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TunoBou pacuert
«KpaTHble, KpUBOJIMHENHbIE U MOBEPXHOCTHbIE UHTErparnbl, TEOPUA NONA»
BapuaHT pacuyeTa (o6paseL)

1. a) Hantm maccy nnacTtuHbl, orpaHU4eHHOWN NUHNEN
L2 242 2,2 2
L:(x"+y )y =a(x"-y7),x=20,y2>0,
ecrm a >0, 6(x,y) = Xy - NOBEPXHOCTHAs NMOTHOCTb MNIACTUHbLI B TOYKE.
2 2
X

. z
6) Belumcnutb 06bEM Tena, orpaHU4eHHoro nosepxHoctTaMn —+—=1, y=0, z=0_

9

2. a) Bbluucnute 06beM Tena, orpaHMYEHHOro NOBEPXHOCTAMM
z=4-x° —yz, y=x(y=2x),x=0(x20), z=0.
0) Bbluncnnte 06bem Tena, orpaHNYEHHOro NOBEPXHOCTSAMM

¥ aytazt=1, 2% 47 =322, 220 (220).

3. a) Hantn LUEeHTPp TAXeCTn OoAHOpOoAHOro Tena, OrpaHn4YeHHOro noBepxXHOCTAMU

x2+y2+22=4, y=0, (yZO).

6) Hantn momeHT MHepunnm ogHopoaHoro Tena, OorpaHn4YeHHOro noBepPXHOCTAMU

x2 +y2 +22 =1, x2 +y2 = 22 , (z > 0) oTHocuTernbHo ocn Oz .

B) Hantn cratnyecknin MOMEHT OogHOpOoAHOro Tesna, OrpaHn4YeHHOro noBepXHOCTbIO

x2 2 2

XXy e =1, oTHOCWUTENBLHO KOOPAUHATHOW nMnockocTn xOy .

4 9
x =3cost
4. a) Bblamcnutb ANMHY O4HOrO BUTKA BUHTOBOW NMUHUN ) = 3sint .
z=t

6) HaiiTu cratuyeckuii MOMEHT OTHocuTenbHo ocu Oy oAHOpPOAHOW Ayrn napabonbl

y= x? OT ee BEpLLNHBI 0 TOUKN A(l, l).

B) HalTn MOMEHT WHepuMM OTHOCUTENBHO Hayana KoOpAMHAT AyrM neMHUCKaThbl

L: (x2 + y2)2 = az()c2 —yz) npu x>0,y>0, ecnu ee MMIOTHOCTb

5(x, y)z \/x2 +y2 )

5. a) Bbluncnnte MOMEHT MHepUumMnm OTHOCUTESTIbHO OCK Oy Oo4HOPOAOHOIo  y4dacTKa

NMOBEPXHOCTU x24z2= y2 npm 0<y<4.

2 2

6) BbluncnuTb nnowagp ydactka cdepbl x +y2 +z
x4 y2 =z.

=2, Bblpe3aHHOro napabonovgom

6. a) Hantm npousBogHyi0 cKanspHOro nons u(x,y,z):4x2 +y2 —z2 —3xyz B TOuKe
M (1;1;1) no HanpaBneHuto HopManu K NOBepPxHocTn S : 2x? +y2 —22z2 =1 B 370l TouKe.
6) Hantu HanpaBneHve HaucKoOpenwero BoO3pacTaHus Nons u = \/E + zy2 B TOYKe
M (2; 2; 1) 1 HanbornbLLUY CKOPOCTb BO3PACTaHNs B 3TOW TOUKeE.

7. a) Bbluncnutb paboTy BEKTOPHOrO nomnst d = yf + xj + (x - y)lg BAOMb OTpe3ka NpsMon
MN ,ecrn M(1;1;1), N(2;4;5).
6) BblumcnuTe paboTy BEKTOPHOrO NOMs @ = (x2 + y)f +2xy ] BAOML NUHWK

1-x2, 0<x<l
0, 1<x<2



8. a) BbluMcnnTb NOTOK BEKTOPHOro nonst d = Xxzi + X)j — yzk 4epe3 yacTb MOBEPXHOCTU

2 2 2 o
x“+y° =z npu 0<z<3 B HanpaBneHuy BHeLLHel HopManu no Teopeme laycca -
OcTporpaackoro U HenocpeacTBeHHO (HopMarb BHELLHSAS K 3aMKHYTON MOBEPXHOCTH).

6) BbluMCIMTL MOTOK BEKTOPHOrO  Mons 5=y27+yj+zzk yepes 3aMKHYTYIO

2 2
MOBEPXHOCTb, OrPaHNYEHHY0 UMNUHAPOM X~ + 2z~ = 4 1 nnockocTaAMM y= 0Own y= 2 , No

Teopeme [aycca - OcTporpagcKkoro n HenocpeacTBEHHO (HOpMasb BHELUHAS K 3aMKHYTON
NMOBEPXHOCTN).
5 . 23= = = x2+y2+22=5
9. Haittn umpkynsumio Bektopa a =x"z> i —zj + yk no koHtypy I': c
X =
nomoLbo opmynbl CTokca n HENOCPEACTBEHHO.

- yz2 .oz 2yz - .
10. MpoBepuTb MOTEHUMANBLHOCTL MOMS BekTopa d =——1Ii +— j+——Fk , Haitu

X2 x x

noteHuman.



CnpaBo4HbIN MaTepuan
[BOMHON MHTerpan
MycTb dyHKumA Z=f(x, y) onpefenieHa W orpaHudeHa B 3amMkHyTolW obrnactm D .
Pasobbem 9Ty obnacTb npousBoribHbIM obpasom Ha n uacteit: Dy, D,,...,D, (puc. 1),
nnowaau kotopbix o6osHaunm AS;, AS,,..., AS,.

OnameTpom d; obnactn D; HazoBeM MakCMMarbHOE PaCcCTOsiHWE Mexay ABYMsi TOUKamm
aTon obnacTu.
B kaxpoit obnactn D; BbiGepem MPOU3BOSILHO TOYKY P(fi, 771‘), i=1,2,...,n. [0na scex

i=1,2,..,n BbMncnum f(fl-, 771-)~AS,- 1 MPOCYMMMPYeM 3TM BbipaxeHna no i ot 1 4o n. B

pesyrnbTaTe Nosy4YnM UHTErParnbHY0 CyMMy

if(giani)'ASi'

i=1

Puc. 1.

n
Mpeoen uHTerpanbHOM CyMMbl Iim Zf(g‘,-,ni)-AS,-, ecrnM OH cyllecTByerT,
n—>o0 i=1
max(d,«)—)O

KOHEYEeH, He 3aBMCUT OT cnocoba pasbuenuss obnactm D Ha vactv Dy, D,,..,D, wn ot

n
BbIGOpa To4ek P(fl-, ni) B Kaxxgoun vyactn D;, HasblBaeTcst 080UHbIM UHMeepaaoM rno obnactu

D ot dyHkumm f(x, y):

NS = fim X m)-AS;.
D n—>o0 i=1
max(di)—>0

OyHkums f (x, y) Ha3blBAeTCs NpW 3TOM uHMezpupyemoli Ha obnactn D .

Teopema (docmamoyHoe ycrioeue uHmezpupyeMocmu yHKyuu)
®yHKumA f(x, y), HenpepbiBHas B 3aMKHYTOW orpaHuyeHHoii obnactu D, uHterpupyema B
aTon obnactu.
CBoncTBa 4BOMHOIo MHTerpana
Ceolicmeo siuHeliHocmu
Ecnn dyHkuun fl(x, y) n fr (x, y) WHTerpmpyembl B obnactv D, To cnpasennveo
paBeHCTBO

[[(C1£i(x p)+ Cof (x, p))dS = G [] £ (x, v)dS + Ca[[ fox, y)dS

D D D



Ceolicmeo addumueHocmu
Ecnun obnacte DD pasbusaetcsa kpueoi [ Ha OBe Henepecekawwmeca obrnactu D(l) "

D(z), N ecnu yHKUUS f(x, y) WHTEerpvpyemMa Ha Kaxxaol n3 aTux obnacTen, To cripaBeanvBo
paBeHCTBO

IDIf(x, y)dS = j({)f(x, y)ds + Uz)f(x, y)ds .

[ BOMHON MHTerpan B AeKapTOBbIX KOOpAUHaTax

MycTb obnacte [, Ha KOTOPOI ONpeAeneH ABOWMHON WHTerpan Hf(x, y)dS , sapama
D
HepaBeHCTBaMM

{ as<x<b
gix)<y<gy(x)
Paszobbem a3ty obnacte Ha uactm Dy, D,,..D, npaMbiMK, napannenbHbiMu

KoopOuHaTHbIM ocaM. bygem cumtaTh, 4TO Kaxgas M3 3TUMX MPSAMbIX MepecekaeT rpaHuly
obrnactn D He Gonee yem B AByx Toukax (puc. 2). B npotuBHoOM cnydae obnactb creayet
pa3buTb Ha HECKONbKO ObnacTen (CM. CBOMCTBO aAaUTUBHOCTK).

Mpu Takom cnocobe pasbueHns nnowaab Kakgonm YacTuyHoi obnactm D; pasHa
AS; =Ax; -Ay;, toe Ax; =x;. —x;, Ay; =y;;1 — ;. [BOWHON wHTerpan kak npegen
MHTErpanbHoM CyMMbl MOXHO 3anucaTh B Buae:

[[.£ (e »)dS = lim 3 /(& m,)- A, - Ay

D n—oo =1
d;—0

rae d; = maX{Axl-,Ayi}.

