
M(u, v). Ãåîìåòðè÷åñêîå ìåñòî âñåõ òî÷åê M(u, v) îáðàçóåò íåêî-
òîðóþ ïîâåðõíîñòü σ â ïðîñòðàíñòâå (ðèñ. 27).

ëèíèÿ vëèíèÿ uO⃗r(u, v)r⃗vr⃗uM(u, v)
Ðèñ. 27.

Ïðè ôèêñèðîâàíîì v ðàññìîòðèì ëèíèþ, çàäàííóþ óðàâíåíèåì
u → r⃗(u, v) (ëèíèÿ u íà ðèñóíêå). ×åðåç r⃗u îáîçíà÷èì êàñàòåëü-
íûé âåêòîð ê ëèíèè u â òî÷êå M(u, v). Àíàëîãè÷íî r⃗v � âåêòîð,
íàïðàâëåííûé ïî êàñàòåëüíîé ê ëèíèè v â òî÷êå M(u, v).

Òåîðåìà 5.1 Êàñàòåëüíûå â òî÷êå M êî âñåâîçìîæíûì ëèíè-
ÿì, ïðîâåäåííûì ÷åðåç ýòó òî÷êó íà ïîâåðõíîñòè σ, ðàñïîëàãà-
þòñÿ â îäíîé ïëîñêîñòè.

Òàêàÿ ïëîñêîñòü íàçûâàåòñÿ êàñàòåëüíîé ïëîñêîñòüþ ê ïî-
âåðõíîñòè â òî÷êå M . Îíà îïðåäåëÿåòñÿ âåêòîðàìè r⃗u è r⃗v.
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Îïðåäåëåíèå 5.1 Ïðÿìàÿ, ïðîâåäåííàÿ ÷åðåç òî÷êó M ïåðïåí-
äèêóëÿðíî êàñàòåëüíîé ïëîñêîñòè, íàçûâàåòñÿ íîðìàëüþ ê ïî-
âåðõíîñòè â òî÷êå M (ðèñ. 28). Âåêòîð íà ýòîé ïðÿìîé áóäåì
íàçûâàòü âåêòîðîì íîðìàëè.

r⃗vr⃗u

−→
NÐèñ. 28.

Âåêòîð íîðìàëè
−→
N ìîæíî âû÷èñëèòü êàê âåêòîðíîå ïðîèçâå-

äåíèå
−→
N = ± [r⃗u, r⃗v] êàñàòåëüíûõ âåêòîðîâ r⃗u è r⃗v .

Îïðåäåëåíèå 5.2 Ïîâåðõíîñòü σ íàçûâàåòñÿ ãëàäêîé, åñëè â
êàæäîé å¼ òî÷êå ñóùåñòâóåò êàñàòåëüíàÿ ïëîñêîñòü, íåïðåðûâ-
íî ìåíÿþùàÿñÿ âäîëü ïîâåðõíîñòè (ò.å. ïðè èçìåíåíèè òî÷êè
M ).

Îòìåòèì, ÷òî ýòî ðàâíîñèëüíî òîìó, ÷òî ôóíêöèÿ r⃗(u, v) äèô-
ôåðåíöèðóåìà è èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå.

Åñëè ïîâåðõíîñòü σ çàäàíà óðàâíåíèåì z = f(x, y) (òî÷êà (x, y)
ïðèíàäëåæàò îáëàñòè D ), òî îíà áóäåò ãëàäêîé òîãäà è òîëüêî
òîãäà, êîãäà ôóíêöèÿ f(x, y) èìååò íåïðåðûâíûå ÷àñòíûå ïðîèç-
âîäíûå â îáëàñòè D.

Îïðåäåëåíèå 5.3 Ïîâåðõíîñòü σ íàçûâàåòñÿ êóñî÷íî-ãëàä-
êîé, åñëè îíà ñîñòîèò èç êîíå÷íîãî ÷èñëà ãëàäêèõ ÷àñòåé, ïðè-
ìûêàþùèõ äðóã ê äðóã ïî êóñî÷íî-ãëàäêèì èëè ïðîñòî ãëàäêèì
ëèíèÿì.
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Ãëàäêèìè ïîâåðõíîñòÿìè ÿâëÿþòñÿ, íàïðèìåð, ïëîñêîñòü, ñôå-
ðà, ýëëèïñîèä, êóñî÷íî-ãëàäêèìè - êóá, êîíóñ.

Îïðåäåëåíèå 5.4 Ïîâåðõíîñòü σ íàçûâàåòñÿ äâóñòîðîííåé,
åñëè êàêîâà áû íè áûëà å¼ òî÷êà M è êàêîâ áû íè áûë íà íåé
çàìêíóòûé êîíòóð C, ïðîõîäÿùèé ÷åðåç òî÷êó M è íå ïåðåñå-
êàþùèé ãðàíèöû σ, ïîñëå åãî îáõîäà ìû âîçâðàùàåìñÿ â òî÷êó
M ñ èñõîäíûì íàïðàâëåíèåì íîðìàëè.

Îïðåäåëåíèå 5.5 Ïîâåðõíîñòü σ íàçûâàåòñÿ îäíîñòîðîííåé,
åñëè íà íåé ñóùåñòâóåò õîòÿ áû îäèí çàìêíóòûé êîíòóð, îáõî-
äÿ êîòîðûé, ìû ïðèäåì â íà÷àëüíóþ òî÷êó ñ ïðîòèâîïîëîæíûì
íàïðàâëåíèåì íîðìàëè.

Ïðèìåðàìè äâóñòîðîííèõ ïîâåðõíîñòåé ÿâëÿþòñÿ ïëîñêîñòü,
ñôåðà, ýëëèïñîèä, îäíîñòîðîííåé ïîâåðõíîñòè � ëèñò Ìåáèóñà.

Ôèêñèðîâàòü îïðåäåëåííóþ ñòîðîíó ãëàäêîé äâóñòîðîííåé ïî-
âåðõíîñòè � ýòî çíà÷èò èç äâóõ âîçìîæíûõ âåêòîðîâ íîðìàëè−→
N â êàæäîé òî÷êå M âûáðàòü òàêîé, ÷òîáû ëþáûå äâà âûáðàí-
íûõ âåêòîðà ìîæíî áûëî áû ïåðåâåñòè äðóã â äðóãà íåïðåðûâíûì
îáðàçîì. Òåì ñàìûì, âûáîð íàïðàâëåíèÿ íîðìàëè â îäíîé òî÷êå
îäíîçíà÷íî îïðåäåëÿåò âûáîð íàïðàâëåíèÿ íîðìàëè âî âñåõ òî÷-
êàõ. Ñòîðîíîé ïîâåðõíîñòè áóäåì íàçûâàòü ñîâîêóïíîñòü òî÷åê
ïîâåðõíîñòè ñ íîðìàëÿìè.

Â ñëó÷àå íåçàìêíóòîé äâóñòîðîííåé ïîâåðõíîñòè ìû íå áóäåì
êàê-ëèáî çàðàíåå ïðåäîïðåäåëÿòü âûáîð òîé èëè äðóãîé ñòîðîíû.
Âñÿêàÿ çàìêíóòàÿ ïîâåðõíîñòü, ÿâëÿåòñÿ, î÷åâèäíî, äâóñòîðîííåé
è ìû áóäåì âñþäó âûáèðàòü íà íåé âíåøíþþ ñòîðîíó, ò.å. â êàæ-
äîé å¼ òî÷êå áóäåì óêàçûâàòü âíåøíþþ íîðìàëü.

5.1 Ïîâåðõíîñòíûå èíòåãðàëû 1-ãî òèïà (ïî ïëîùàäè
ïîâåðõíîñòè)

Ïóñòü çàäàíà íåêîòîðàÿ ãëàäêàÿ äâóñòîðîííÿÿ ïîâåðõíîñòü σ
è íà íåé ôóíêöèÿ f(M). Ðàçîáüåì ïîâåðõíîñòü ñåòêîé ëèíèé íà n
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ÿ÷ååê σk, 1 6 k 6 n ñ ïëîùàäÿìè ∆σk. Â êàæäîé ÿ÷åéêå âûáåðåì
òî÷êó Mk è ñîñòàâèì èíòåãðàëüíóþ ñóììó :

n∑
k=1

f(Mk)∆σk. (11)

Îïðåäåëåíèå 5.6 Ïîâåðõíîñòíûì èíòåãðàëîì 1-ãî òèïà
îò ôóíêöèè f(M) ïî ïîâåðõíîñòè σ íàçûâàåòñÿ ïðåäåë èí-
òåãðàëüíûõ ñóìì (11) ïðè ñòðåìëåíèè ê íóëþ íàèáîëüøåãî äèà-
ìåòðà ÿ÷ååê δ = max

k
(diam∆σk)→ 0, åñëè ïðåäåë ñóùåñòâóåò è

íå çàâèñèò îò ñïîñîáà ðàçáèåíèÿ è âûáîðà òî÷åê Mk . Îí îáî-
çíà÷àåòñÿ

∫∫
σ f(M)dσ. Òàêèì îáðàçîì, ïîëó÷àåì

lim
max

k
(diam∆σk)→0

n∑
k=1

f(Mk)∆σk =

∫∫
σ

f(M)dσ. (12)

Ñâîéñòâà àääèòèâíîñòè è ëèíåéíîñòè, ïðèâåäåííûå âûøå äëÿ
êðèâîëèíåéíûõ èíòåãðàëîâ, ñïðàâåäëèâû è äëÿ ïîâåðõíîñòíîãî
èíòåãðàëà 1-ãî òèïà. Ñâîéñòâî àääèòèâíîñòè ôîðìóëèðóåòñÿ â
äàííîì ñëó÷àå ñëåäóþùèì îáðàçîì. Äëÿ êóñî÷íî-ãëàäêîé ïîâåðõ-
íîñòè σ , ñîñòîÿùåé èç ÷àñòåé δ1, . . . δq, èìååì∫∫

σ

f(M)dσ =

∫∫
δ1

f(M)dσ + . . .+

∫∫
δq

f(M)dσ. (13)

Ïðè èçìåíåíèè îðèåíòàöèè ïîâåðõíîñòè çíàê ïîâåðõíîñòíîãî
èíòåãðàëà 1-ãî òèïà íå ìåíÿåòñÿ.

Äëÿ ïîâåðõíîñòíîãî èíòåãðàëà 1-ãî òèïà òàêæå âûïîëíåíû òåî-
ðåìû îá îöåíêå è î ñðåäíåì.

Òåîðåìà 5.2 Òåîðåìà ñóùåñòâîâàíèÿ. Åñëè ôóíêöèÿ f(M) íå-
ïðåðûâíà íà ïîâåðõíîñòè σ , òî ïîâåðõíîñòíûé èíòåãðàë 1-ãî
òèïà ñóùåñòâóåò.