1

Yinl

i g
2N )

21(0) <

<
1l

3

O a X & X b X

Puc. 2.
WHTerpansl
b glx) b( g(x) b () b( 2(»)
[dx [fCe,y)av=]| [fl vyl ndy [flxy)de=]] [f(x, y)dx|dy
a  g(x) a\ g (x) a gv) a\ g (»)

Ha3bIBalOTCA NOBTOPHbLIMU MHTErpanamu.
[BoviHOW nHTerpan ”f(x, y) dx dy BbluMCNsieTCS CBeAEHMEM €ro K O4HOMY U3 MOBTOPHbIX
D
MHTEerparos.
MycTb obnactb D orpaHnyeHa, 3aMKHyTa 1 TakoBa, YTo niobas npsmas, napannensHas ocu
Oy , nepecekaeT rpaHuLly aToin obnactu He Bonee Yyem B AByx Toukax. Ecnu Takas obnacte D

MOXeT ObITb 3agaHa HepaBeHCTBaMu



{ a<x<b ( 3)
CM. puC.
<g,(x)’

1)<y

e
b g(x)
Hf(x v dxdy jdx {/;(x y dy
a  gi\x

A
/y y=g(x)
y=g1(x)
a4 O S
Puc. 3

Ecnu xe obnactb D MoxeT ObITb 3agaHa HepaBeHCTBaMun

{ a<y<b
(cm. puc. 4),
x<gs(y)

gi(y)<x<
TO
2()
[[.£(x, y)dxdy = Idy | f(x, y)dx
D a gly)
ylk
b
x=g1(»)
x=g2(y)
0 NN
a
Puc. 4
b g(x)
BbluMCnaTb MOBTOPHbIA MHTErparn, Hanpumep, WHTerpan Idx jf(x, y)dy, cnepyer,
a gl(x)

X
Ha4ynHaa C 4YaCTHOro UHTErpupoBaHuUA Mo y BHYTPEHHEro uHtTerpana ng-(}(x7 y)dy . Mocne
gl(x)
noACTaHOBKM npenenoB UHTerpauun nonyynTca (byHKLI,I/IFl nepemeHHon x. Ee HY>XHO
NPOMHTErpupoBaTh Mo NEPEMEHHON X B Npegenax ot a 4o b.
[BoMHOM MHTerpan B NONAPHbIX KOOpAMHaTax

MonsipHas cucteMa KoopavHaT 3agaetcsa Toukon O, HasbiBaeMoli nomnocom, u nydom O/
Ha3bIBaeMbIM NOJIAPHOM OCblo (puc. 5).



M(p,p)

Y

Puc. 5

MonoxeHue Toukm M Ha NMOCKOCTM OMPEAENsieTCs ee pPacCTosiHMEM o OT Mosnca u
yrnom ¢, obpasoBaHHbiM oTpe3kom OM c nonsipHon ocblo. Yucna p u @ HasbiBalTCH
nonspHbiMu  koopOuHamamu Toukn M, npu aTom p - nonsipHbil paduyc (p=20), @ -

MosIAPHBLIU y2or.

Puc. 6
M3 puc. 6 BMOHO, YTO NpPsSIMOYrofibHble KoopAMHaTbHl Touku M BblpaxalTcs yepes
nonsipHble no dopmynam
X=p-CoSQ
y=p-sing
2,.2_ 2
3aMeTI/IM, YTO B NONAPHbIX KOOpAUHaATax x +y —p .

Ecnm npu BblMMCNEHWM OBOMHOrO WHTerpana HeobxoouMo neperTu OT [AeKapTOBbIX
KoopaMHaT K MonapHbLIM, TO criedyeT MMeTb B BuAy, YTO €CNv B [eKapTOBbIX KOOpAMHaTaXx

dS = dxdy , To npu nepexoge k nonspHeiM koopauHatam dS = pdpde . [BoHoN nHTerpan B

NONAPHbIX KOopAuHaTax npumMmeT Bua:

[[ fx, yydxdy =[] f(pcos g, psing)pdpde
D D'

rae D' — obnactb M3MeHeHUs NossiPHbIX KoopaMHaT.

Ecnu obnacte D 3akniodeHa mexagy nyvyamm ¢ =a u @ = [, n nobon nydy ¢ =c

(x<c< ) Bxoaut B obnacte D uepe3 NWHUIO p:pl((o) M BbIXOOWUT Yepes3 NUHUI0

p=ps(p), 10

B pale)
[[.f(x,y)dxdy =[dp [ f(pcosg, psing)pdp.
D a  ple)

[ BOMHOW MHTerpan B 3/INIMNTUYECKNX KOOpAUHaTax
,D,eKapTOBbI KOOpAOuHaThl BblpaXXakoTCqA Yepe3 arumimnTn4eckme KoopagmHatbl no cbopmynaM

X=ap-cosp
y=bp-sing’
roe o - NONsIPHbINA paguyc, @ - NONSIPHbINA yron.



2

X
YpaBHeHme annunca —2+y—
a

2
5 =1 B 3NAMNTUYECKUX KoopauHaTtax WUMeeT Bua p=1
b

OnemeHT nnowaam dS B annunTUYeckux koopanHatax paseH: dS = abpdpdy .

MexaHunuyeckuin cMmbicn ABOMHOrO MHTerpana
Ecnu dyHkuns 5(x, y)Z 0 umeeT cmbicn pacnpenenieHHoW MAOTHOCTU B KaXOoW TOuke
obnactn D, To
“5(x, y)dS =m,
D
rAe M - Macca TOHKOW MMOCKOW MMacTWHbI, 3aHUMaloLei B koopauHaTHoi nnockoctn xOy
obnactb D.
FeomeTpnyecKkni cMbiCn ABOMHOIO MHTErpana
1. Ecrim 5(x, y) =1, To macca ToHKol NnacTuHbI paBHa ee nnowaaun. Moatomy
[[ds=s,
D
roe S - nnowans obnactu D.
2. Ecnu uunuuapuyeckoe Teno ¢ GOKOBOW MOBEPXHOCTbIO, napannensHon ocu Oz,
orpaHuyeHo cHu3y nnockoctblo z =0, a cBepXy NOBEPXHOCTbIO Z = f(x, y), TO ero o6bem V'
MOXHO BbIYMCIUTbL N0 hopmyne

V= ”f(x,y)dS,

rae D - obnactb, koTopyto BelpesaeT B nnockoct x(Jy GokoBasi NOBEPXHOCTb Tena.

3apava 1

a) Hantu maccy nnacTuHbl, OrpaHUYeHHON NIMHNEN
L:(xz+yz)2 =a2(x2—y2),x20,y20,
ecnm a >0, 0(x,y) =Xy - NOBEPXHOCTHASA MMOTHOCTb NAACTUHbI B TOUKE;
x2 2

. z
6) Bbluncnutb 06bEM Tena, orpaHUYEHHOro MOBEPXHOCTAMM T+_ =1, y=0, z=0

9
(z=20), y=x.

PeweHue 3apgaum 1a
2 22 2,2 2 y
YpaBHeHne (x“ +y“)" =a”(x" —y~) 3agaeT KpuBYlO, Has3blBAEMyl J1IeMHUCKATON
BepHynnu. O6nacTte D, KOTOpylo OHa orpaHnyMBaeT, nsobpaxeHa Ha puc. 7. 3aTprMxoBaHHas

yacTb cooTBeTCTBYET ycnosuo x >0, y > 0.

A

3_72_ y

4
N /

’’’’’

Puc. 7



Maccy Haigem no opmyrne m = ”5(x, y)dS = ”xy as .
D D

M3 ypaBHEHNA neMHWUCKaTbl BWAHO, 4TO uenecoo6pa3eH nepexonq K nNONApHbIM
KoopauHaTtam. B ITUX KoopAaunHaTtax ypaBHEeHne 6yﬂ,8T MMETb BUO

p= a\/cos2 Q- sin? @ =a,/cos2¢ . Torga

T V4 T
4 aycos2p 1 a+Jcos2¢ lz 4 a\/c0s2¢
fdgo Ipcoswpsm(ppdp Jcosgosmw’go J Yo, dp——fsinZ(pp— dop=
0 0 0 0 2 0 4
0
z z z
4 4 4 4 4 4
= % fsin 2(p(a1/0052(p) do = % fsin 2(pc052 2pde = —% f 2 2¢pd C052¢
0 0 0
T
4 3+, 14 4 4
= a_cos g\t _ _a_ cos® L —cos’0|=2 .
16 3 48 2 48

PeweHune 3apaum 16
[aHHoe Teno ceepxy orpaHNYeHo UMNNHAPUYECKON NOBEPXHOCTLIO, 3a4aHHOW YypaBHEHMEM

2 2
X z y
—+? =1 (puc. 8), KOTOpOEe MOXHO pPa3peLUNTb OTHOCUTENBHO NepeMeHHol z 1 3anucaTb B

BUAE Z = %\/4 —x? | TaKk Kak no ycnoeuto z > 0. MNoatomy
V= ”zdxdy =%jjv4—x2dxdy,
D D

roe obnacte D eCTb TPEYronbHWK, OrpaHNYeEHHbIA B nnockoctn Oxy npsambeiMn y=x, y=0 un
x=2.

T
N
1oy
\
|
L
|
o |
o\ /

/ / =X
Y

Pwuc. 8.

Bbluncnum nonyyYeHHbIn nHTerpan

2
V:”zdxdyzéﬂ\M—xzdxdy=§J‘dx}€\/4—x2dy:
D 2D 2O 0
2
x:%j\/4—x2 - xdx =

3

32
=—Idx 4—x? y
20

Do) 200,22 45
2\ 2)y 4 3 |y 43
2



CnpaBoYHbIN MaTepuan
TponHon uHTerpan
Mycte (- TpéxmepHas obnacTb, OrpaHWYeHHasi KYCOYHO-FMaKoW MOBEPXHOCTbI, U B
KaXKaon Touke M(x, ¥, Z)EQ onpegeneHa dyHkuma f(x, y, z). Pasobbém obnactb (2

NpPou3BONbHbLIM 0bpasom Ha 7 uvacten: Q,Q,,..,Q,. Obnactn €;,Q,,..,Q, Haszosem
aneMeHTapHbIMKU 06nacTaMu UK anemMeHTapHbIiMK Tenamu, a yepes AV, AV, ,..., AV, 6yaem
o603Ha4aTb 06beMbl anemeHTapHbIx obnacten Q,€Q,,...,Q, .

BHyTpu kaxpow anemeHTapHon obnactu ), BO3bMEM Touky M (.fi,nl-, gi)e Q;,

soravcnam f(£;, 7;, £;)AV; v cocTaBum MHTerpanbHylo cymmy if(fi, 1;,¢;)AV; . Beenem
i=1
paHr apobrennst 6 = maxd,, rae d; - onameTp anemeHTapHoii obnactn Q; .
l

Ecrm npn n—> o v npu 0 — 0 cywlectByeT KOHeYHbIi Npeaen MHTerpanbHom CyMMbl
if(fi, n;is ;’l-)-AVi , He 3aBucALWMIN OT crnocoba pasbueHns obnactu u Bbibopa Todek M, TO
i=1
OH HasblBaeTCs TPOMHLIM MHTErpanom OT yHKUMK f(x, Y, z) no obnactn Q. MNpu aTom

yHKuma (x, ¥, Z) HasblBaeTCsA MHTerpupyemoin Ha obnacTtn 2.
[lns TpoHOro nHTerpana ncnosnb3yeTcst 0603HavYeHne:

n
J.J‘jf('x’ Y, Z)dV = lim Zf(gl’ 771" é/l)AI/l '
Q }’l—)wlzl
0—0
Ecnm dyHkuma f(x, v, z) HenpepbiBHa UIMU KyCOYHO-HENpepbIBHA Ha obnactn (2, To oHa
Ha 9Tol 06nacT MHTErpupyema.
CBoncTBa TPOMHOro UHTErpana
Ceolicmeo siuHeliHocmu
Ecnun doyHkumm fl(x, ¥, z) n fr (x, ¥, z) nHTerpvpyembl B obnactn D, To

J;{.[(lel(x: v, 2)+Cy f(x, y, 2))dV =
=Cff 7lx, v, 2)aV + Cof[] falx, . 2)dV .