Çàìå÷àíèå.Åñëè ôóíêöèÿ f(M) = 1, òî ïîëó÷àåì ôîðìóëó äëÿ
âû÷èñëåíèÿ ïëîùàäè ïîâåðõíîñòè

S =

∫∫
σ

dσ.
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Âû÷èñëåíèå ïîâåðõíîñòíîãî èíòåãðàëà 1-ãî òèïà
Âû÷èñëåíèå ìåòîäîì ïðîåêòèðîâàíèÿ íà êîîðäèíàòíûå ïëîñ-

êîñòè
Ïóñòü ãëàäêàÿ ïîâåðõíîñòü σ âçàèìíî îäíîçíà÷íî ïðîåêòèðó-

åòñÿ íà îáëàñòü D ïëîñêîñòè Oxy. Â ýòîì ñëó÷àå ñïðàâåäëèâà
ôîðìóëà ∫∫

σ

f(M)dσ =

∫∫
Dxy

f(x, y, z(x, y))
dxdy

| cos γ|
, (14)

ãäå z = z(x, y) � óðàâíåíèå ïîâåðõíîñòè σ, (z(x, y) � íåïðåðûâ-
íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ), cos γ � íàïðàâëÿþùèé êîñèíóñ
åäèíè÷íîãî âåêòîðà íîðìàëè ê ïîâåðõíîñòè â òî÷êå (x, y, z(x, y)),

n⃗ = cosα · i⃗+ cos β · j⃗ + cos γ · k⃗.

Ôîðìóëà (14) ìîæåò áûòü çàïèñàíà â âèäå:∫∫
σ

f(M)dσ =

∫∫
D(x,y)

f(x, y, z(x, y))

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy.

(15)

Ïðèìåð 5.1.1. Âû÷èñëèòü
∫∫

σ

(1 + x+ z)dσ, åñëè σ � ïëîñêîñòü

òðåóãîëüíèêà x+ y + z = 1,

yzxOD
1
11Ðèñ. 29.
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Ðåøåíèå: Âûðàçèì z èç óðàâíåíèÿ ïëîñêîñòè :
z = 1 − x − y. Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå è çíà÷åíèå âûðà-
æåíèÿ

∂z

∂x
= −1, ∂z

∂y
= −1,√

1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√
3.

Ïî ôîðìóëå (15) èìååì:∫∫
σ

(1 + x+ z)dσ =

∫∫
Dxy

(1 + x+ 1− x− y)
√
3dxdy =

=
√
3

∫ 1

0

(2− y)dy
∫ 1−y

0

dx =
5
√
3

6
.

Âû÷èñëåíèå ïîâåðõíîñòíîãî èíòåãðàëà ñ ïîìîùüþ êîîðäèíàò
íà ïîâåðõíîñòè

Èíîãäà âû÷èñëÿþò ïîâåðõíîñòíûé èíòåãðàë ïóòåì ââåäåíèÿ
êîîðäèíàò íà ñàìîé ïîâåðõíîñòè. Ðàññìîòðèì äàííûé ìåòîä íà
ïðèìåðå öèëèíäðè÷åñêîé è ñôåðè÷åñêîé ïîâåðõíîñòåé.

Íà öèëèíäðå x2 + y2 = R2 ââåäåì â êà÷åñòâå êîîðäèíàò òî÷åê
öèëèíäðà êîîðäèíàòû (φ, z), ãäå 0 6 φ 6 2π, −∞ < z < +∞.
Òîãäà

x = R · cosφ,
y = R · sinφ,

z = z,

dσ = R · dφ · dz.
Íà ñôåðå x2 + y2 + z2 = R2 ââåäåì â êà÷åñòâå êîîðäèíàò åå

òî÷åê óãëû (φ, θ), ãäå 0 6 φ 6 2π, 0 6 θ 6 π. Òîãäà

x = R · sin θ · cosφ,

y = R · sin θ · sinφ,
z = R · cos θ,
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dσ = R2 sin θ · dφ · dθ
Ïðèìåð 5.1.2. Íàéòè ïëîùàäü öèëèíäðè÷åñêîé ïîâåðõíîñòè

x2 + y2 = R2, çàêëþ÷åííîé ìåæäó ïëîñêîñòÿìè z = 0 è z = x.
Ðåøåíèå:

S =

∫∫
σ

dσ =

∫ π/2

−π/2
dφ

∫ R cosφ

0

Rdz =

∫ π/2

−π/2
R2 cosφdφ = 2R2.

Ïðèìåð 5.1.3. Âû÷èñëèòü èíòåãðàë
∫∫

σ

√
x2 + y2dσ , ãäå ïî-

âåðõíîñòü σ � ýòî ïîëóñôåðà ðàäèóñà R ïðè z > 0.
Ðåøåíèå:∫∫

σ

√
x2 + y2dσ =

∫ 2π

0

dφ

∫ π/2

0

R3 sin2 θdθ =
π2R3

2
.

5.2 Ïîâåðõíîñòíûé èíòåãðàë 2-ãî òèïà (ïî êîîðäèíà-
òàì)

Ïóñòü çàäàíà ãëàäêàÿ äâóñòîðîííÿÿ ïîâåðõíîñòü σ è çàäàíà
å¼ îðèåíòàöèÿ, ò.å. óêàçàíî íàïðàâëåíèå íîðìàëè (ôèêñèðîâàíà
êàêàÿ-ëèáî èç äâóõ ñòîðîí ïîâåðõíîñòè).

Ïðåäïîëîæèì, ÷òî ïîâåðõíîñòü σ âçàèìíî îäíîçíà÷íî ïðîåê-
òèðóåòñÿ íà îáëàñòü D ïëîñêîñòè Oxy. Ïóñòü ïîâåðõíîñòü çàäàíà
óðàâíåíèåì z = z(x, y), ãäå z(x, y) � íåïðåðûâíî äèôôåðåíöèðóå-
ìàÿ ôóíêöèÿ.

Ïóñòü â òî÷êàõ ïîâåðõíîñòè σ çàäàíà íåêîòîðàÿ ôóíêöèÿ
f(M) = f(x, y, z). Ðàçîáüåì ïîâåðõíîñòü ñåòêîé ëèíèé íà n ÿ÷å-
åê σk, 1 6 k 6 n è ñïðîåêòèðóåì èõ íà êîîðäèíàòíóþ ïëîñ-
êîñòü Oxy. Ïëîùàäü ïðîåêöèè ∆Sk áåðåòñÿ ñî çíàêîì ¾ïëþñ¿, åñ-
ëè âûáðàíà âåðõíÿÿ ñòîðîíà ïîâåðõíîñòè. Â ýòîì ñëó÷àå íîðìàëü
n⃗ = cosα ·⃗i+cos β ·j⃗+cos γ ·k⃗ ê âûáðàííîé ñòîðîíå ïîâåðõíîñòè ñî-
ñòàâëÿåò ñ îñüþ Oz îñòðûé óãîë γ , ò.å. cos γ > 0. Ñîîòâåòñòâåííî
ïëîùàäü ïðîåêöèè ∆Sk áåðåòñÿ ñî çíàêîì ¾ìèíóñ¿, åñëè âûáðàíà
íèæíÿÿ ñòîðîíà ïîâåðõíîñòè. Â êàæäîé ÿ÷åéêå σk, 1 6 k 6 n âû-
áåðåì òî÷êóMk ,Mk = (xk, yk, z(xk, yk)), è ñîñòàâèì èíòåãðàëüíóþ
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ñóììó:
n∑
k=1

f(Mk)∆Sk =
n∑
k=1

f(xk, yk, z(xk, yk))∆Sk. (16)

Îïðåäåëåíèå 5.7 Ïîâåðõíîñòíûì èíòåãðàëîì 2-ãî òèïà îò
ôóíêöèè f(M) (ïî êîîðäèíàòàì (x, y)) íàçûâàåòñÿ ïðåäåë èí-
òåãðàëüíûõ ñóìì (16) ïðè ñòðåìëåíèè ê íóëþ íàèáîëüøåãî äèà-
ìåòðà ÿ÷ååê σ = max

k
(diam∆σk)→ 0, åñëè ïðåäåë ñóùåñòâóåò è

íå çàâèñèò îò ñïîñîáà ðàçáèåíèÿ è âûáîðà òî÷åê Mk. Îí îáîçíà-
÷àåòñÿ

∫∫
σ f(x, y, z)dxdy. Òàêèì îáðàçîì, ïîëó÷àåì

lim
max

k
(diam∆σk)→0

n∑
k=1

f(Mk)∆Sk =

∫∫
σ

f(x, y, z)dxdy.

Àíàëîãè÷íûì îáðàçîì, åñëè âìåñòî ïëîñêîñòè Oxy ïðîåêòèðî-
âàòü ýëåìåíòû σk, 1 6 k 6 n ïîâåðõíîñòè σ íà ïëîñêîñòè Ozy è
Oxz , îïðåäåëÿþòñÿ ïîâåðõíîñòíûå èíòåãðàëû 2-ãî òèïà ïî êîîð-
äèíàòàì (z, y) è (x, z) , êîòîðûå îáîçíà÷àþòñÿ ñîîòâåòñòâåííî∫∫

σ

f(x, y, z)dzdy è
∫∫

σ

f(x, y, z)dxdz.

Îáúåäèíÿÿ ýòè òðè èíòåãðàëà, ïðèäåì ê âèäó, êîòîðûé íàèáî-
ëåå ÷àñòî èñïîëüçóåòñÿ íà ïðàêòèêå∫∫

σ

P (x, y, z)dydz +Q(x, y, z)dzdx+R(x, y, z)dxdy, (17)

ãäå (P,Q,R) åñòü ôóíêöèè (x, y, z) , îïðåäåëåííûå â òî÷êàõ ïî-
âåðõíîñòè σ. Èíòåãðàë (17) ìîæíî çàïèñàòü áîëåå êîðîòêî. Ââåäåì
âåêòîð-ôóíêöèþ

a⃗(M) = P (M )⃗i+Q(M )⃗j +R(M)k⃗ =

= P (x, y, z)⃗i+Q(x, y, z)⃗j +R(x, y, z)k⃗.

Â äàëüíåéøåì áóäåì èñïîëüçîâàòü îáîçíà÷åíèå∫∫
σ

P (x, y, z)dydz +Q(x, y, z)dzdx+R(x, y, z)dxdy =
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=

∫∫
σ

(⃗a(M), dσ⃗).

Çàìå÷àíèå.Çíàê ïîâåðõíîñòíîãî èíòåãðàëà 2-ãî òèïà çà-âèñèò
îò âûáîðà îðèåíòàöèè ïîâåðõíîñòè.

Êàê è â ñëó÷àå êðèâîëèíåéíûõ èíòåãðàëîâ, äëÿ ïîâåðõíîñòíûõ
èíòåãðàëîâ 1-ãî è 2-ãî òèïà èìååòñÿ ñâÿçü, êîòîðàÿ çàäàåòñÿ ñëå-
äóþùåé ôîðìóëîé∫∫

σ

(⃗a(M), dσ⃗) =

∫∫
σ

(⃗a(M), n⃗(M))dσ. (18)

Çäåñü
n⃗ = cosα · i⃗+ cos β · j⃗ + cos γ · k⃗−

�âåêòîð âûáðàííîé íîðìàëè.