Ceolicmeo addumugHocmu
Ecnun obnacte ) pasbusaeTcs Ha ABe Henepecekawowwmecs obnactn Q) n Q,, n ecnm
PYyHKUMSA f(x, ¥, Z) WHTErpypyema Ha Kaxkgon us atux obnacrewn, To cnpaBeanvBo paBeHCTBO
mf(x, v, z)dV =mf(x, V, z)dV+”_ff(x, V, z)dV.
Q Q Q,
TpownHoOM MHTerpan B AeKapTOBbIX U LUITMHAPUYECKUX KOOpAMUHaTaX

Mpennonoxum, 4to obnacte MHTerpupoBaHus 2 B TPOWHOM MHTerpane m'f(x,y, z)dV
Q
orpaHuyeHa rnagkuMm MoBePXHOCTSIMW, 3adaHHbIMW B MPSIMOYTonbHOW AEKapTOBOW cucTemMe
koopamHat Oxyz .



ZA z=z,(x,y)

i
-~
‘ 4
| -
- '}“
'\\‘ib‘;—z,( x)
0 >
a’/ Yy
Z\A
_ y [ 457’7, 70
b y
x K
Puc. 9.

Mycte obnacte () oAHO3HAYHO MpoekTupyeTcs B obnacte D Ha nnockoctn xOy . Mpu
3TOM MOBEPXHOCTb, KOTOpasi orpaHMYnBaeT obnactb {2, MOXHO pa3buTb Ha [iBe NOBEPXHOCTU:
noBepxHocTb z = zy(X,)), orpaHuumBatowas <) CHU3y, W MOBEPXHOCTb Z =z, (X,)),

orpaHuuymBatoas € ceepxy (puc. 9).
CnepoBatenbHO, TPOWHOW MWHTErpan paBeH ABOWHOMY WHTErpany no MpoeKkuMu Ha
nnockoctb x(QOy obnactn €2. lMogbiHTErpanbHOW (YHKUMENH 3TOr0 OBOWHOrO WHTEerpana

ABNSAETCHA UHTErpan no NepeMeHHon z oT PyHKUMK f(x, ¥, Z) B Npeaenax: OT 3Ha4yeHus z Ha
NOBEPXHOCTU, ABMNAIOLLENCH HKHEN rpaHuuein obnactu L2, 4o 3HAYEHUs Z Ha MOBEPXHOCTH,
ABNAOLENCA BepxHen rpaHuuen Q.

25(x,y)

,”J.f(x v, z)dxdydz = _U _[f(X,y,Z) dz |ds .

D\ zi(x,y)

WHorga rpaHuubl obnactu V', T.e. NOBEPXHOCTU, KOTOPbIMWA OHAa OrpaHu4eHa CBEepXy unm
CHU3yY, 3adaHbl pasnunyHbIMKU ypaBHeHuAMWU. B atom cnyyae V' cnepgyeT pa3butb Ha ABe unu

bonee obnacten.
PaccraBnas npegenbl MHTerpaummn B ABOWHOM MHTerparne, B eKapTOBbIX UMW B NMOMAPHbLIX
KoopauHaTax, TPOWHOW UHTEerpan MOXHO CBECTM K TpexKkpaTHOMY UHTerpany Buaa:

b y(x) z(x,y)
jﬂf(x v, z)dxdydz = jdx J'dy jf(x ¥, z)dz vnm
a  y»x) z(xy)

p2(p)  z(pcose,psing) '
j [/ v, s = [ag o | fipcosp. psing, .
a  pp)  z(pcose,psing)

MocneaHun nHTerpan 3agaH B LUMMHAPUYECKUX KoopauHaTax.
WHorpa ynobHee npoektupoBaTtb obnacte V' He Ha nnockocTb xOy, a Ha gpyrue (xOz vnu

0z ) KOOPANHATHBIE MITOCKOCTU.
TponHoM uHTerpan B cpepuyeckMx KoopauHartax
Cdpepuyeckme koopauHaTbl Toukun M (r, Q, 0) (puc. 10) onpegensaT cnegyoLMM

obpasom:
7 - cchepuyeckuii paamyc, pacctosiHue oT Havana koopauHat go Touku M ;

@ - nonsipHbIN yron, yron nosopota ocu Ox po Bektopa OMy, a Touka My - npoekums

Toukm M B nnockocte xOy ;

0 - asumyTanbHbIn yron, yron nosopota ocu Oz o sektopa OM .

10
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Puc. 10

[ekapToBbl KOOPAMHATLI BbIpaxaroTcs Yepes cdhepmyeckme koopanHaTel no opmynam:
X =rcos@sind
y=rsingsinf .
z=rcosf

YpaBHeHue cgepbl X+ y2 +z2=R’® chepuyecknx koopamHaTax umeeT Bug ¥ = R .

AnemeHT o6bema dV B cihepuyecknx koopanHaTax paseH dV = 72 sin Odrdedd .

Ecnn rpaHuubl obractu wuHTerpupoBaHust ¥ ygoGHO 3agaBaTb B ChepUyeckmx
KoopauHaTax, To TPOiHOI uHTerpan npeobpasyeTtcs no gopmyrne:

[[[ £ (x, v, z)dxdydz =
14
B mf(l’COSgosin 0, rsin psin 0, r cos 6) % sinOdpdfdr
V’

rae 720, 0<@<27 n 06 <7, chepryecknin pagnyc, NONAPHLIA Yrom 1 asuMyTanbHbI
Yron COOTBETCTBEHHO.
TponHoOM uHTerpan B 0606LWeHHO-3INMNTUYECKUX KoOpAMHaTax
[ekapToBbl KOOPAMHATBI Bblpa)atoTcs Yepe3 0606LLEHHO-3NNUNTUYECKNE KOOPAUHATLI MO
dopmynam:
X = arcos@sin @
y =brsingsing .

z=crcost
x2 y2 22
YpaBHeHve annuncovga — + — + — = 1 B 0606LLUEHHO-3MMUNTUYECKNX KOOPAMHATaX
a b c

umeetsug: r =1.
OnemeHT o6bema dV B aTUx KoopauHaTax paseH dV = aber? sin Odrdedo .
FeomeTpuyeckue n MexaHu4Yeckue NPUNOXeHUs TPOMHOro MHTerpana

MycTb Macca pacnpegerneHa no NPocTpaHCTBEHHON obnactu {2 ¢ NNOTHOCTbLIO 5(x,y, z).

Macca mena
m= ”jé‘(x, v, z)dV .
Q

O6bemMm mena

v=[[f1av.

Cmamuy4yeckue MOMeHMbI
OTHOCUTENBHO KOOPAMHATHBLIX OCEN:

11



Sy =_”_Ny2 + 22 5(x, y, z)dV;Sy =HIVx2 + 22 5(x, v, z)dv
S, =”_Mx2 +y2 5(x,y, z)dv

OTHOCUTESbHO Havana KoopanHar:
S, = Hﬂxz +y2 +22 -§(x,y, Z)dS .
D

OTHOCKTENBHO KOOPAMHATHBLIX MOCKOCTEN:
XO)/ .”TZé‘ x y’ )dV S)COZ Ijjyé‘(xay: Z)dV ;
Q

S,0; = m.xé' X, ¥,z dV
Q

Koopdunamsi yenmpa mskecmu C(x,., v, z,.)

unu
1 1 1
o = L1585 3 )V v =L 8053 )V 2, =[]z 5(s. 3, 2av
) ) )
roe m = ﬂjé(x, y, z)dV -wmacca Tena.

Q

MomeHmsbI uHepyuu
OTHOCKTENBHO Havyarna KoopanHar:

I, = {J;J.(xz er2 +22)5(x, y,z)dV .

OTHOCUKTENBHO KOOPAOUHATHbIX ocen:

1

I, = _[g_[i[(x2 +y2)5(x, y,z)dV .

OTHOCKTENBHO KOOPAMHATHBLIX MOCKOCTEN:
Lioy = UIZ Sx, v, 2)dV 1o, = my S(x, y. 2)dV 1, mx 5(x, v, z)dv

3apava 2

a) Bblumcnnte obbem Tena, OrpaHN4eHHoOro rnoBEPXHOCTAMU Z = 4—x2 —y2 , Y =X

(y=2x), x=0(x20), z=0.
0) Bbluuciute o00bem Temna, OrpaHWYEHHOro  MOBEPXHOCTSIMMU X2+ y2 +z% = 1,
x2+y2 2322, z=0(z20).

PelweHune 3agaum 2a
M3 reomeTpryecKoro cMblina TpOMHOro MHTerpana cnegyet, 4YTo

v=|[jtar.

MpocTpaHcTBEHHan obnacTb, orpaHMYeHHas 3afaHHbIMU MOBEPXHOCTAMU, U300paxeHa Ha
pucyHke 11.

12



A,
4
i
IEnN| >
>
x V=
Puc. 11.
M3 aToro pucyHka sicHo, 4To obnacte () npoekTupyeTcsi Ha nnockocTe x(Oy B YacTb kpyra
x2 +y2 <4, orpaHuyenHyto npambimm X =0 1 y = x (puc. 12)
A
y
y=x
X
Puc. 12.

Obnactb Q orpaHun4yeHa CHU3Y KOOp,DMHaTHOIZ nnockocteto z=0, a CBepxy -—
2 2 o o
NOBEPXHOCTbIO napa6onov|p,a z=4-x -y . HOSTOMy TPOMHOW MHTEerpas MOXHO CBEeCTU K

criegytollemy ABOVWHOMY UHTerpany:
2

4—x2—y 4_x2 _ 2
v=([[1av = [[dxdy [dz =[[dxdyz Y ffla-x? -y Jivay
Q D 0 D 0 D
O6nacTb WHTerpupoBaHns D - uacTb kpyra. [loaTomy nepeigem K MONSAPHbLIM
KoopauHaTam:
T V4
X = pCcosQ T <X
e 0<p<2
z z z )
27 2 2 2 ; o, %
VZId¢I(4—p )Odp=jd¢j(4p_p )1’/3=J2p - dg0:4(p”:7z-_
4 z
T 0 7z 0 z 0 f
4 4 4

PeweHune 3apaum 26

2 2

YpaBHeHune x +y2 +z“ =1 onpegensieT cdepy C LEHTPOM B Hayane KoopauHaT W

€0WHWYHBIM paguycoMm. YpaBHeHue x? +y2 =372 3agaeT KOHyC € ocbio cummeTtpun Oz .
Mepengem Ans NpoCToThl AaNbHENLIMX BbIYNCNEHUIN K ChepUYECKMM KOOPAMHATaM.