6 Ýëåìåíòû òåîðèè ïîëÿ

6.1 Ïîíÿòèå ïîëÿ. Ñêàëÿðíîå è âåêòîðíîå ïîëÿ

Â ôèçè÷åñêèõ çàäà÷àõ ÷àñòî âñòðå÷àþòñÿ äâà òèïà âåëè÷èí:
ñêàëÿðû è âåêòîðû. Íàïðèìåð, åñëè êàæäîé òî÷êå äàííîé îáëà-
ñòè ïðîñòðàíñòâà ïîñòàâèòü â ñîîòâåòñòâèå íåêîòîðîå ÷èñëî (çíà-
÷åíèå ôèçè÷åñêîé âåëè÷èíû, ñêàæåì òåìïåðàòóðû), òî ãîâîðÿò,
÷òî çàäàíî ñêàëÿðíîå ïîëå (ïîëå òåìïåðàòóð). Åñëè æå êàæäîé
òî÷êå äàííîé îáëàñòè ïðîñòðàíñòâà ïîñòàâèòü â ñîîòâåòñòâèå âåê-
òîð (íàïðèìåð, ïðè äâèæåíèè æèäêîñòè èëè ãàçà êàæäîé òî÷êå
ñîïîñòàâëåí âåêòîð ñêîðîñòè), òî ãîâîðÿò, ÷òî çàäàíî âåêòîðíîå
ïîëå.

Îïðåäåëåíèå 6.1 Ñêàëÿðíûì ïîëåì u(M) íàçûâàåòñÿ ÷èñ-
ëîâàÿ ôóíêöèÿ, çàäàííàÿ â òî÷êàõ ïðîñòðàíñòâåííîé îáëàñòè
V .

Îïðåäåëåíèå 6.2 Âåêòîðíûì ïîëåì íàçûâàåòñÿ âåêòîðíàÿ
ôóíêöèÿ a⃗(M), çàäàííàÿ â îáëàñòè V .
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Â äåêàðòîâîé ñèñòåìå êîîðäèíàò ñêàëÿðíîå ïîëå u(M) çàäàåò-
ñÿ íåêîòîðîé ôóíêöèåé òðåõ ïåðåìåííûõ x, y, z, êîòîðàÿ îáû÷íî
îáîçíà÷àåòñÿ òîé æå ñàìîé áóêâîé u, ÷òî è ñàìà ôèçè÷åñêàÿ âå-
ëè÷èíà:

u(M) = u(x, y, z).

Àíàëîãè÷íî ñêàëÿðíîìó ïîëþ, âåêòîðíîå ïîëå â äåêàðòîâîé ñè-
ñòåìå êîîðäèíàò çàäàåòñÿ âåêòîðîì

a⃗(M) = P (x, y, z)⃗i+Q(x, y, z)⃗j +R(x, y, z)k⃗,

ãäå i⃗, j⃗, k⃗ � îðòû äåêàðòîâîé ñèñòåìû êîîðäèíàò,
P (x, y, z), Q(x, y, z), R(x, y, z) � êîîðäèíàòû âåêòîðà a⃗(M).

Ïðèìåðàìè ñêàëÿðíûõ ïîëåé ñëóæàò ïîëå ïëîòíîñòè ìàññû òå-
ëà, ïîëå ðàñïðåäåëåíèÿ òåìïåðàòóð òåëà, ïîëå ïëîòíîñòè ýëåêòðè-
÷åñêîãî çàðÿäà òåëà. Ê âåêòîðíûì ïîëÿì îòíîñÿòñÿ ïîëå ñèë òÿ-
ãîòåíèÿ, ïîëå ìàãíèòíîé íàïðÿæåííîñòè, ïîëå ñêîðîñòåé ÷àñòèö
äâèæåíèÿ æèäêîñòè èëè ãàçà.

Ïîëÿ ïîäðàçäåëÿþòñÿ íà ñòàöèîíàðíûå è íåñòàöèîíàðíûå. Ìû
áóäåì èçó÷àòü òîëüêî ñòàöèîíàðíûå ïîëÿ, òî åñòü òàêèå, êîòîðûå
íå ìåíÿþòñÿ ñ òå÷åíèåì âðåìåíè.

Ïåðåéäåì ê ðàññìîòðåíèþ îñíîâíûõ õàðàêòåðèñòèê ñêàëÿðíûõ
è âåêòîðíûõ ïîëåé.

6.2 Ñêàëÿðíîå ïîëå. Ïðîèçâîäíàÿ ïîëÿ ïî íàïðàâëå-
íèþ. Ãðàäèåíò

Ãåîìåòðè÷åñêóþ õàðàêòåðèñòèêó ïîâåäåíèÿ ñêàëÿðíîãî ïîëÿ â
îáëàñòè V ÷àùå âñåãî ââîäÿò ïðè ïîìîùè ïîâåðõíîñòè óðîâíÿ.

Îïðåäåëåíèå 6.3 Ïîâåðõíîñòüþ óðîâíÿ ñêàëÿðíîãî ïîëÿ u(M)
íàçûâàåòñÿ ãåîìåòðè÷åñêîå ìåñòî òî÷åê M îáëàñòè V ïðî-
ñòðàíñòâà, â êîòîðûõ çíà÷åíèå ïîëÿ ðàâíî îäíîé è òîé æå ïî-
ñòîÿííîé c , ò.å. u(M) = c.

Ðàçëè÷íûì çíà÷åíèÿì ïîñòîÿííîé c ñîîòâåòñòâóþò ðàçëè÷íûå
ïîâåðõíîñòè óðîâíÿ ñêàëÿðíîãî ïîëÿ âåëè÷èíû u. Â äåêàðòîâîé
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ñèñòåìå êîîðäèíàò âñåâîçìîæíûå ïîâåðõíîñòè óðîâíÿ ñêàëÿðíîãî
ïîëÿ âåëè÷èíû u îïðåäåëÿþòñÿ óðàâíåíèÿìè âèäà:

u(x, y, z) = c. (19)

Ïðèìåð 6.2.1. Íàéòè ïîâåðõíîñòè óðîâíÿ ñêàëÿðíîãî ïîëÿ

u(M) =
√
x2 + y2 + z2, çàäàííîãî â äåêàðòîâîé ñèñòåìå êîîðäèíàò

â îáëàñòè V , ñîâïàäàþùåé ñî âñåì ïðîñòðàíñòâîì.
Ðåøåíèå: Äëÿ íàõîæäåíèÿ ïîâåðõíîñòåé óðîâíÿ, îòâå÷àþùèõ

çíà÷åíèþ âåëè÷èíû ïîëÿ c, ïîëîæèì

u(M) =
√
x2 + y2 + z2 = c.

Òîãäà x2 + y2 + z2 = c2, òî åñòü ïîâåðõíîñòÿìè óðîâíÿ â ðàñ-
ñìàòðèâàåìîì ñëó÷àå ÿâëÿþòñÿ âñåâîçìîæíûå ñôåðû ðàäèóñà c.

Äëÿ ïëîñêîãî ñêàëÿðíîãî ïîëÿ (ñîîòâåòñòâóþùåãî z = 0) óðàâ-
íåíèå (19) ïðèîáðåòàåò âèä u(x, y) = c è îïðåäåëÿåò ñîâîêóïíîñòü
ëèíèé óðîâíÿ.

Ïîâåðõíîñòè óðîâíÿ ïîçâîëÿþò ñóäèòü î ñêîðîñòè èçìåíåíèÿ
ñêàëÿðíîãî ïîëÿ u(M) ïî òîìó èëè èíîìó íàïðàâëåíèþ êà÷åñòâåí-
íî. Äëÿ êîëè÷åñòâåííîé õàðàêòåðèñòèêè ñêîðîñòè èçìåíåíèÿ ïîëÿ
ââåäåì ïîíÿòèå ïðîèçâîäíîé ïî íàïðàâëåíèþ l⃗.

Ïóñòü u(M) � ñêàëÿðíîå ïîëå â íåêîòîðîé ïðîñòðàíñòâåííîé
îáëàñòè V , çàäàâàåìîå â äåêàðòîâîé ñèñòåìå êîîðäèíàò ôóíêöèåé
u(x, y, z) òðåõ ïåðåìåííûõ, êîòîðóþ áóäåì ïðåäïîëàãàòü äèôôå-
ðåíöèðóåìîé, l⃗ � íåêîòîðîå ôèêñèðîâàííîå íàïðàâëåíèå, çàäàâàå-
ìîå åäèíè÷íûì âåêòîðîì

τ⃗ = (cosα, cos β, cos γ),

M
M1τ⃗Ðèñ. 30.
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à α, β, γ � óãëû, îáðàçóåìûå íàïðàâëåíèåì l ñ îñÿìè êîîðäèíàò.
Çàôèêñèðóåì òî÷êóM(x, y, z), à òî÷êóM ′(x+∆x, y+∆y, z+∆z)
áóäåì âûáèðàòü íà ëó÷å, âûõîäÿùåì èç òî÷êè M â íàïðàâëåíèè
âåêòîðà τ⃗ .

Îïðåäåëåíèå 6.4 Ïðîèçâîäíîé ñêàëÿðíîãî ïîëÿ u(M) ïî

íàïðàâëåíèþ l⃗ íàçûâàåòñÿ ïðåäåë:

∂u

∂l⃗
= lim
|M1M |→0

∆u

|M1M |
= lim
|M1M |→0

u(M1)− u(M)

|M1M |
.

Çàìåòèì, ÷òî îòíîøåíèå
u(M1)− u(M)

|M1M |
� åñòü ñðåäíÿÿ ñêî-

ðîñòü èçìåíåíèÿ ïîëÿ u(M) ïðè ïåðåõîäå îò òî÷êè M ê òî÷êå M1

âäîëü íàïðàâëåíèÿ l⃗. Ïðåäåë ýòîãî îòíîøåíèÿ ïðè |M1M | → 0
äàåò ìãíîâåííóþ ñêîðîñòü èçìåíåíèÿ ñêàëÿðíîãî ïîëÿ â òî÷êå M

ïî íàïðàâëåíèþ l⃗. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî ïðè
∂u

∂l⃗
> 0

ïîëå u(M) âîçðàñòàåò âäîëü l⃗ â òî÷êå M , à ïðè
∂u

∂l⃗
< 0 - óáûâàåò.

Óêàæåì ôîðìóëó äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ñêàëÿðíîãî ïîëÿ
ïî íàïðàâëåíèþ l⃗ â äåêàðòîâîé ñèñòåìå êîîðäèíàò

∂u

∂l
=
∂u

∂x
· cosα +

∂u

∂y
· cos β +

∂u

∂z
· cos γ. (20)

Îïðåäåëåíèå 6.5 Ãðàäèåíòîì ñêàëÿðíîãî ïîëÿ u(M) íàçûâà-
åòñÿ âåêòîð

gradu =
∂u

∂x
· i⃗+ ∂u

∂y
· j⃗ + ∂u

∂z
· k⃗.