2

YpaBHeHue x° + y2 +2% =1 umeet B chepuyeckmx koopamHatax sug » =1.

13



3anuwem Tenepb ypaBHEHWE KOHWYECKON MOBEPXHOCTU x2 +y2 =372

B cdepuyeckmx
KoopauHarax:

r? sin? 0(0052 o+ sin? (o)z 3r2 cos? 6,

unn sin? @ =3cos> 6, tg2¢9=3, tg@zi\/g.

moO=—,un

i 27
Pelunmm nocnegHve ypaBHEHUS OTHOCUTENbLHO asuMmMyTarnbHoro yrna 6 = ? 3

5 V4
y4YTeEM, YTO HepaBeHcTBY z >( COOTBETCTBYET NepBoe U3 3TUX ypaBHEHUN 6 = 3 (BepxHss

MonocTb KOHyca).
KoopanHaTtHas nnockoctb z=0 B cdepuyecknx

KoopauHaTax 3afjaetcs  ABYMS
nonynnockocTsamu: @ =0 npn x>0 m @ =1 npn x < 0.

Puc. 13.

Bug obnactn 2 nokasaH Ha pucyHke 13. B cdepuyeckon cucteme koopamHaT 3Ty obnacTb
MOXXHO 3a[aTb HEPaABEHCTBAMMU;

TpoKHOW nHTErpan 3anuweTcs B cheprnyecknx KoopanHaTax B BUAE:

v =|[[1av = [[[r*sin@drdpdd =
Q Q

T T 1
2z 3 1 3 3 1 1
= Idgojsin@d@jrzdr:Zﬂ (~cos ) L :27z(——+1j—:£.
0 0 0 0 3 0 2 3 3
3apava 3
a) HailTu UeHTp TAKECTW OAHOPOAHOTO Temna, OrpaHNYEHHOTO  MOBEPXHOCTAMM

x2+y2+22=4, y=0, (yZO).
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6) Hamtm MOMEHT wHepuun OLHOPOAHOIO Terla, OrPaHWYeHHOro MOBEPXHOCTAMM
x24yr4z2=1, x> +y? =22, (220) otHocuTenbHo ocn Oz .
B) Hantu cratMyeckmin MOMEHT OAHOPOLHOrO Terna, OrpaHU4YeHHOro MOBEPXHOCTLHO

x2 y2 ZZ )
e +—+— =1, oTHOCUTENBLHO KOOPAUHATHON nnockocTn xOy .

PeweHue 3agaum 3a
[NockonbKy Teno ogHOPOAHOE, TO MOXHO MOSIOXUTb MIIOTHOCTb 5(x,y,z)sl . Obnacte Q)
npegcraBnsgeT cobow nonywap ¢ pagnycom 2 U ¢ LEHTPOM B Havane KoopguHar (puc. 14).

A

\ 4

Puc. 14.

Teno siBNSeTCS OAHOPOAHLIM U CUMMETPUYHO OTHOCUTENBbHO KoopauHaTHbIX oced Ox U
Oz . Mo3aTomy LeHTp TsbxecTu Haxoantcs Haocn Oy, Te. x,. =z, =0.

Macca Tena paBHa mzj'ﬂé(x,y,z)dV:m'ldV:V - obbemy nonyLwapa.
Q Q
2 2 16
CnepoBartenbHo, m = ZaR? =223 =—7Z.
3 3 3
Torja opavHaTy LEHTpa TSKECTU MOXHO OMpedennTb 4Yepe3 TPOWHOM MHTerpan
3

_mde , B KOTOPOM yaobHO nepenTu k cdheprnyeckum KoopauHaTtam, T.e.

e T l6n

v b 2
Ve =iﬂjrsin¢sin6’ r? sinf@ded@dr,vnn y, =ij‘sin(od(p.f sin? (9d49]r3dr=

Ty _ 412 T V4
=2 (cosp)" 1820497 =2 3 1 Tag-fcos2au0 |4 =
167 0, 2 4o 3220

=0

0 32r 8

3 V4 3 3
=—| 0| |[{d=—7-4==.
32
CneposaTenbHO, LEHTP TSHXKECTU HAXOOUTCA B TOUKE C(O,%,O).

PeweHune 3apaum 36
MOMEHT MHepLuMM MPOCTPAHCTBEHHOro Tena oTHocuTenbHo ocu Oz onpeaenseTca no
dopmyne:
2 2
1, =f”(x +y )§(x, y,z)dV .
Q

15



0= 4
Yy
X
Puc. 15.
[MockonbKky Teno ogHopoaHoe, TO NIIOTHOCTb 5(x,y,z)El. O6nacTtb uHTerpupoBaHms
2

nokasaHa Ha pucyHke 15. OHa orpaHuMyeHa cdepon x +y2+22=l N  KOHMYEeCKOM

NOBEPXHOCTbIO x2 + y2 = 22 C OCbHO CMMMETPUnN Oz.

TporHoW nHTerpan B JaHHOM crniydae yaoOHO BblYMCAATbL B chepuyecKknx koopauHaTax.
Mockonbky B cdhepnyecknx koopamHaTax

2 2

X +y2 =r coszgosin26’+r2 sinzq)sinzﬁzr2 sin? 6,

TO

1, =|[[ r*sin?@r*sin@dpd0dr=|[[ r*sin® @ dpddar .
Q Q

PaccTtaensa B nocnegHem MHTEerpane npegernbl, nony4nv

2 G ; L, 3 ) S
I, = [do[sin® 0dO|r dr=27zf(l—cos 9)sin¢9d9— =
: 510
0 0 0 0
P z
4 2 1 2 1 3 4
=—2ﬂf(1—cos 0)dcos€-—=——(cos9—§cos 0 =
0 5 5 .
Z—Z?E(COS%—%COS3%—COSO+%COSO)=
N { N EAE ORI § .4 CR S 2
5(2 24 3 5026 3) 30 '

PeweHue 3apgaum 3B
Crtatuyeckuin MOMEHT OZHOPOZHOrO Tera, OTHOCUTESIbHO KoOopAMHaTHOW nrockoctn xOy
onpegensieTcs no gopmyne

Syoy = J;.L.[z 5(x, V, Z)dV = J;J;.[Z ar.

2 2 2
. z .
nOCKOHbe rpaHunuen Tena dABndAeTcAa annuncoung T + y— +—=1, 170 B TPONHOM

9
WHTerpane cnegyet nepenTn kK 0606LWEeHHO annMNTUYECKUM KOOPAMHATaM.
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Seoy = J[[2rcos@-2-3-2- 17 sin O dgd dr =
Q

2r 7 1 T 7"4 1
=24 [do[sin@cosOdO[rdr = 487 [sin@d(sin@)—| =0.
0 0 0 0 410

CnpaBo4HbIN MaTepuan
KpuBonuHenHbIN MHTerpan nepBoro poga
MycTb yHKUMSA f(x, ¥, z) onpeaeneHa B KaxaoW Touke rragkon kpusoii [ . Pa3obbém
yyacTok kpusoi [ oT Toukn A [o Toukm B npoussonbHbIM 06pasom Ha 71 YacTemn (TouYkamu
A=My, M, M»,.M;,M;,...,M, =B.
O6o3Haunm vepes Al; anvHy ayrm M ;M ;.. Ha kaxaoi ayre Bo3bMEM NpOU3BOMbHYIO

TOUKY Pl-(fl-, n;is §i)e M;M;,;, BblMACIUM f(fi, n; é’l) Al; n cocTaBUM WHTerpanbHyo
cymmy

n—1
Zf(égiaﬂiagi)‘Ali-
i=0

Mpepen uHTerpanbHOM Cymmbl Npu 77 —> o0 1 npu max A/, — 0, ecnu oH cyulecTsyeT,
i

KOHEYeH, He 3aBUCUT OT cnocoba D,pOGJ'IeHVIﬂ ayrmn AB v ot Bbl60pa TO4eK B, Ha3blBae€TCA

KpusonuHeliHbiM uHmezpanom 1 poda no kpwsoit [ ot Toukm A pgo Toukm B. [Ons
KPVBOMNMHENHOro MHTerpana ucnonb3yeTcs 0603HayYeHne:

n-1
.[f(x>y’ Z)dl: lim Zf(égl’ s é/l)All
U i=0

n—>0
4B max Al —0
i
OyHkumnsa f (x, ¥, Z) Ha3bIBaETCA NPW ATOM UHMezpupyemoli Ha ydacTtke AB kpusoii [ .
Ecnu dyHKumA f(x, v, z) HenpepbIBHA UMW KYyCOYHO-HeNpepbIBHa Ha yyacTke AB kpuBol
[ , To oHa Ha 3TOM y4acTKe KPUBOII MHTErpupyema.

CBoncTBa KpMBONIMHEMHOro nHterpana 1 poga
1. KpuBonuHenHbIn nHTerpan 1 poga He 3aBUCUT OT HanpasneHns NyTM MHTErpupoBaHuns:

[ ey, 2)dl = [ f(x, y, 2)dl.
AB BA

2. Ceolicmeo addumuesHocmu
Ecrnu kpusasi AB pasbuta Ha yactn AC n CB, T0:

_[f(x, y, z)dl = If(x, ¥, z)dl + If(x, ¥, z)dl.
AB AC BC
3. Ceolicmeo suHeliHocmu
Ecnm dyHKLMK f(x, v, z) " g(x, V, z) nHTerpupyembl Ha kpueon [, a C; n C, -
MOCTOSIHHbIE, TO

J.(Cl -f(x, ¥, Z)+ C, -g(x, ¥, Z))dl = Cljf(x, ¥, Z)dZ+C2jg(x, v, Z)dl.
/ l /

17



FeomeTpuquKMe n MexaHun4eckKkume npunoxeHums KpMBOﬂMHeﬁHOFO UHTerpana

1 popa
HAnuna dyau AB
/= J dl.
AB

Macca dyau AB
Ecrn 5()6, Vs Z) - NIOTHOCTb B KaXXO0W TOYKE, TO
m= jé‘(x, y, z )l .
AUB

Cmamuvyeckue momeHmsl Oyau AB
CTaTnyeckuii MOMEHT OTHOCUTESIBHO Havara KoopauHarT:

Sy = _[5(x, ¥, Z)\Ixz +y2 +22dl .