Ôîðìóëà (20) ìîæåò áûòü çàïèñàíà â ñëåäóþùåì âèäå:

∂u

∂l⃗
= (τ⃗ , gradu) (21)

èëè
∂u

∂l⃗
= |τ⃗ | · | gradu| · cosφ = | gradu| · cosφ. (22)
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Çäåñü φ � óãîë ìåæäó gradu è íàïðàâëÿþùèì âåêòîðîì τ⃗ =
(cosα, cos β, cos γ) ïðÿìîé l⃗. Èç ïîñëåäíåé ôîðìóëû âèäíî, ÷òî

ìàêñèìóì
∂u

∂l⃗
â òî÷êå M ïî âñåì âîçìîæíûì íàïðàâëåíèÿì l⃗ äî-

ñòèãàåòñÿ ïðè óñëîâèè ñîâïàäåíèÿ íàïðàâëåíèÿ l⃗ ñ íàïðàâëåíèåì
ãðàäèåíòà (φ = 0). Òàêèì îáðàçîì,

max
∂u

∂l⃗
= | gradu|. (23)

Îòñþäà ñëåäóåò, ÷òî ãðàäèåíò íàïðàâëåí â ñòîðîíó íàèáûñò-
ðåéøåãî âîçðàñòàíèÿ ôóíêöèè u, à åãî äëèíà ðàâíà ñêîðîñòè âîç-
ðàñòàíèÿ (òàêèì îáðàçîì, ãðàäèåíò îïðåäåëÿåòñÿ ñàìèì ïîëåì,
à íå âûáîðîì ñèñòåìû êîîðäèíàò). Ñôîðìóëèðîâàííîå óòâåðæäå-
íèå ìîæíî ðàññìàòðèâàòü êàê èíâàðèàíòíîå (ò.å. íå çàâèñÿùåå îò
âûáîðà ñèñòåìû êîîðäèíàò) îïðåäåëåíèå ãðàäèåíòà.

Ïðèìåð 6.2.2. Óñòàíîâèòü õàðàêòåð ðîñòà ñêàëÿðíîãî ïîëÿ u =

xyz ïî íàïðàâëåíèþ âåêòîðà l⃗ = ı⃗ − 2ȷ⃗ + 2k⃗ â òî÷êå M(1, 1, 1)
è íàéòè âåëè÷èíó ñêîðîñòè èçìåíåíèÿ äàííîãî ïîëÿ â óêàçàííîì
íàïðàâëåíèè.

Ðåøåíèå: Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå:

u = c
l⃗

gradu(M0)Ðèñ. 31.

∂u

∂x
= y · z, ∂u

∂y
= x · z, ∂u

∂z
= x · y.



144

Èõ çíà÷åíèÿ â òî÷êå M(1, 1, 1):

∂u

∂x

∣∣∣∣
M(1,1,1)

= 1,
∂u

∂y

∣∣∣∣
M(1,1,1)

= 1,
∂u

∂z

∣∣∣∣
M(1,1,1)

= 1.

Íàéäåì åäèíè÷íûé âåêòîð íàïðàâëåíèÿ l⃗:

τ⃗ =
l⃗

|⃗l|
=

i⃗− 2 · j⃗ + 2 · k⃗√
1 + (−2)2 + 22

=
1

3
(⃗i− 2 · j⃗ + 2 · k⃗),

ò.å. cosα =
1

3
, cos β = −2

3
, cos γ =

2

3
. Èñïîëüçóÿ ôîðìóëó (20),

èìååì:
∂u

∂l

∣∣∣∣
M(1,1,1)

= 1 · 1
3
+ 1 ·

(
−2
3

)
+ 1 · 2

3
=

1

3
.

Ïîñêîëüêó
∂u

∂l
=

1

3
> 0, òî ñêàëÿðíîå ïîëå u(M) â íàïðàâëåíèè l

âîçðàñòàåò.
Íàèáîëüøàÿ ñêîðîñòü èçìåíåíèÿ ïîëÿ îïðåäåëÿåòñÿ ïî ôîðìó-

ëå (23)

max
∂u

∂l⃗

∣∣∣∣
M(1,1,1)

= | gradu|
∣∣∣∣
M(1,1,1)

=
√
1 + 1 + 1 =

√
3.

Òåîðåìà 6.1 Ãðàäèåíò ñêàëÿðíîãî ïîëÿ u(M) â òî÷êå M íà-
ïðàâëåí ïî íîðìàëè ê ïîâåðõíîñòè óðîâíÿ ñêàëÿðíîãî ïîëÿ u(M),
ïðîõîäÿùåé ÷åðåç òî÷êó M .

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ âåêòîð ïåðïåíäèêóëÿðåí ïî-
âåðõíîñòè â äàííîé òî÷êå, åñëè îí ïåðïåíäèêóëÿðåí êàñàòåëüíîé
ïëîñêîñòè ê ïîâåðõíîñòè â ýòîé òî÷êå. Âîçüìåì êàñàòåëüíóþ l â
òî÷êå M0 è ïðîâåäåì íà ïîâåðõíîñòè σ êðèâóþ L, êàñàþùóþñÿ â
òî÷êåM0 ïðÿìîé l. Êðèâàÿ L ìîæåò áûòü çàäàíà âåêòîð-ôóíêöèåé

r⃗(t) = x(t) · i⃗+ y(t) · j⃗ + z(t) · k⃗.

Ïîñêîëüêó L ëåæèò íà ïîâåðõíîñòè σ, òî

u(x(t), y(t) z(t)) ≡ u(x0, y0, z0) = c. (24)
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Ïðîäèôôåðåíöèðóåì îáå ÷àñòè (24) ïî t:

∂u

∂x
· dx
dt

+
∂u

∂y
· dy
dt

+
∂u

∂z
· dz
dt

= 0,

èëè, çàïèñûâàÿ ïî äðóãîìó:

(
gradu,

dr⃗

dt

)
= 0,

òàê êàê âåêòîð
dr⃗

dt
ïàðàëëåëåí l, òî gradu ïåðïåíäèêóëÿðåí l è

ñëåäîâàòåëüíî îí îðòîãîíàëåí σ . Òåîðåìà äîêàçàíà.
Ïîêàæåì, êàê ñ ïîìîùüþ ãðàäèåíòà ìîæíî íàéòè åäèíè÷íûé

âåêòîð n⃗ íîðìàëè ê ïîâåðõíîñòè, çàäàííîé óðàâíåíèåì

F (x, y, z) = c (25)

Òàê êàê ôîðìóëà (25) îïðåäåëÿåò îäíó èç ïîâåðõíîñòåé óðîâíÿ
ñêàëÿðíîãî ïîëÿ u = F (x, y, z), òî èç òåîðåìû 6.1 ñëåäóåò, ÷òî
gradu îðòîãîíàëåí ê ïîâåðõíîñòè (25). Ïîýòîìó, ÷òîáû íàéòè åäè-
íè÷íûé âåêòîð íîðìàëè, íóæíî gradu ðàçäåëèòü íà åãî äëèíó:

n⃗ = ± gradu

| gradu|
= ±

∂F

∂x
· i⃗+ ∂F

∂y
· j⃗ + ∂F

∂z
· k⃗√(

∂F

∂x

)2

+

(
∂F

∂y

)2

+

(
∂F

∂z

)2
. (26)

Ñîïîñòàâëÿÿ ôîðìóëó (26) ñ äðóãèì âûðàæåíèåì åäèíè÷íîãî âåê-
òîðà íîðìàëè

n⃗ = cosα · i⃗+ cos β · j⃗ + cos γ · k⃗,

èìååì ôîðìóëû äëÿ íàõîæäåíèÿ íàïðàâëÿþùèõ êîñèíóñîâ íîð-
ìàëè ê ïîâåðõíîñòè (25):

cosα = ±

∂F

∂x√(
∂F

∂x

)2

+

(
∂F

∂y

)2

+

(
∂F

∂z

)2
,
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cos β = ±

∂F

∂y√(
∂F

∂x

)2

+

(
∂F

∂y

)2

+

(
∂F

∂z

)2
,

cos γ = ±

∂F

∂z√(
∂F

∂x

)2

+

(
∂F

∂y

)2

+

(
∂F

∂z

)2

(27)

Ïðèìåð 6.2.3. Íàéòè åäèíè÷íûé âåêòîð íîðìàëè ê ñôåðå
x2 + y2 + z2 = R2 â ïðîèçâîëüíîé å¼ òî÷êå.

Ðåøåíèå: Ñôåðà ÿâëÿåòñÿ îäíîé èç ïîâåðõíîñòåé óðîâíÿ ïîëÿ
u = x2 + y2 + z2 −R2. Òîãäà, èñïîëüçóÿ (8), èìååì:

n⃗ = ±2x · i⃗+ 2y · j⃗ + 2z · k⃗√
4x2 + 4y2 + 4z2

= ±x · i⃗+ y · j⃗ + z · k⃗
R

.

Íàïðàâëÿþùèå êîñèíóñû íîðìàëè ( çíàê ¾ïëþñ¿ ñîîòâåòñòâóåò
âíåøíåé íîðìàëè)

cosα = ± x
R
, cos β = ± y

R
, cos γ = ± z

R
.

Îñíîâíûìè ñâîéñòâàìè ãðàäèåíòà ÿâëÿþòñÿ:

1. Ëèíåéíîñòü

grad(c1u1 ± c2u2) = c1 gradu1 ± c2 gradu2,

c1, c2 � ïîñòîÿííûå, u1(M), u2(M) � ñêàëÿðíûå ïîëÿ.

2. Ãðàäèåíò ïðîèçâåäåíèÿ

grad(uv) = v gradu+ u grad v.
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3. Ãðàäèåíò ÷àñòíîãî

grad
(u
v

)
=
v gradu− u grad v

v2

4. Ãðàäèåíò ñëîæíîé ôóíêöèè
gradF (u) = F ′(u) · gradu , ãäå F (u) � ñëîæíàÿ ôóíêöèÿ.

6.3 Âåêòîðíîå ïîëå. Äèâåðãåíöèÿ. Ðîòîð

Òàê êàê âñÿêèé âåêòîð îïðåäåëÿåòñÿ äëèíîé è íàïðàâëåíèåì
â ïðîñòðàíñòâå, òî âåêòîðíîå ïîëå ïðåäñòàâëÿåò ñîáîé ¾îäíîâðå-
ìåííî¿ ïîëå äëèí è ïîëå íàïðàâëåíèé. Äëÿ ïîëÿ íàïðàâëåíèé ãåî-
ìåòðè÷åñêîé õàðàêòåðèñòèêîé ìîæåò ñëóæèòü ñîâîêóïíîñòü âåê-
òîðíûõ ëèíèé.