AB
CTaTtmyeckme MOMEHTblI OTHOCUTENBHO KOOpAUHATHbIX ocen:

S, = _[§(x, y,zh/y2 +z2dl,

AB

Sy = _[5(x, y,sz2 +2%dl .
AUB

S, = j§(x,y,sz2 +y2dl.
AUB

Crtatnyeckmne MOMEHTbI OTHOCUTENBHO KOOPAUHATHbIX MNOCKOCTEN:
Seop = [6(x, v, 2)zdl,
()

AB

Sx0z = {5(36, v, z)ydl,
AB

Syo: = Iﬁ(x, y, z)xdl .
AUB

Koopdunambi yenmpa msixkecmu dyau AB
_[ x8(x; y;2)dl

x,= 4B ;
m
[yo(x;y;z)al
Y= = ;
m
[z0(x; y; 2)dl
z,= 4B ,
m

roe m - Mmacca ayru.

Momenmbi uvepyuu dyau AB
MOMEHT MHepLMM OTHOCUTENLHO HaYana KoopauHar:

18



Iy = jé‘(x, v, Z)(x2 +y2 +Z2)dl.
v
AB
MOMEHTbI MHEPLIMM OTHOCUTESIBHO KOOPAMHATHBIX OCEN:

I, = j§(x, v, z)(y2 +zz)dl,

AB

Iy = Ié(x, V, z)(x2 +zz)dl,
AUB

I, = _[5()(, Y, Z)(x2 +y2)dl :
AB

MOMEHTbI MHEPLMN OTHOCUTENBHO KOOPAUHATHBLIX NMIIOCKOCTEMN:

Loy = [6(x, y,2)z"dl,

AB

Lo = [8(v.v.2)y" dl,
AB

1o, = I5(x, v, Z)x2 dl.
AB

BbluMcneHue KpuBONIMHENHOro nHTerpana 1 poaa

1. IpocmpaHcmeeHHas Kpueasi, 3adaHHasi napaMempu4ecKuUMU ypasHeHusiMu
MycTb NpocTpaHCTBEeHHas kpueasi [ 3agaHa napameTpudecKUMmn ypaBHEeHUSMU:

x=x(t); y=ylt); z==(t),
W y4acTKy KpuBom oT Touku A [0 Touku B COOTBETCTBYET HepaBeHCTBO: £ <t <1;.

KpnBONUHENHbIM MHTErpan CBOAMTCS K ONpeaeneHHOMY MHTerpany no oTpesky [tl, tz]:

lf(xa v, z)dl = [fzf(x(f), (), Z(t))\/(x} P+ ) +(z) ) dr.

AB

2. nockas Kpueasi, 3a0aHHas napamMempu4yeckumMu ypasHeHUsIMu
KpVBONMHENHBLIA MO MIIOCKOA KpMBOW [, 3a4aHHONW NapaMeTpUYeckUMi ypaBHEHUSIMU
X = x(t); y= y(t) npu t; <t <t,, CBOANTCA K ONpeAeneHHOMY nHTerpany no dopmyne:

)
[ o)l = [ ey y @O WP + (v ) ar.
/

b

3. Mnockas kpueas, 3a0aHHasi ypaeHeHUeM ) = y(x)

ﬂpM TAaKoOM 3aaHunmn KleBOl?l yﬂ,06H0 cynTaTtb napamMmeTpom ﬂepeMeHHyl'O X, 3anucbiBasa
ypaBHeHVIFI KleBOl;l B BUge
{x =X
y=y(x)

Ecrm Ha pyre a<x<b, 1O dopmyna cBedeHUs KPWUBOMMHEMHOro uHTerpana K
onpeneneHHomMy uHterpany npumeT BuA:
b

[ £ Gey)dl = [ e yW1+ (v ) dx .
!

a
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4. MMnockas kpueasi, 3a0aHHas1 8 NoJIsIPHbIX KOOPOUHamax
Ecnu kpuBasi 3agaHa B NonsipHbIX KOOpAMHATax, TO B KAYeCTBe napameTpa criefyeT B3siTb
NOMAPHbLIA yron @ .

MycTb KpvBasi 3afjaHa MONSAPHbIM  YpaBHEHUWEM P = p(go), e @ <@<@,.
KpuBONMHENHbIN MHTErpan cBefeTcs K onpeAeneHHOMY UHTerpany crefyroLlero Buaa:

[ £, y)dl = (pf F(p(@)cos g, plp)sino) p2(0)+ (o}, Pdo.

3apava 4
x =3cost
a) BbluncnnTb ANVHY OAHOMO BUTKA BUHTOBOW NMUHWUKM § = 3sint .
z=t
6) Hantu cratuyeckmini MOMEHT oTHocuTenbHo ocu Oy opHopoAHoW Ayru napabonb

y= x? oTee BEPLUNHBI 10 TOYKU A(l, l).
B) HalTM MOMEHT uWHepuMM OTHOCUTENbHO Hayana KoOpAMHAT AyrM NEeMHUCKaTh

L: (x2 erz)2 = az(x2 —yz) npum x >0, y > 0, ecnu ee NNOTHOCTb §(x, y) = ﬂxz +y2 .
PeweHue 3agauu 4a
OpHoMy BUTKY nMuHWMKM cooTBeTcTBYeT HepaBeHcTBo 0 <7 <27 . MpoanddepeHumnpyem
x'=-3sint
napameTpuyecknue ypaBHeHWs KpuBoi < ¥ ' =3C0Sf UM BbIMUCIMM AMUHY OAHOTO BWTKA
z'=1

BUHTOBOW JIMHWUM Yepe3 KPUBOSTMHENHbIA MHTErpan

2z 27
lzjdlzf \/9cos2t+9sin2t+1dt=\/ﬁJ.dt=2\/ﬁ7r.
[ 0 0

PeweHue 3apaum 46
CraTtuyeckuii MOMEHT oTHocuTeNbHO ocu Oy Haigem no dopmyne
S, = j5(x, y)xdl .
U
AB
Mockorbky Ayra ogHOPOAHast, TO MOTHOCTb O (x, y) =1.

a0
1 311
e o) o4 )

PewweHune 3apaum 4B
MOMEHT nHepumMm OTHOCUTENBHO Havyana koopauHaT 6yaem nckatb no opmyne

Iy = jé’(x, y)(x2 +y2)dl = ‘sz +y2 (xz +y2)dl = j\/(xz +y2 dl.
AUB AUB AUB
(2 2\2 2,2 2
Nemuuckaty  L:(x"+y°) =a”(x"—y7) 3a4agMM  MONSIPHbIM  ypaBHEHUEM

P =a4/cos2¢ ,npuatom 0 < @ <

T

4
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sin2¢

\/cos2¢p

.2
p2(¢))+(p(’p)2 =\/ 2cosZgoJra2 Sin"2¢ ___a

cos2¢ A/COS2¢ .

Tak KaK p = a,/cos2¢p , 10 pg, =—a , U, cnepoBaTenbHo,

T

7 4

T T
n n 4 4 r
Iy = 3 Ld = N 2 Ld —a* 2pd =2 g 20| 4 =a—.
0 E')‘ID (@) COS2(p (] i(a COS @)3 Coszga 0] a E')‘COS wap 5 Sin @0

2
CnpaBo4HbIN MaTepuan
NMoBepXHOCTHbLIM UHTErpan NepBoro poaa
[MycTe Ha rnagkon MOBEpPXHOCTM G 3ajaHa yHKUUS f(x;y;z). Pasobuém o
NPOM3BONbHLIM 06pa3oM Ha 71 3fieMeHTapHbIX 4YacTel oy, 0y,..., O, , NNOWaaN KOTOPbIX
paBubl  AS|, AS,,...,AS,. B kaxgoh 4acTM  BO3bMEM  MPOM3BOMbHYHD  TOYKY
Mi(fi,ni,g’i)eai, BbIYMCIIUM f(é’i,ni,é'i)-ASi M COCTaBUM WHTErpanbHylo CymMmy

if(é:i: nis é/i)ASi :
i=1

Ecnu cywiecTByeT KOHEYHbIA NPeaAen MHTerpanbHoOW CyMMbl MPU 77 —> 00 U NPU CTAMMBaHNUM
Havbomblien o; B TOYKY, U ecnu 3TOT npeden He 3aBUCUT HM OT crnocoba ApobneHus

NMOBEPXHOCTU O , HN OT Bbl60pa TOYekK Mi7 TO OH Ha3bIBAE€TCA MOBEPXHOCMHbLIM UHMezpariom

I poda ot dpyHkUMM [ (x; y;z) Nno NOBEpPXHOCTM G M 0D03HaYaeTcs

”f(x, V, z)dO'.

(DyHKLI,VIFl f(x;y;z) Ha3blBaeTcAa npu 3ToMm VIHTeI'pVIpyeMOVI Ha NOBEPXHOCTUN O .
Ecnun (byHKLI,VIS'-I f(x;y;z) HenpepbiBHa Ha NOBEepPXHOCTU G, TO OHa Ha aTomn NOBEPXHOCTU
UHTerpupyema.
CBoncTBa NOBEPXHOCTHOro uHTerpana 1 poga
1. Ceolicmeo nuHeliHocmu

Ecnmn dyHKLuM fl(x, v, Z) n fr (x, v, Z) MHTErpupyeMbl Ha NOBEPXHOCTU O , TO
”(lel(x’ Vs Z)+ CZf(x’ Y, Z))dO' = Cl”fl(xﬂ Y Z)d0+ C2jjf2(x5 Y, Z)dG.
o

(o2 o
2. Ceolicmeo addumusHocmu

Ecnun obnacte o pasbusaeTtca Ha [Be HenepeceKaloLmecs NOBEPXHOCTU O] U Gy, U ecnu

byHKUMS f(x, ¥, Z) WHTerpmpyema Ha Kaxkaomn U3 aTux obnacren, To

[[/(x, p.2)do = [[ flx, y, 2)do +[[ f(x, v, 2)do .
o (o] o)
BbluMcneHre NOBepXHOCTHOrO MHTerpana 1 poaa.

MycTb NOBEPXHOCTb O OOHO3HAYHO TPOEKTUPYETCS Ha KaKyh-nnbo KOoOpAUHATHYHO
MrocKocTb, Hanpumep, Ha Oxy , B obnacte D .

Toraa NOBEPXHOCTHBLIM MHTErpan nepBOro poda CBOAWUTCS K ABOWHOMY WHTerpany no
dopmyne

faff(x, y,z)-do = Qf(x,y,z(x,y)) 1+(%)2 +(Z—;j2dxdy

mnnm
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[[1(x.y,2)-do = IDIf(x,y,Z(x,y))\/l (2% + (2, Paxay,

roe z = Z(x, y) - YpaBHEHWe MOBEpPXHOCTU ¢, obnactb DD — ee MPOEKUMS B KOOPAUHATHYHO
nnockoctb xOy .

Ecnu NOBEPXHOCTb O 3adaHa HeABHbIM ypaBHEHMEM F(X, ¥, Z ): 0 , TO

2 2
)
Ox oy oz
OF
0z

Ecnn noBepxHOCTb G, MO KOTOpPOW BedeTcs MHTerpupoBaHue, yoobHO npoekTMpoBaTtb B
nnockoctb xOz wnu yQOz, cnpaBeanvBbl aHanornyHble opMyrbi:

1 £y 2)-dor=J] £l 2D 2W 1+ (04, + (01 vz,

D

[[fx.y.2)do = [[ f(x,y.2(x, ) xdy,

roe yzy(x, z) - ypaBHEHWE MOBEPXHOCTU G, obnactb DD — ee Mpoekuusi B KOOPAUHATHYIO
nnockoctb xOz ;

[/, y,2)-do= IDIf(x(y,Z),y,z)Jl P+ (L P vz,

roe x:x(y, z) - ypaBHEHWE MOBEPXHOCTU G, obnacte DD — ee MpoeKkuus B KOOPAMHATHYHO

nnockoctb yOz.

FeomeTpuyecknini U MexaHU4eCckui CMbICIT MOBEPXHOCTHOroO MHTerpana 1
poaa

lMnowadsb y4acmkKa noeepxHocmu
S=|[1-do.
o

MNycTb yHKUMS 5(x; y;z) > 0 npepncrtaenseT cobow pacripeaeneHHyto no rnoBepxHocTn o
NNOTHOCTb.

Macca y4dacmkKa noeepxHocmu

mzﬂf(x, ¥, Z)-dG

(o2

CmamuyecKue MOMeHMbI y4acmkKa noeepxHocmu O
CTtaTnyeckmin MOMEHT OTHOCUTENbHO Havana KoopAauHat:

Sy = J‘J‘é'(x, V, Z)\/x2 +y2 +z%do .
o

CraTtnyeckme MOMEHTblI OTHOCUTENBHO KOOPAUHATHbIX ocen:

S, Z_Ué'(x, v, zWy? +z%do;
o
Sy =U§(x, V, sz2 +22d0';

o
S, :Jf5(x, y,zMx2 +y2da.
o

CTaTuyecKne MOMEHTbI OTHOCUTENbHO KOOPAMHATHBIX MIIOCKOCTEi:
Sxoy = H5(x, v, z)zda ;

o
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S0- = ”5()6, y, Z)yda;

(o2

Sy0: = ”é‘(x, v, Z)de'.

o

KoopduHambi yeHmpa msixecmu C (xc, Ves Zg ) noeepxHocmu G

_”5()6, v, z)xdo

x.=< ;
m
”é'(x, V, z)ydO'
Ye= z ;
m
_Hé'(x, y, z)zdo
z,=Z ,
m

rge m - Mmacca noBepxHOCTU o,

MomeHmbI uHepyuu nogepxHocmu G
MOMEHT MHepLUUN OTHOCUTENBHO Havana KoopauHarT:

1y z.[_[é'(x, v, Z)(x2 +y2 +22)1’c7;

MoMeHTbI MHepumm OTHOCUTESTbHO KOOPAMHATHbIX ocen:

I, = jf5(x, Vs Z)(y2 +zz)r/a;
I, = ”é'(x, v, z)(x2 +22)i0';

2 2
I, = J‘J‘é'(x, v, Z)(x +y )2’(7.
o
MOMEHTbI MHEPLMM OTHOCUTENBHO KOOPAMHATHBIX MIOCKOCTEMN:

Loy = ”5()6, v, z)zde';
o

Ivo; = II§(xa Vs Z)yzdo';

[ea

2
IyOz zjj5(x, ¥, Z)x do.
o
3apava 5
a) Bbluucnute MOMEHT nHepumnm OTHOCUTEIIbHO OCHU Oy OoAHOPOAOHOIo  y4acTtka

NOBEPXHOCTH x? + 22 =y2 npm 0< y<4.

2 2

6) BbluncnnTb nnowagb y4actka cdepbl x“ + y2 + z“ =2, Bblpe3aHHoro napabononaom

X2+ y2 =z.
PeweHue 3apgauum 5a

MomeHT nHepumMnm  OQHOPOOHOINo0 Yy4dacTka TMOBEPXHOCTU G OTHOCUTESIbHO OCU Oy
BbIHUCIIAETCA NO cpopmyne

I, Z_Ué'(x,y,z)(xz +22)d0'=”(x2 +22)d0.

o o
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YyacTok NoBepxXHOCTU x2 + 22 =y2 npu 0 <y <4 nokasaH Ha puc. 16. JTOT y4yacTok
yAo6HO NpoekTMpoBaTh B nnockocTb xOz .

z A

Puc. 16.

3anucbiBas ypaBHeHNe NOBEPXHOCTN G B BUOE Y = x2 + 22 N BblHUCINAA NpOn3BOAHbIE

, 2x X w 2z z
yx: = yZ: = ,
2\/x2+z2 \/szrz2 2\/x2+22 \/x2+z2
nony4nm
2 2
2 2 X X
1, = (x +z ) 1+ + dxdz =
Y g 2, 2 [2 . 2
x“+z x“+z

2

2
=Dj(x2+zz)\/1+ zx >+ 2x S-dxdz =

x“+z x“+z
2 2
= ”(xz +22)‘f%dxdz = J'J'(x2 +zz)\/5dxdz.
D X +z D

Obnactbio uHTerpupoBaHua D saBnsetcsa Kpyr. [Moatomy ygobHO nepentu K nonsipHbIM
KoopauHaTam

Z=p-CcosQ
x=p-sing

2 2 4 2
1, =2[[ p* pdodp =2 [do[ p*dp = 2ﬁzz%‘0 =827.
D 0 0

PelueHue 3apgaum 56
|_|J'IOLLLa,EI,b y‘-IaCTKa I'IOBerHOCTI/I O BblHUcngdeTcd qepes I'IOBGpXHOCTHbII?I VIHTeraJ'I nepBoro
poga no cdopmyne
S = j j ldo .
o

x2+y2+22=2

x2+yt=z

B cucreme noacrtaBmMm xz +y2 =Z B NnepBoe YypaBHEHUE. Torpa

2
nonyynm ypaeHeHvne z~ + z —2 =0, u3 kotoporo crnegyeT, 4to z =—2 u z =1. MNMockornbky Ha

napabonovge z >0, To NUHUSA nepeceyeHns cdepbl x2+y2+z2 =2 wun napabonovga

x2 + yZ =z NexXuT B nnockoctn z =1.
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Puc. 17

YT100bl NOMYyYUTb ypaBHEHWE MWHWM MepeceyveHus 3adaHHbIX NOBEPXHOCTEN, NMOACTaBUM
z =1 B ypaBHeHue x? +y2 =z . Monyunm ypaBHeHue okpyxHocT X~ + y~ =1 (puc. 17).

CnepoBarerbHo, NOBEPXHOCTb O MNPOEKTUPyeTCA B MIIOCKOCTb XOy Ha Kpyr ¢ UEeHTpOM B

Havyare KoopauHaT U ¢ paguycom 1.
Mnowagb yyactka cdpepbl, Bblpe3aHHOro napabonongom, MOXHO 3anucatb B BuAe

[OBOVHOro MHTEerpana

S = jwn (=1, P ey

Pewwunm ypaBHEHNe X2 + y2 + 22 =2 OTHOCMUTENbLHO Z:

:\12—x2—y2 , 22>

Bblumncnvm npon3soAHble:

_x '
—_— 7 .
/2—x2—y2 2 x2 )2
Monyynm
2 2
S =[] |14] ——= T P— dxdy =
D 2—)62—y2 2—x2—y2

dxdy.

2 2
=”J“ A G .
D 2-x" -y 2-x"-y D\2—x y DA2—x" -y
B aBoiiHom mHTerpane no obnactu D (puc. 17) nepeitaem K NonsipHbIM KoopauHaTaMm.

Monyynm

S = fj})jmpd(pdp I£d¢£ﬁp_

_ _\/Ezf[dq,}ﬂz__pz) =2 2742 - p?

= 22 2a{1-+2)= 4272 -1).

1
0
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CnpaBoYHbIN MaTepuan
CkansipHoe none

CkansipHbiM rosiemM HasbiBalT obnacte D, B Kaxaow TOYKe KOTOpOW 3ajaHa (PyHKUUS
u= u(x;y;z) n camy pyHKUMIO U = u(x;y;z).

MHoxecTBO Tovek obrnactn D, B KOTOPbIX CKansipHoe nore u(x; y;z) nmeeT NOCTOSHHOE
sHaueHne C', Ha3bIBAETCS M0BEPXHOCMbIO YPOBHS. YPaBHEHWE MOBEPXHOCTU YPOBHS UMeeT
BUA:

ulx; y;2)=C,

Ecnun obnacte D - MHOXECTBO TOYEK MIOCKOCTU, TO CKansipHoe rorne sBNSeTCs NIOCKAM.
OHo 3agaetca OyHKUMEN OBYX NMEPEMEHHbIX iU =u(x;y). [ns nnockoro nons onpegeneHbl
NVHUM YPOBHS, 3afaHHble YpaBHEHUAMU u(x;y) =C,rpe C =const.

padueHm ckanspHoro nons u(x; y;z) - 3TO BEKTOp, KoopauHaTaMu KOTOPOro ABMASKTCA

YacTHbIE NPOM3BOAHLIE MONSA MO NEPEMEHHBIM X, ¥, Z :
Ou- Ou- Ous
gradu=—i+—j+—k.
ox Oy 0z
1. 'pagneHT nokasbiBaeT HanpaBneHne HambosnbLUEro Bo3pacTaHus Nomns B AAHHOW TOYKeE.
2. Moaynb rpagneHTa paBeH HanborbLUen CKOPOCTU BO3pacTaHWs Nons B AaHHOW TOYKe.
3. 'pagneHT HanpaBneH No Hopmanu K NOBEPXHOCTM YPOBHS, MpoxXodsLlen Yyepes AaHHYIo
TOUKY.
Myctb B o6nactu D TpexmepHOro npocTpaHCcTBa 3agaHbl ckanspHoe none U (x; y;z) n

€OVHUYHBbIA  BEKTOp, COCTaBMSIOWMA C  KoOpAMHaTHbIMM — ocsmu  ymbl o, 5,7,

[ = {cos a;cos f3;cos 7} C Ha4yarnom B TOYKe M(x;y;z).