Îïðåäåëåíèå 6.6 Âåêòîðíîé ëèíèåé äàííîãî âåêòîðíîãî ïî-
ëÿ a⃗(M) íàçûâàåòñÿ âñÿêàÿ ëèíèÿ â îáëàñòè V ïðîñòðàíñòâà,
êîòîðàÿ â êàæäîé ñâîåé òî÷êå êàñàåòñÿ âåêòîðà ïîëÿ
a⃗(M) = (P (M), Q(M), R(M)), çàäàííîãî â ýòîé òî÷êå.

Âûâîä è ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå
îïðåäåëÿþò âåêòîðíóþ ëèíèþ, ðàññìàòðèâàþòñÿ â òðåòüåì ñå-
ìåñòðå â êóðñå ¾Äèôôåðåíöèàëüíûå óðàâíåíèÿ¿.

Âàæíûìè õàðàêòåðèñòèêàìè âåêòîðíîãî ïîëÿ ÿâëÿþòñÿ äèâåð-
ãåíöèÿ è ðîòîð.

Îïðåäåëåíèå 6.7 Äèâåðãåíöèåé âåêòîðíîãî ïîëÿ

a⃗(M) = P (x, y, z) · i⃗+Q(x, y, z) · j⃗ +R(x, y, z) · k⃗,

ãäå P,Q,R� íåïðåðûâíî - äèôôåðåíöèðóåìûå ôóíêöèè, íàçûâà-
åòñÿ ñêàëÿðíàÿ âåëè÷èíà

div a⃗ =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
. (28)
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Ñâîéñòâà äèâåðãåíöèè
1) div(c1 · a⃗1 + c2 · a⃗2) = c1 · div a⃗1 + c2 · div a⃗2.
2) div a⃗ = 0, åñëè a⃗ � ïîñòîÿííîå âåêòîðíîå ïîëå.
3) div(u · a⃗) = (⃗a, gradu) + u · div a⃗ , ãäå u - ñêàëÿðíîå ïîëå.

Â ÷àñòíîñòè, åñëè a⃗ � ïîñòîÿííîå âåêòîðíîå ïîëå, òî

div(u · a⃗) = (⃗a, gradu).

Îïðåäåëåíèå 6.8 Ðîòîðîì âåêòîðíîãî ïîëÿ a⃗ íàçûâàåòñÿ
âåêòîð:

rot a⃗ =

(
∂P

∂y
− ∂Q

∂z

)
· i⃗+

(
∂P

∂z
− ∂R

∂x

)
· j⃗ +

(
∂Q

∂x
− ∂P

∂y

)
· k⃗

èëè â ôîðìå, óäîáíîé äëÿ çàïîìèíàíèÿ

rot a⃗ =

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
P Q R

∣∣∣∣∣∣∣∣ . (29)

Ñâîéñòâà ðîòîðà
1) rot(c1 · a⃗1 + c2 · a⃗2) = c1 · rot a⃗1 + c2 · rot a⃗2.
2) rot a⃗ = 0, åñëè - ïîñòîÿííîå âåêòîðíîå ïîëå.
3)rot(u · a⃗) = [grad u, a⃗] + u · rot a, åñëè u � ñêàëÿðíîå ïîëå.

Ïðèìåð 6.3.1. Íàéòè äèâåðãåíöèþ è ðîòîð ïîëÿ

a⃗ = 2y · i⃗+ x · j⃗ + z · k⃗.

Ðåøåíèå:

div a⃗ =
∂(2y)

∂x
+
∂x

∂y
+
∂z

∂z
= 1,

rot a⃗ =

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
2y x z

∣∣∣∣∣∣∣∣ =
(
∂z

∂y
− ∂x

∂z

)
· i⃗−

(
∂z

∂x
− ∂(2y)

∂z

)
· j⃗ +
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+

(
∂x

∂y
− ∂(2y)

∂y

)
· k⃗ = 0− 0 + (1− 2) · k⃗ = −k⃗.

Ââåäåì ïîëåçíîå ïîíÿòèå.

Îïðåäåëåíèå 6.9 Îïåðàòîðîì ∇ (¾íàáëà¿) èëè
ñèìâîëè÷åñêèì âåêòîðîì Ãàìèëüòîíà, íàçûâàåòñÿ âûðà-
æåíèå

∇ = i⃗
∂

∂x
+ j⃗

∂

∂y
+ k⃗

∂

∂z
,

ïðàâèëà îáðàùåíèÿ ñ êîòîðûì ñëåäóþùèå:
1) Åñëè u - ñêàëÿðíîå ïîëå, òî

(∇, a⃗) =
(⃗
i
∂

∂x
+ j⃗

∂

∂y
+ k⃗

∂

∂z

)
u = i⃗

∂u

∂x
+ j⃗

∂u

∂y
+ k⃗

∂u

∂z
= gradu.

2) Åñëè a⃗ = P · i⃗+Q · j⃗ +R · k⃗ � âåêòîðíîå ïîëå, òî

(∇, a⃗) = ∂P

∂x
+
∂Q

∂y
+
∂R

∂z
= div a⃗;

[∇, a⃗] =

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
2y x z

∣∣∣∣∣∣∣∣ =

= i⃗

∣∣∣∣∣∣
∂

∂y

∂

∂z
Q R

∣∣∣∣∣∣− j⃗
∣∣∣∣∣ ∂

∂x

∂

∂z
P R

∣∣∣∣∣+ k⃗

∣∣∣∣∣∣
∂

∂x

∂

∂y
P Q

∣∣∣∣∣∣ = rot a⃗

Ïîëüçóÿñü îïåðàòîðîì ∇ , ëåãêî äîêàçàòü, íàïðèìåð, ïåðâîå
ñâîéñòâî ðîòîðà:

rot(c1 · a⃗+ c2 · a⃗2) =

=

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
c1 · P1 + c2 · P2 c1 ·Q+ c2 ·Q2 c1 ·R1 + c2 ·R2

∣∣∣∣∣∣∣∣ =
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= (ïî ñâîéñòâó îïðåäåëèòåëåé)=

= c1 ·

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
P1 Q1 R1

∣∣∣∣∣∣∣∣+ c2 ·

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
P2 Q2 R2

∣∣∣∣∣∣∣∣ =
= c1 · rot a⃗1 + c2 · rot a⃗2.

Ïîëüçóÿñü èçâåñòíîé ôîðìóëîé èç ìåõàíèêè äëÿ ïîëÿ ñêîðî-
ñòåé v⃗(M) äâèæóùåãîñÿ òâåðäîãî òåëà â êàæäûé ôèêñèðîâàííûé
ìîìåíò âðåìåíè t, ìîæíî óñòàíîâèòü ôèçè÷åñêèé ñìûñë ðîòîðà.
Èìååì:

v⃗(M) = v⃗0 + [ω⃗, r⃗],

ãäå v⃗0 = a · i⃗+ b · j⃗ + c · k⃗- ìãíîâåííàÿ ñêîðîñòü êàêîé-ëèáî òî÷êè
òåëà (íàïðèìåð öåíòðà òÿæåñòè), ω⃗ � ìãíîâåííàÿ óãëîâàÿ ñêîðîñòü
äâèæåíèÿ òåëà, r⃗ = x · i⃗ + y · j⃗ + z · k⃗. Äëÿ íàõîæäåíèÿ ðîòîðà
âåêòîðíîãî ïîëÿ v⃗(M) âûáåðåì ñèñòåìó êîîðäèíàò, ñâÿçàííóþ ñ
òåëîì òàê, ÷òîáû îñü Oz áûëà íàïðàâëåíà ïî âåêòîðó ω⃗. Òîãäà
ω⃗ = ω · k⃗,

v⃗(M) = a · i⃗+ b · j⃗ + c · k⃗ +

∣∣∣∣∣∣
i⃗ j⃗ k⃗
0 0 ω
x y z

∣∣∣∣∣∣ =
= (a− ωy) · i⃗+ (b+ ωx) · j⃗ + c · k⃗,

è ñëåäîâàòåëüíî

rot v⃗(M) =

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
a− ωy b+ ωx c

∣∣∣∣∣∣∣∣ = 2ω · k⃗ = 2ω⃗.

Òàêèì îáðàçîì, ðîòîð ïîëÿ ñêîðîñòåé òî÷åê äâèæóùåãîñÿ òâåðäî-
ãî òåëà ðàâåí óäâîåííîé óãëîâîé ñêîðîñòè âðàùåíèÿ òåëà.
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6.4 Ïîòîê âåêòîðíîãî ïîëÿ è åãî âû÷èñëåíèå

Ðàññìîòðèì ãèäðîäèíàìè÷åñêóþ çàäà÷ó î ïîòîêå æèäêîñòè ÷å-
ðåç ïîâåðõíîñòü. Ïóñòü îáúåì V ïðîíèçûâàåòñÿ ñòàöèîíàðíûì ïî-
òîêîì æèäêîñòè ñ ïîëåì ñêîðîñòåé v(M) è âíóòðü ýòîãî ïîòîêà
ïîñòàâëåíà íåêîòîðàÿ ïðîíèöàåìàÿ ãëàäêàÿ äâóñòîðîííÿÿ ïîâåðõ-
íîñòü σ. Òðåáóåòñÿ îïðåäåëèòü êîëè÷åñòâî æèäêîñòè, ïðîòåêàþ-
ùåé ÷åðåç ïîâåðõíîñòü σ çà åäèíèöó âðåìåíè.

Çàôèêñèðóåì îäíó èç ñòîðîí ïîâåðõíîñòè σ, çàäàâ íàïðàâëåíèå
íîðìàëè n⃗(M). Ðàçîáüåì σ ñåòêîé ëèíèé (ñì. ðèñóíîê) íà ÿ÷åéêè
ïëîùàäè ∆σi, 1 6 i 6 k ,âûáåðåì â êàæäîé ÿ÷åéêå òî÷êó Mi è
ïðîâåäåì âåêòîð íîðìàëè n⃗(Mi).

v⃗(Mi)

n⃗(Mi)
Mi

σiÐèñ. 32.

Åñëè ÿ÷åéêè äîñòàòî÷íî ìåëêèå, òî ìîæíî ñ÷èòàòü, ÷òî σi �
ïëîñêàÿ ïîâåðõíîñòü, è âåêòîð ñêîðîñòè ïðîòåêàíèÿ æèäêîñòè vi
ïîñòîÿíåí â ïðåäåëàõ σi . Òîãäà çà åäèíèöó âðåìåíè t ÷åðåç ÿ÷åé-
êó σi ïðîéäåò êîëè÷åñòâî æèäêîñòè, ðàâíîå îáúåìó íàêëîííîãî
ïàðàëëåëåïèïåäà

∆Πi ≈ (v⃗(Mi), n⃗(Mi)) ·∆σi.