PaccmoTpum Touky M (x +Ax; y+Ay; z+ AZ) Takyto, 4To BekTop MM coHanpaBneH ¢

BEKTOPOM [ . Ero gnvna Al = \/sz +Ay2 +AZ% .

Mpu nepexoge Toukn M B Touky M| B HanpaBneHun BekTopa [ ckanspHoe none
u= u(x; y;z) nonyunT npupatleHme
Au :u(x+Ax; y+Ay; z+Az)—u(x; Vs z).
Mpenen Allimoi—b;, €CIN OH CYLLIECTBYET M KOHEYEH, Ha3bIBAETCS MPOU3BOOHOU CKasspHO20
—

10715 B TO4YKEe M(X,y,Z) Nno HanpaBJ1eHUto l. Ons I'IpOl/I3BOﬂ,HOI7I Nno HanpaBJIEHUIO NCNOJb3YHT

ou
ob6o3Ha4yeHne 5 T.€.

ou . Au
—= lim —.
ol Al—-0 Al
MpousBofHas ckansipHOro mons u = u(x; Vs z) B TOYKE M(x;y; z) o HanpasneHunio [
BbluMCnsieTca no popmyne

ou O 0 0

s =—u(M)cosa +—u(M)cosﬂ +—u(M)cos;/,

ol ox oy 0z

rae cosa, cos 3, cosy - HanpaBnsiowme KOCUHYCbl BekTopa [ .
u
MpousBogHasi Mo HanpaBreHWo 3 paBHa CKOPOCTU WM3MEHEHUsi Mons B HanpaereHun

BekTopa [ .
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ou - ou
Ecrm a—l>0, TO Morne Bo3pacTaeT B HanpasreHun Bektopa [ , a ecnu 5< 0, To none B

9TOM HanpaBJ1ieHUn y6bIBaeT.

ou
MpousBoaHas CKanspHoro nons = B TOYKe M(x;y;z) No HanpasneHnio [ MOXHO

BbIYUCIUTb W Yepes rpagneHT 3TOro Nosisi Mo oopmyrie

a——legradu( M)= (gradz‘l‘ )Z)

ol
3apaya 6

a) Haiitn npowssogHyto ckansipHoro nons u(x,y,z) = 4x2 +y2 —z? —3Xxyz B TOYKe
M (1;1;1) no HanpaBneHuo HopManu K NoBepxHocTH S : 2x% + y2 —22% =1 B 310/ TouKe.

0) Hawtu HanpaBneHwe HauCKOpeWLIero BO3pacTaHWs MONs u = \/E+ zy2 B TOYKe
M(2; 2; 1) N HambonbLUY0 CKOPOCTb BO3pacTaHMs B 3TON TOYKeE.

PeweHue 3apgauum 6a
MoBepxHocTb S, npoxopswyto 4yepe3d Touky M(1;1;1), mMoxHO paccmaTpuBaTb Kak

NOBEPXHOCTb YPOBHS CKansipHOro nons S(x, V, Z)z 2x2 +y2 ~2z%2 ~1. Mo HOpManu K Hei
HanpasneH grad S = {4x, 2y, — 42}, BbIYUCIIEHHbIV B TOYke M |, T.e. BEKTOP
grad S(M )= {4,2, - 4}.
Bbluvcnum rpagueHT nons u(x, y,z) B Touke M (1;1;1) . Monyunm
grad u = {8x —3yz,2y —3xz,- 2z — 3xy},
grad u(M)=1{5,-1,-5}.

ou -
Jns npoussogHon 6_ cKanspHoro norns u(x, v, z) no HopManm n:gradS(M) K
n

noBepxHocTn S ncnonb3yem opmyny
ou (gradu(M), gradS(M))  4-5-2-1+4-5
on |gradS(M1 \/42 122 4 (—4)

20-2+20 38 19

" Jl6+4+16 6 3

PeweHune 3anaum 66
HanpaBneHne HauckopewnLwero Bo3pacTaHusa nons B JaHHOW TOYKe NoKasbiBaeT rpagueHT,

BblYMCNEHHbIN B 3TOW TOYKE.
graduz Q7 g G Ay [N N
ox \/_

oy Oz 2\/—
1- (1 ) - 1+ 9. -
rad ulM )=—i +|—+4|j+4k =—i +—j+4k.
grad u(M) =i (2 JJ Ry

= Hpjgrad u(M) =

Hanbonblas ckopocTb Bo3pacTaHusi NMond B OaHHOW TOYKEe paBHa MOAYNIO rpagaueHTa,
BbIYMCIIEHHOIO B 3TOM TOUYKe.

Viane. = |gradu ‘/—+ﬁ+16 ‘/
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CnpaBoYHbIN MaTepuan
BekTtopHoe none
Ecnn B kaxgon Touke M € D 3apaH BekTop d = 5(M), TO roBOpAT, 4YTO B obnactn D

3a[laHO 8eKMOpHoe rorne d .
Ecnu B npocTpaHcTBe BBEAEHa NPSIMOYrofibHas AeKkapToBa cucTeMa KoopauHart, To

a(M)=a,(x;y;z)i + a, (x;v:2)j +a, (x;y;z)lg -
BEKTOP-PyHKLMS! MEPEMEHHBIX X, V, Z, SIBRSIOLMXCS koopauHatamu toukn M (x, v, z). Mpu

3ToM npeanonaraetcs, uto dyHkumn  a,(x, y, z), a, (x,y,2) n a,(x,y,2) umeior

HenpepbIBHbIE YaCTHbIE NPOU3BOAHbIE MO BCEM NEPEMEHHbIM.
Paboma A BekTopHOro nons

i=a,(x,y, z)f+ay(x, y,z)j+a,(x, y. Z)E

BOonb nuHumM L oT Toukm M pgo Toukm N HaxogouTcsl Kak KpueosuHelHbll uHmeeparn

)
emopozo poda no gyre MN «kpvieoi L :

A= f(Zi, dr) = Jax(x, y, z)dx + ay(x, y, z)dy+a,(x, y, z)dz .
) v
MN MN
PaboTta no 3amMkHyTOW KpuBOW [ HasblBaeTCA LUMPKYNAUMEN BEKTOPHOro nonst d W

o6o3HavaeTca C = §(5, d?).
/

CBoncTBa KPMBONIMHEMHOrO MHTErpana BTOporo poaa
1. [Npy M3mMeHeHUn HanpasneHns MHTErPUPOBaHNSA UHTErpan MEeHAET CBOM 3HaK:

[(a, df):—i(a, dr).

)

AB BA
2. [1na umMpKynaumMmM No 3aMKHYTOW KpMBOW BbIOOP TOYKM Havana obxoaa 6e3pasnuyeH.
MonoxuTenbHblM  HanpaBneHvem obxoga cyuMTaeTcd TO, MpPW  KOTOPOM 06GnacThb,
OrpaHuYeHHas 3TON KPMBOWM OCTaETCA criesa.
OctanbHble CBOMCTBA KPMBOMMHENHOIO UHTErpana BTOPOro poga MMeT Takow xe BUA, Kak
¥ AN KPUBOSNIMHEMHOTO MHTErpana nepeoro poaa.

Ecnun BekTopHoe none a =a, (x, y)i +a, (x, y)j MrocKoe, TO KPUBONUHENHBIN UHTerpan

BTOPOro pofa BAOSb KpMBoW L , pacrnonoxeHHol B koopanHaTHon nnockoctn x(Oy , umeeT BUA

]J:(Zz, dr)z {ax(x, y)dx+ay(x, y)dy.

Ecnu kpuBass L 3agaHa napameTpu4ecKUMi YpaBHEHUSMU: X = x(t); y= y(t); z= z(t),
N PyHKUMKM X = x(t); y= y(t); z= z(t) - auddepeHUMpyemMbl, MPUYEM HavanbHon Touke M

COOTBETCTBYET 3Ha4YeHWe napameTpa f|, a KoHeuHol Touke N - 3HayeHve napameTpa [, , TO

t
16, d7)= Tl () (0 A7)+, () (0 A0+ + 0, ) ol )0
MN i
3apaua 7
a) BbluncnuTe paGoTy BeKTOpHOrO nonsi @ = yi +xj +(x— y)k BAoOMb oTpeska npsMoi
MN , ecrm M(1;1;1), N(2;4;5).

6) BbluncnuTe paboTy BEKTOPHOIO Nonst a = (xz + y)f +2Xy ] BAOMb NMHUM
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—x? <x<
L:y=1 x“, O_x_y
0, 1<x<2

PeweHue 3agaum 7a
A= J(d, dr)= .[ydx+xdy+(x—y)dz.
MN MN
YpaBHeHue npsimont MN 3anuiiem B napameTpuyeckoM BUAE:

x=t+1
y=3t+1
z=4t+1

M BBIYMCTIAM MPOM3BOAHbIE OT dyHKuMin X = x(¢); ¥ = y(t); z=z(t):

x'=1
y'=3.
z'=4

Mpepenbl MHTErpMpoBaHusa AN NepemMeHHon ¢ onpeaenuM, yuuTbiBasi, YTO Npu nepexoae

x=1=1t=0
oT Toukn M Kk Touke N DyHKUMS X = x(t) meHsetca ot 1 go 2. Torga )
x=2=t=1
CnepoBartenkHo,
A= Jydx+xdy+(x—y)dz =
MN

[(3t+1)- 1+ (¢ +1)-3+(r+1-3t—1)-4]dr = }(—2z+4)dr :(—tz +4t)

1

=3.
0

[ Y ———

PeweHune 3apaumn 76

KpuBasi L coctouT n3 OByx 4acTeir, No3TOMy BOCMOSb3yeMCs CBOWCTBOM agOUTUBHOCTMW.
Taknm obpasom,

A=[(a,dr)=[(a,dr)+ [(a@, dr)=4 + 4,
L I L
e Ly:y=1-x2, 0<x<1,L,:y=0, 1<x<2.

Ay = j(a, a’r)z f(xz + yx + 2xydy .
I I

Tak kak y:I—xz,To dy = -2xdx .

Monyyaem
4 = I(&, dr)= Jll(xz +(1—x2))dx+2x(l—xzx— 2x)dx = 'lf(1—4x2 +4x4)dx =
fl 0 0

:(x—ix3+ix5j =—.
3 5 o 15
Ay = _[(El, dr): j(x2+y x + 2xydy .