Âåñü ïîòîê æèäêîñòè ÷åðåç ïîâåðõíîñòü σ áóäåò ïðèáëèæåííî ðà-
âåí

Πi ≈
k∑
i=1

(v⃗(Mi), n⃗(Mi)) ·∆σi.
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Ïåðåõîäÿ ê ïðåäåëó, êîãäà íàèáîëüøèé äèàìåòð ÿ÷åéêè ðàçáèåíèÿ
max
i
d(σi) ñòðåìèòñÿ ê íóëþ, èìååì

Π = lim
max

i
d(σi)→0

k∑
i=1

(v⃗(Mi), n⃗(Mi)) ·∆σi =
∫∫

σ

(v⃗(M), n⃗(M)) · dσ.

Òàêèì îáðàçîì, âåëè÷èíà Π ïðåäñòàâëÿåò ñîáîé ïîâåðõíîñòíûé
èíòåãðàë ïî ïîâåðõíîñòè σ îò ôóíêöèè F (M) = (v⃗(M), n⃗(M)).

Ïî àíàëîãèè ñ ýòîé çàäà÷åé ââîäèòñÿ îïðåäåëåíèå ïîòîêà ïðî-
èçâîëüíîãî âåêòîðíîãî ïîëÿ a⃗(M) ÷åðåç ïîâåðõíîñòü σ. Ïóñòü σ
� äâóñòîðîííÿÿ ãëàäêàÿ ïîâåðõíîñòü. Ôèêñèðóåì âûáîðîì íîðìà-
ëè îäíó èç äâóõ å¼ ñòîðîí. Íàïîìíèì, ÷òî â ñëó÷àå çàìêíóòîé
ïîâåðõíîñòè âûáèðàåòñÿ, êàê ïðàâèëî, âíåøíÿÿ íîðìàëü.

Îïðåäåëåíèå 6.10 Ïîòîêîì âåêòîðíîãî ïîëÿ a⃗(M) ÷åðåç
ïîâåðõíîñòü σ íàçûâàåòñÿ ïîâåðõíîñòíûé èíòåãðàë îò ñêàëÿð-
íîãî ïðîèçâåäåíèÿ âåêòîðîâ a⃗(M) è n⃗(M), ãäå M � ïðîèçâîëüíàÿ
òî÷êà ïîâåðõíîñòè σ

Π =

∫∫
σ

(⃗a(M), n⃗(M))dσ.

Åñëè ïîâåðõíîñòü σ êóñî÷íî-ãëàäêàÿ, òî ïîòîê âåêòîðíîãî ïîëÿ
a⃗(M) îïðåäåëÿåòñÿ êàê ñóììà ïîòîêîâ ÷åðåç êàæäóþ å¼ ãëàäêóþ
÷àñòü.

Ïîíÿòèå ïîòîêà âåêòîðíîãî ïîëÿ a⃗(M) ïðèìåíÿåòñÿ äëÿ ðåøå-
íèÿ ðàçëè÷íûõ çàäà÷ ôèçèêè, ýëåêòðîòåõíèêè, ãèäðîäèíàìèêè,
íàïðèìåð, ïðè âû÷èñëåíèè êîëè÷åñòâà æèäêîñòè, ïðîòåêàþùåé
÷åðåç ïîâåðõíîñòü σ çà åäèíèöó âðåìåíè.

Ñâîéñòâà ïîòîêà:
1) Ñâîéñòâî ëèíåéíîñòè.∫∫

σ

(c1a⃗1 + c2a⃗2, n⃗)dσ = c1 ·
∫∫

σ

(⃗a1, n⃗)dσ + c2 ·
∫∫

σ

(⃗a2, n⃗)dσ,
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åñëè c1, c2 � ïîñòîÿííûå.
2) Ñâîéñòâî àääèòèâíîñòè. Äëÿ êóñî÷íî-ãëàäêîé ïîâåðõíîñòè σ ,
ñîñòîÿùåé èç ÷àñòåé σ1, σ2, èìååì∫∫

σ

(⃗a, n⃗)dσ =

∫∫
σ1

(⃗a, n⃗)dσ +

∫∫
σ2

(⃗a, n⃗)dσ.

3) Ïðè èçìåíåíèè âûáðàííîé ñòîðîíû ïîâåðõíîñòè ïîòîê Π ìåíÿ-
åò çíàê, òàê êàê ïåðåõîä îò äàííîé ñòîðîíû ïîâåðõíîñòè ê äðóãîé
ñîñòîèò â òîì, ÷òî â êàæäîé òî÷êå M âåêòîð n⃗(M) çàìåíÿåòñÿ íà
ïðîòèâîïîëîæíûé âåêòîð −n⃗(M).

Âû÷èñëåíèå ïîòîêà âåêòîðíîãî ïîëÿ a⃗(M) ÷åðåç ïîâåðõíîñòü σ
ìîæåò áûòü îñóùåñòâëåíî íåñêîëüêèìè ìåòîäàìè: ïðîåêòèðîâà-
íèåì íà îäíó èç êîîðäèíàòíûõ ïëîñêîñòåé, ïðîåêòèðîâàíèåì íà
òðè êîîðäèíàòíûå ïëîñêîñòè è ïîñðåäñòâîì ââåäåíèÿ ñïåöèàëüíîé
ñèñòåìû êîîðäèíàò íà ïîâåðõíîñòè σ. Ðàññìîòðèì áîëåå ïîäðîáíî
ìåòîä ïðîåêòèðîâàíèÿ íà îäíó èç êîîðäèíàòíûõ ïëîñêîñòåé, ñî-
ñòîÿùèé â ñëåäóþùåì. Åñëè σ � êóñî÷íî-ãëàäêàÿ ïîâåðõíîñòü, è
îíà äåëèòñÿ íà ÷àñòè, âçàèìíî îäíîçíà÷íî ïðîåêòèðóþùèåñÿ íà
êàêóþ-ëèáî êîîðäèíàòíóþ ïëîñêîñòü, òî ïîäñ÷èòûâàþòñÿ ïîòîêè
÷åðåç êàæäóþ èç ÷àñòåé ïîâåðõíîñòè è ðåçóëüòàòû ñóììèðóþòñÿ.

Ïóñòü ïîâåðõíîñòü σ çàäàíà óðàâíåíèåì F (x, y, z) = 0. Ïðåäïî-
ëîæèì, ÷òî ïîâåðõíîñòü σ âçàèìíî îäíîçíà÷íî ïðîåêòèðóåòñÿ íà
ïëîñêîñòü Oxy, è âûáðàíà ñòîðîíà ïîâåðõíîñòè (ò.å. îïðåäåëåííîå
íàïðàâëåíèå íîðìàëè). Òîãäà ïîòîê

Π =

∫∫
σ

(⃗a, n⃗)dσ =

∫∫
Dxy

(⃗a, n⃗)∣∣ cos γ∣∣
∣∣∣∣
z=z(x,y)

dxdy, (30)

ãäå Dxy � ïðîåêöèÿ ïîâåðõíîñòè σ íà ïëîñêîñòü Oxy, γ � óãîë,
ñîñòàâëåííûé íîðìàëüþ ñ îñüþ Oz.

Òàêèì îáðàçîì, âû÷èñëåíèå ïîòîêà ñâîäèòñÿ ê âû÷èñëåíèþ
äâîéíîãî èíòåãðàëà ïî ïëîñêîé îáëàñòè Dxy. Àíàëîãè÷íî ïîäñ÷è-
òûâàþòñÿ ïîòîêè ÷åðåç ïîâåðõíîñòè, âçàèìíî îäíîçíà÷íî ïðîåê-
òèðóþùèåñÿ íà äðóãèå êîîðäèíàòíûå ïëîñêîñòè:

Π =

∫∫
Dyz

(⃗a, n⃗)∣∣ cosα∣∣
∣∣∣∣
x=x(y,z)

dydz;
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Π =

∫∫
Dxz

(⃗a, n⃗)∣∣ cos β∣∣
∣∣∣∣
y=y(x,z)

dxdz.

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî åäèíè÷íûé âåêòîð íîðìàëè èìååò âèä

n⃗ = cosα · i⃗+ cos β · j⃗ + cos γ · k⃗.

Ïðèìåð 6.4.1. Íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a⃗ = x2 · i⃗ + x · j⃗ + xz · k⃗ ÷åðåç ÷àñòü ïîâåðõíîñòè ïàðàáîëîèäà
âðàùåíèÿ y = x2+z2, ëåæàùóþ â ïåðâîì îêòàíòå è îãðàíè÷åííóþ
ïëîñêîñòüþ y = 1 (0 6 y 6 1), ïî íàïðàâëåíèþ âíåøíåé íîðìàëè.

Ðåøåíèå: Çàïèøåì óðàâíåíèå ïîâåðõíîñòè â âèäå
F (x, y, z) = 0, ò.å. x2 + z2 − y = 0. Âåêòîð åäèíè÷íîé íîðìàëè
ê ïîâåðõíîñòè ïàðàáîëîèäà îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî çíàêà
ðàâåíñòâîì

n⃗ = ± gradu

| gradu|
= ±2x · i⃗− j⃗ + 2z · k⃗√

4x2 + 1 + 4z2
.

Ïðè ýòîì âåêòîðó âíåøíåé íîðìàëè îòâå÷àåò çíàê ¾ïëþñ¿ è ñëå-
äîâàòåëüíî

cos β = − 1√
4x2 + 1 + 4z2

< 0.

yzxO⃗n11y = x2 + z21Ðèñ. 33.
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Â ñàìîì äåëå, èç ðèñ. 33 âèäíî, ÷òî âíåøíÿÿ íîðìàëü îáðàçó-
åò îñòðûå óãëû ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñåé Ox è Oz è
òóïîé óãîë ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Oy (óãîë β).

Ïîòîê â ýòîì ñëó÷àå óäîáíî ñ÷èòàòü, ïðîåêòèðóÿ íà ïëîñêîñòü
Oxz, òî åñòü ïî ôîðìóëå

Π =

∫∫
Dxz

(⃗a, n⃗)

| cos β|

∣∣∣∣
y=y(x,z)

dxdz.

Âû÷èñëèì

(⃗a, n⃗)

| cos β|

∣∣∣∣
y=y(x,z)

=

2x3 − x+ 2xz2√
4x2 + 1 + 4z2∣∣∣∣− 1√
4x2 + 1 + 4z2

∣∣∣∣ = x ·
[
2(x2 + z2)− 1

]
.

Òàêèì îáðàçîì

Π =

∫∫
Dxz

x ·
[
2(x2 + z2)− 1

]
dxdz.

Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì íà ïëîñêîñòè Oxz:
x = ρ · cosφ, z = ρ · sinφ, ïîëó÷èì

Π =

∫ π/2

0

cosφdφ

∫ 1

0

(2ρ4 − ρ2)dρ = 1

15
.

Ðàññìîòðèì âû÷èñëåíèå ïîòîêà ñ ïîìîùüþ ââåäåíèÿ êîîðäè-
íàò íà ïîâåðõíîñòè (äëÿ öèëèíäðè÷åñêîé èëè ñôåðè÷åñêîé ïî-
âåðõíîñòåé).

Ïðèìåð 6.4.2. Íàéòè ïîòîê âåêòîðíîãî ïîëÿ

a⃗ = (x−y)·⃗i+(x+y)·⃗j+k⃗ ÷åðåç ÷àñòü öèëèíäðè÷åñêîé ïîâåðõíîñòè
x2 + y2 = R2, çàêëþ÷åííóþ ìåæäó ïëîñêîñòÿìè z = 0 è z = x.

Ðåøåíèå: Íàéäåì âíåøíþþ íîðìàëü:

n⃗ =
gradu

| gradu|
=
x · i⃗+ y · j⃗√
x2 + y2

=
x · i⃗+ y · j⃗

R
,

ãäå F = x2 + y2 −R2.
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Âû÷èñëèì

(⃗a, n⃗) =
(x− y) · x+ (x+ y) · y

R
=
x2 + y2

R
=
R2

R
= R.

Ââåäåì êîîðäèíàòû íà öèëèíäðå

x = R · cosφ, y = R · sinφ, z = z, dσ = R · dφ · dz.

Óãîë φ èçìåíÿåòñÿ îò −π/2 äî π/2 , à z - îò 0 äî z = x, èëè
z = R · cosφ (ñì. ðèñ. 34).

yzxÐèñ. 34.

Òàêèì îáðàçîì,

Π =

∫∫
σ

(⃗a, n⃗)dσ =

∫ π/2

−π/2
dφ

∫ R cosφ

0

R2dz =

= R3

∫ π/2

−π/2
cosφdφ = 2R3.

Îòâåò: Π = 2R3.
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Ïðèìåð 6.4.3. Íàéòè ïîòîê âåêòîðíîãî ïîëÿ a⃗ = z · ı⃗+ ȷ⃗− x · k⃗
÷åðåç ÷àñòü ñôåðè÷åñêîé ïîâåðõíîñòè x2 + y2 + z2 = R2, ðàñïîëî-
æåííóþ â ïåðâîì îêòàíòå.

Ðåøåíèå: Çàïèøåì óðàâíåíèå ñôåðè÷åñêîé ïîâåðõíîñòè â âèäå
F (x, y, z) = 0 : x2 + y2 + z2 −R2 = 0. Íàéäåì âíåøíþþ íîðìàëü

n⃗ =
grad(x2 + y2 + z2 −R2)

| grad(x2 + y2 + z2 −R2)|
=
x · i⃗+ y · j⃗ + z · k⃗√

x2 + y2 + z2
=

=
x · i⃗+ y · j⃗ + z · k⃗

R
.

Âû÷èñëèì
(⃗a, n⃗) = =

x · z + y − z · x
R

=
y

R
.

Â êîîðäèíàòàõ íà ñôåðå (⃗a, n⃗) = sin θ · sinφ , ãäå
0 6 θ 6 π/2, 0 6 φ 6 π/2 (ïåðâûé îêòàíò).
Òîãäà

Π =

∫∫
σ

(⃗a, n⃗)dσ =

∫∫
σ

sin θ · sinφ ·R2 · sin θ · dθdφ =

=

∫ π/2

0

sinφdφ

∫ π/2

0

R2 sin2 θdθ = R2

∫ π/2

0

1− cos θ

2
dθ =

πR2

4
.

Îòâåò. Π =
πR2

4
.

Òåîðåìà Îñòðîãðàäñêîãî - Ãàóññà

Òåîðåìà 6.2 Òåîðåìà Îñòðîãðàäñêîãî - Ãàóññà. Ïóñòü σ �
çàìêíóòàÿ êóñî÷íî-ãëàäêàÿ ïîâåðõíîñòü, îãðàíè÷èâàþùàÿ òåëî
V . n⃗ = cosα · i⃗ + cos β · j⃗ + cos γ · k⃗ � åäèíè÷íûé âåêòîð âíåø-
íåé íîðìàëè â òî÷êàõ ïîâåðõíîñòè σ , òîãäà ïîòîê âåêòîðíî-
ãî ïîëÿ a⃗(M) = (P,Q,R) (P,Q,R èìåþò íåïðåðûâíûå ÷àñòíûå
ïðîèçâîäíûå) ÷åðåç ïîâåðõíîñòü σ ðàâåí èíòåãðàëó ïî îáúåìó,
îãðàíè÷åííîìó ýòîé ïîâåðõíîñòüþ îò äèâåðãåíöèè ïîëÿ a⃗(M)∮

σ

(⃗a, n⃗)dσ =

∫∫∫
V

div a⃗dv.
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Â êîîðäèíàòíîé ôîðìå ôîðìóëà Îñòðîãðàäñêîãî - Ãàóññà èìååò
âèä ∮

σ

(P · cosα +Q · cos β +R · cos γ)dσ =

=

∫∫∫
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdydz.

Ïðèìåð 6.4.4. Âû÷èñëèòü ïîòîê âåêòîðíîãî ïîëÿ

a⃗(M) = (x− 2z) · i⃗+ (3z − 4x) · j⃗ + (5x+ y) · k⃗

÷åðåç ïîëíóþ ïîâåðõíîñòü ïèðàìèäû ñ âåðøèíàìè
A(1, 0, 0), B(0, 1, 0), C(0, 0, 1), O(0, 0, 0) (÷åðåç âíåøíþþ ñòîðîíó
ïîâåðõíîñòè).

yzxO1C1B1A⃗n1n⃗3n⃗2Ðèñ. 35.

Ðåøåíèå: Ïîâåðõíîñòü σ ñîñòîèò èç ÷åòûðåõ ïëîñêèõ òðåóãîëü-
íèêîâ ABC,BOC,COA,AOB.

Èñïîëüçóÿ ñâîéñòâî àääèòèâíîñòè, çàïèøåì

Π =

∫∫
σ

(⃗a, n⃗)dσ =

∫∫
∆ABC

(⃗a, n⃗1)dσ +

∫∫
∆AOC

(⃗a, n⃗2)dσ +

+

∫∫
∆AOB

(⃗a, n⃗3)dσ +

∫∫
∆COB

(⃗a, n⃗4)dσ.
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Âû÷èñëèì ïîòîê ÷åðåç ïîâåðõíîñòü ∆ABC , óðàâíåíèå êîòîðîé
x+ y + z = 1. Âíåøíÿÿ íîðìàëü ê äàííîé ïîâåðõíîñòè

n⃗1 =
gradF1

| gradF1|
=
i⃗+ j⃗ + k⃗√

3
,

ãäå F1 = x + y + z − 1. Ñëåäîâàòåëüíî cos γ =
1√
3
. Âû÷èñëÿåì

ïîòîê ïðîåêòèðîâàíèåì íà ïëîñêîñòü XOY

Π1 =

∫∫
Dxy

(⃗a, n⃗)

| cos γ|

∣∣∣∣
z=z(x,y)

dxdy =

=

∫∫
Dxy

(x− 2z) + (3z − 4x) + (5x+ y)√
3∣∣1/√3∣∣

∣∣∣∣1
z=1−x−y

dxdy =

=

∫∫
Dxy

[2x+ y + (1− x− y)]dxdy =

∫ 1

0

(x+ 1)dx

∫ 1−x

0

dy =

=

∫ 1

0

(1− x2)dx =
2

3

Âû÷èñëèì ïîòîê ÷åðåç ïîâåðõíîñòü ∆BOC, ëåæàùåé â ïëîñ-
êîñòè Y OZ. Â ýòîì ñëó÷àå âåêòîð íîðìàëè ê âíåøíåé ñòîðîíå
n⃗4 = −⃗i , óðàâíåíèå ïëîñêîñòè ∆BOC : x = 0. Ïîòîê âåêòîðíîãî
ïîëÿ âû÷èñëÿåì, ïðîåêòèðóÿ íà ïëîñêîñòü Y OZ.

Π4 =

∫∫
∆COB

(⃗a, n⃗)

| cosα|

∣∣∣∣
x=x(y,z)

dydz =

∫∫
∆COB

−(x− 2z)

| − 1|

∣∣∣∣
x=0

dydz =

=

∫∫
∆COB

2zdydz =

∫ 1

0

2zdz

∫ 1−z

0

dy = 2 ·
∫ 1

0

z(1− z)dz =

= 2

(
1

2
− 1

3

)
=

1

3
.

Àíàëîãè÷íî âû÷èñëÿþòñÿ ïîòîêè ÷åðåç ïîâåðõíîñòè ∆COA è
∆AOB

Π2 =

∫∫
∆COA

(⃗a, n⃗2)dσ =
1

6
;
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Π3 =

∫∫
∆AOB

(⃗a, n⃗3)dσ = −1.

Â ðåçóëüòàòå Π =
2

3
+
1

3
+
1

6
−1 =

1

6
. Òåïåðü ðåøèì äàííóþ çàäà÷ó

ñ ïîìîùüþ òåîðåìû Îñòðîãðàäñêîãî - Ãàóññà. Íàéäåì

div a⃗ =
∂

∂x
(x− 2z) +

∂

∂y
(3z − 4x) +

∂

∂z
(5x+ y) = 1 + 0 + 0 = 1.

Âû÷èñëèì Π =
∫∫∫

V div a⃗dv =
∫∫∫

V dv =
1

3
· 1
2
· 1 =

1

6
(îáúåì

ïèðàìèäû).
Òàêèì îáðàçîì, äâóìÿ ñïîñîáàìè ìû ïîëó÷èëè, ÷òî ïîòîê âåê-

òîðíîãî ïîëÿ a⃗(M) ÷åðåç ïîëíóþ ïîâåðõíîñòü ïèðàìèäû ðàâåí
1/6. Ïðè ýòîì èñïîëüçîâàíèå òåîðåìû Îñòðîãðàäñêîãî-Ãàóññà ñó-
ùåñòâåííî îáëåã÷àåò ïðîöåññ âû÷èñëåíèÿ ïîòîêà.

Ïîÿñíèì ôèçè÷åñêèé ñìûñë ïîíÿòèÿ äèâåðãåíöèè. Äëÿ äàííîé
òî÷êè Ì âîçüìåì çàìêíóòóþ äâóñòîðîííþþ ïîâåðõíîñòü Σ, îãðà-
íè÷èâàþùóþ îáúåì V , ñîäåðæàùèé ýòó òî÷êó.

MMñðVΣÐèñ. 36.

Äëÿ äàííîãî âåêòîðíîãî ïîëÿ a⃗(M) ìû ìîæåì íàïèñàòü ôîð-
ìóëó Îñòðîãðàäñêîãî - Ãàóññà

Π =

∫∫
∑

(⃗a, dσ) =

∫∫∫
V

div a⃗dv.
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Ïðè ñôîðìóëèðîâàííûõ âûøå óñëîâèÿõ íà a⃗(M) ìû ìîæåì
ïðèìåíèòü òåîðåìó î ñðåäíåì äëÿ èíòåãðàëà

Π = V · div a⃗(Mcp),

ãäå Mcp - íåêîòîðàÿ òî÷êà, ñîäåðæàùàÿñÿ â V , îòêóäà

div a⃗(Mcp) =
Π

V
.

Ñòÿíåì ïîâåðõíîñòü
∑

ê òî÷êå M . Ïðè ýòîì Mcp → M , è èç
íåïðåðûâíîñòè div a⃗ ñëåäóåò, ÷òî div a⃗(Mcp)→ div a⃗(M). Ïîýòîìó

div a⃗(M) = lim∑
→M

∫∫∑(⃗a, dσ)

V
.

Âûðàæåíèå â ïðàâîé ÷àñòè åñòåñòâåííî íàçûâàòü ïëîòíîñòüþ ïî-
òîêà âåêòîðíîãî ïîëÿ a⃗ â òî÷êå M .

Ïîýòîìó ìû ïîëó÷àåì, ÷òî äèâåðãåíöèÿ âåêòîðíîãî ïîëÿ ðàâíà
ïëîòíîñòè ïîòîêà ýòîãî ïîëÿ. Îäíîâðåìåííî íàìè äîêàçàíà èíâà-
ðèàíòíîñòü äèâåðãåíöèè, ïîñêîëüêó îíà îïðåäåëåíà ÷åðåç èíâàðè-
àíòíûå âåëè÷èíû.

6.5 Öèðêóëÿöèÿ âåêòîðíîãî ïîëÿ

Îïðåäåëåíèå 6.11 Öèðêóëÿöèåé âåêòîðíîãî ïîëÿ a⃗(M) âäîëü
çàìêíóòîãî êîíòóðà C íàçûâàåòñÿ êðèâîëèíåéíûé èíòåãðàë 2-
ãî òèïà îò âåêòîðíîãî ïîëÿ a⃗(M) ïî êîíòóðó C

Ö =

∮
C

(⃗a, τ⃗)ds =

∮
C

(⃗a, dτ⃗).

Ñèìâîë
∮
C îáîçíà÷àåò èíòåãðèðîâàíèå ïî çàìêíóòîìó êîíòóðó C.

Åñëè

a⃗(M) = P (x, y, z) · i⃗+Q(x, y, z) · j⃗ +R(x, y, z) · k⃗,
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òî öèðêóëÿöèÿ çàïèñûâàåòñÿ â âèäå

Ö =

∫
C

Pdx+Qdy +Rdz.

Åñëè êîíòóð C ðàñïîëîæåí â ñèëîâîì ïîëå a⃗(M) , òî öèðêóëÿöèÿ
- ýòî ðàáîòà ñèëû a⃗(M) ïðè ïåðåìåùåíèè ìàòåðèàëüíîé òî÷êè
âäîëü C.

Çàìå÷àíèå. Êðèâîëèíåéíûé èíòåãðàë 2-ãî òèïà îò âåêòîðíîãî
ïîëÿ a⃗(M) ïî êîíòóðó L íàçûâàåòñÿ èíà÷å ëèíåéíûì èíòåãðàëîì
âåêòîðíîãî ïîëÿ a⃗(M) âäîëü ëèíèè L.

Òåîðåìà Ñòîêñà

Òåîðåìà 6.3 Òåîðåìà Ñòîêñà. Ïóñòü â îáëàñòè V çàäàíî âåê-
òîðíîå ïîëå
a⃗(M) = P (x, y, z) ·⃗i+Q(x, y, z)· j⃗+R(x, y, z)·k⃗, ãäå P,Q,R - íåïðå-
ðûâíî äèôôåðåíöèðóåìûå â ðàññìàòðèâàåìîé îáëàñòè ôóíêöèè;
σ -êóñî÷íî-ãëàäêàÿ ïîâåðõíîñòü, ëåæàùàÿ â ýòîé îáëàñòè è
îãðàíè÷åííàÿ êîíòóðîì C. Åäèíè÷íûé âåêòîð íîðìàëè n⃗ ê ïî-
âåðõíîñòè âûáèðàåòñÿ òàê, ÷òîáû íàïðàâëåíèå îáõîäà ïî êîí-
òóðó C áûëî âèäíî ñ êîíöà âåêòîðà n⃗ , ñîâåðøàþùèìñÿ ïðîòèâ
÷àñîâîé ñòðåëêè (ïðàâûé âèíò). Òîãäà ïîòîê ðîòîðà ÷åðåç ïî-
âåðõíîñòü σ ðàâåí öèðêóëÿöèè ïîëÿ a⃗(M) ïî ãðàíèöå C ýòîé
ïîâåðõíîñòè, ò.å. ñïðàâåäëèâà ôîðìóëà Ñòîêñà∫∫

σ

(rot a⃗, n⃗)dσ =

∮
C

(⃗a, dτ⃗).

Â äåêàðòîâîé ñèñòåìå êîîðäèíàò ýòà ôîðìóëà èìååò âèä∫∫
σ

[(
∂R

dy
− ∂Q

dz

)
· cosα +

(
∂P

dz
− ∂R

dx

)
· cos β +

+

(
∂Q

dx
− ∂P

dy

)
· cos γ

]
dσ =

∮
C

Pdx+Qdy +Rdz.

Çäåñü n⃗ = cosα · i⃗+cos β · j⃗+cos γ · k⃗ - åäèíè÷íûé âåêòîð íîðìàëè
â òî÷êàõ ïîâåðõíîñòè σ.
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Åù¼ îäíà ôîðìà çàïèñè òåîðåìû Ñòîêñà

∮
C

Pdx+Qdy +Rdz = =

∫∫
σ

∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗
∂

∂x

∂

∂y

∂

∂z
P Q R

∣∣∣∣∣∣∣∣ dσ.
Äëÿ ïëîñêîãî âåêòîðíîãî ïîëÿ

a⃗(M) = P (x, y) · i⃗+Q(x, y) · j⃗, ïðåäïîëàãàÿ, ÷òî êîíòóð C ëåæèò
â ïëîñêîñòè Oxy, èìååì ôîðìóëó Ãðèíà∫∫

D

(
∂Q

dx
− ∂P

dy

)
dxdy =

∮
C

Pdx+Qdy.

Òàêèì îáðàçîì, ôîðìóëà Ãðèíà åñòü ÷àñòíûé ñëó÷àé ôîðìó-
ëû Ñòîêñà. Îðèåíòàöèÿ íà C âûáèðàåòñÿ òàêèì îáðàçîì, ÷òî ïðè
èíòåãðèðîâàíèè ïî C îáëàñòü D îñòàåòñÿ ñëåâà (ïîëîæèòåëüíàÿ
îðèåíòàöèÿ).

Ïðèìåð 6.5.1. Íàéòè öèðêóëÿöèþ âåêòîðíîãî ïîëÿ

a⃗(M) = −y2 · i⃗ + x2 · j⃗ + k⃗ âäîëü êîíòóðà C, îáðàçîâàííîãî ïåðå-
ñå÷åíèåì ñôåðû x2 + y2 + z2 = R2 ñ êîîðäèíàòíûìè ïëîñêîñòÿìè.

Ðåøåíèå: Äàííàÿ çàäà÷à ìîæåò áûòü ðåøåíà äâóìÿ ñïîñîáà-
ìè: íåïîñðåäñòâåííûì âû÷èñëåíèåì öèðêóëÿöèè ëèáî ïî òåîðåìå
Ñòîêñà.

yzxOC2C1C3RRRÐèñ. 37.
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Âû÷èñëèì öèðêóëÿöèþ íåïîñðåäñòâåííî. Êîíòóð C ÿâëÿåòñÿ
êóñî÷íî-ãëàäêèì è ñîñòîèò èç òðåõ ÷àñòåé: C1, C2, C3. Ïîýòîìó ïî
ñâîéñòâó àääèòèâíîñòè

Ö = Ö1 + Ö2 +Ö3 =

∮
C1

a⃗dτ⃗ +

∮
C2

a⃗dτ⃗ +

∮
C3

a⃗dτ⃗ .

Íà ëèíèè C1 : z = 0, x2 + y2 = R2

Ö1 =

∮
C1

a⃗τ⃗ =

∮
C1

−y2dx+ x2dy + dz =

(çàìåíà) x = R · cos t, y = R · sin t, z = 0, 0 6 t 6 π/2)

=

∫ π/2

0

[
−R2 sin2 t · (−R sin t) +R2 cos2 t ·R cos t

]
dt =

=

∫ π/2

0

[
R3 sin3 t+R3 cos3 t

]
dt =

4

3
R3.

Íà ëèíèè C2 : x = 0, y2 + z2 = R2

Ö2 =

∮
C2

a⃗dτ⃗ =

∮
C2

−y2dx+ x2dy + dz =

∮
C2

dz =

∫ R

0

dz = R.

Íà ëèíèè C3 : y = 0, x2 + z2 = R2

Ö3 =

∮
C3

a⃗dτ⃗ =

∮
C3

−y2dx+ x2dy + dz =

∮
C3

dz =

∫ R

0

dz = −R.

Ïîýòîìó Ö =
4

3
R3. Òåïåðü âîñïîëüçóåìñÿ ôîðìóëîé Ñòîêñà äëÿ

íàõîæäåíèÿ öèðêóëÿöèè.
Íàéäåì âíåøíþþ íîðìàëü ê ñôåðå x2+y2+z2 = R2. Ïîëîæèì

F (x, y, z) = x2 + y2 + z2 −R2. Òîãäà

gradF = 2x · i⃗+ 2y · j⃗ + 2z · k⃗,

n⃗ =
gradF

| gradF |
=

2(x · i⃗+ y · j⃗ + z · k⃗)
2
√
x2 + y2 + z2

=
x · i⃗+ y · j⃗ + z · k⃗

R
.
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Âû÷èñëèì ðîòîð ïîëÿ a⃗(M) = −y2 · i⃗+ x2 · j⃗ + k⃗.

rot a⃗ =

∣∣∣∣∣∣∣∣∣
i⃗ j⃗ k⃗

∂

∂x

∂

∂y

∂

∂z
−y2 x2 1

∣∣∣∣∣∣∣∣∣ = 2(x+ y) · k⃗.

Ñêàëÿðíîå ïðîèçâåäåíèå rot a⃗ íà íîðìàëü n⃗ ðàâíî âûðàæåíèþ

(rot a⃗, n⃗) =
2

R
(x+ y)z.

Òîãäà ïî ôîðìóëå Ñòîêñà

Ö =

∫∫
σ

2

R
(x+ y)zdσ =

=

çàìåíà

x = R · sin θ · cosφ,
y = R · sin θ · sinφ,
z = R cos θ,
dσ = R2 · sin θ · dφ · dθ,
0 6 φ 6 π/2, 0 6 θ 6 π/2

 =

=

∫ π/2

0

dφ

∫ π/2

0

2

R
(R · sin θ · cosφ+R · sin θ · sinφ) ·

·R cos θ ·R2 · sin θdθ =

= 2R3

∫ π/2

0

(cosφ+ sinφ)dφ

∫ π/2

0

sin2 θ · cos θdθ =

= 2R3 · 2 · 1
3
=

4

3
R3.

Îòâåò: Ö=
4

3
R3.
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