U )

L, L,

Takkak y=0,T0 dy =0.
Monyyaem
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2 3

8 1 7
Ay = [(@, dr)=[{x*>+0 =2 =2_-=-"
2 i( ){( 3| 3 3 3

L, 1
OkoH4aTenbHO,
A:A1+A2:l+Z:E.
15 3 5

CnpaBo4HbIN MaTepuan
NMoToK BeKTOpHOro nons
Mycte D - 06nacTb TpexmMepHOro NPpoCTPaHCTBa, B KOTOPOM 3a4aHO BEKTOPHOE nore

a= ax(x;y;z)f +a, (x;y;z)]’ +a, (x;y;z)lg ,
M Nyctb O - rmMagkada noBepxHOCTb B obnactm D , Ha KOTOpOIZ 3afjaHa eJuHU4YHaa Hopmarnb
n= {Cosa;cosﬂ; COS}/}.
Pa3obbem NoBepXHOCTb O Ha 1 4YacTeh o, 07,..., 0, (3NEeMeHTapHbLIX NOBEPXHOCTeN) U
BoibepeM  Ha  KaX[goW  SNeMEeHTapHOW  MOBEPXHOCTU  O;  MPOU3BOMIBHO  TOYKY

M(&,ni.¢0)eo;.

CoCTaB/M MHTErpanbHyo CyMMy
n
> (alm;), i(M;))- Ao,
i=1

Mpepen aToit cymmbl Npu 7 —> o0 1 maxAoc; — 0, ecrm OH CyLiecTByeT, KOHeYeH, He

1
3aBMCUT OT crocoba pa3breHnsi NOBEPXHOCTU O Ha 3neMeHTapHble y4acTku o; M OT Bbibopa
Touek M ;, HA3bIBAETCS NOTOKOM BEKTOPHOTO MOMst d 4Yepe3 MOBEpXHOCTb O B HanpasneHu

Hopmanu 7 . [insi noToka UCronb3aytoT 0603HayYeHne

n
[[@, ii)do=1lim > (d(M;) i(M;)) Ac;.
o :ln;:(OOAJ[—m =l
i
Ecnn noTok BblYMCASieTCA MO 3aMKHYTOW MOBEPXHOCTU O, TO ANl HEero MCnonb3ylT
o603HayeHne ﬁ(&, ii)do .
o
[MoTOK MEHSIET 3HAK, ECNN MEHSIETCS HanpaBreHMe HopMarnu, To ecTb
[[(@, 7y )do =-[[(a,7i,)do , ecru iy =—iiy.
o o
[MoTok obrnagaeT cBOMCTBOM agaUTUBHOCTW.
BbluucneHune notoka

Ecnu noBepxHOCTb O 3ajjaHa HESIBHO ypaBHEHUEM F(x,y,z): 0, To, npoekTnpys ee Ha

koopauHaTHyto nnockocte XxOy B obnacts D, nonyunm
”(a Mo =+ ” (aLadF)dxdy,
Dy, 62

MPOEKTUPYs! ee Ha KOOpAMHATHYto nnockocTe X0z B obnacte D, , nony4um

jj(a - ” % iz

NPOEKTnpy4d ee Ha KOOpAMHATHYH MNITOCKOCTb yOZ B obnacte D nony4um

yz»
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jj(a Y jj La”)d dz.

6x

yz
Bo Bcex aTux chopmynax cnegyrowiee npasuro Bbibopa 3Haka:
3Hak nntoc 6epetcs, ecnv grad F ™,

3nak munyc —ecrm grad F T 7 .
Ecnv noBepxHOCTb ¢ - YacTb MMOCKOCTW, MNapanfenbHOM OOHOW M3 KOOPAMHATHbIX
NMNOCKOCTEN, TO eAWHWYHOW HopMarnbi 6yaeT oauH K3 GasuCHbIX BEKTOPOB i, j, k wnu

ﬂpOTI/IBOI'IOJ'IO)KHbIVI €My BEKTOpP B 3aBMCUMOCTU OT HanpaBleHNA NOTOKa.

2

MoTok yepes umMnUHApP X +y2 =R?, OrPaHUYEHHbIA MOBEPXHOCTAMM z=f1(x,y) "

z=fo(x,»), rae fi(x,y) < fi(x,¥), MoxXHO BEIMMCANTS, NONaras

x=Rcosg,
y=Rsing,
z=1z,

anemeHT noBepxHocTn do = Rdpdz .
dopmyna Ans BbIYKUCIIEHNS NOTOKa B 3TOM Clyyae TakoBsa:
f(Reosg.Rsing)

[Giko =R dg [l s,

0 fi(Rcos@,Rsin )

- 2xi +2yj _xf+yj

roe ng = =
Vax? +4x? R

[ueepzeHyuell BEKTOPHOTO Nnons d & Touke auddepeHumpyemoctn M HasbiBaeTcs

— €aANHN4YHaa HopMalsib K NOBEPXHOCTU UumnnunHgpa.

0
% () 2 ()4 Y2 (ar).
Ox oy 0z

diva(M)=

Teopema Maycca - Ocmpozpadcko20
Ecnun koopamHaThl BEKTOPHOTO nons d , T.e. yHKLuUM ax(x; y;z); a, (x;y;z) na, (x;y; z),
HenpepbIBHLI BMECTE CO CBOMMM YacCTHbIMM NMPOM3BOAHLIMU MEpBOro nopsaka B obnactm V,
OrpaHNU4YEHHON MOBEPXHOCTBID G, TO MOTOK BEKTOPHOrO MOMs 4epe3 3aMKHYTYH MOBEpPXHOCTb
O paBeH TPOMHOMY MHTErpany oT AUBEpPreHLmMn aToro nonsa no obnactu V :
f(d, ii)do =[[[diva dxdydz ,
o 14
roe o - rpaHvua obnactv V' v Hopmanb 7 — BHELUHSS.
3apava 8

a) BbluMCnIMTL MOTOK BEKTOPHOrO nMonst d = xzi + xyj — yzk 4epe3 4acTb MOBEPXHOCTU

x2+y2 =z npu 0<z<3 B HanpaBneHuu BHellHelh Hopmanu no Teopeme [aycca -

OcTporpaackoro 1 HenocpeacTBEHHO (HOpMarb BHELLHAS K 3aMKHYTON NOBEPXHOCTK).
6) BbluMCNMTL NOTOK BEKTOPHOrO Mona  d = yzi +yj + 2%k yepes 3aMKHYTYH

MOBEPXHOCTb, OFPAHUYEHHYIO LUIMHAPOM x%2 +2z%2 =4 w nnockocTamm y=0wun y=2, no

Teopeme Faycca - OCTpOFpaﬂCKOFO n HenocpeacTtBeHHO (HOpMaJ'Ib BHELWIHAA K 3aMKHyTOl7I
NOBEPXHOCTK).
PeweHue 3apgauum 8a

MoBepxHOCTb |, 3adaHHas ypaBHEHWEM x? +y2 =22 u OrpaHuYeHHas MIOCKOCTbHO

z =3, nokasaHa Ha pucyHke 18. BbluMCNIMM MNOTOK BEKTOPHOrO Mofsi 4epe3 Hee OBYMS
cnocobamu.
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0)

Puc. 18.
1. Vicnonb3yem Teopemy Naycca - OcTporpagckoro. [1ns 3Toro Hanaem AMBEPreHumto Nonsi.

diva=z+x-y.
Mo Teopeme aycca — OCTPOrpafcKkoro BbIMMCIUM MOTOK P Yepe3 3aMKHYTYH NOBEPXHOCTb

o1V0,.

P = [[[diva dxdydz =[[(z + x - y )dxdyd: .

TpoiiHoW uHTerpan cBeAEM K ABOWHOMY UHTerpany, NpoekTupys obnacte V' B mnockoctb
xOy .

3 2 3
Pzﬂdxdy f(z+x—y)dz =” [%+(x—y)z} dxdy =

L b ety
2 2
=”(%+3(x—y)—g—(x—ywx2 +y? dedy.
D

2

PelumB cOBMECTHO ypaBHEHUs orpaHnumBatoLmx obnactb V' nosepxHocTtei

{xz+yzzz2 {)c2+y2 =9

z=3 z=3
BbIACHUM, 4YTO o6nacTe D, Ha KOTOpYH NpoekTupyeTcs obnacTte V', npeacraenseT coGoit Kpyr

paguyca 3, nexaliui B NockocTn z = 3.
Mepengem B Nony4eHHOM ABOVHOM MHTErparsne K nonsipHeIM KOOpauHaTam.

2
P= ”(% + 3(pcosgo—psin (0)—'07— (pcosq)—psin go)p]pdpd(p =
D
= [do| (5+ 3(pcosg - psing) -~ (pcosp - psin (P)Pjpdp=
0 0

20 39 2 27 3 ‘ .
o|| =—— |pdp+ |dp|(3(pcosp— psing)—(pcosp— psing)p )odp.
faof| 22 |pap+ faof o - oo
0 0 0 0

Tak Kak MHTerpanbl OT KOCMHYca W CUHyca Mo NMPOMEXYTKY, OfIMHA KOTOPOro paBHa nepuoay,
obpalalTcs B Hyfb, TO
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27 3

fd(pj(3(p cos @ — psin (0)— (p cos @ — psin (o)p)pdp =0.
0 0

MoaTtomy

3
2 3 2 4
9 p 9 » p 81x
P= [ dof| =-£- —onl 2 p? L] =21,
g wg(z zdep [4p 8J0

Tenepb BbIYMCIINM MOTOK P, Yepe3 NOBEpXHOCTb 05 B HAMpaBMEHUN HOPMANK 7i; .
P, = Ij(a,nz)da.
2

MoBepxHOCTL NpoekTUpytoTes B nnockocTe xOy obnacte D (puc. 18).
0

0,:2=3; 1, =k=[0]; (G@,iiy)=-yz=-3y.Torma
1

23
P, = ”(—3y)da = —3J dgojpz sinpdp =0.
0 0

03
Mockonbky notok P =F +P,, rae P - noTok 4epe3 MOBEpPXHOCTb O, 3adaHHyto
ypaBHEHMEM x? + y2 =22 npu 0 <z <3, TO NOTOK Yepes 3Ty NOBEPXHOCTb paBeH

81z 817r
PP=P-Ph=—--0=—+
4 4
2. ins BbluMCreHUsi moToka P, 4Yepes MOBEPXHOCTb O B HampaBneHWuM HopMmanw 7i

(pnc. 18) MOXXHO MCMONb30BaThb CreayoLLyto hopMyny:

jj 4.7 Yo = +HL“‘F)C; "

oz

MockonbKy ypaBHeHWE NMOBEPXHOCTN O, MOXHO npeobpasoBaTtb K BUAOY F(x,y,z)= 0, roe

X
\/xz er2
F(x,y,z)z \/xz +y2 —z,70 grad F = % . Acko, yto grad F TT 1, , Tak kak oba
2 2

X" +y

-1

BekTopa 06pa3ytoT ¢ ocbio Oz yron, GonbLumii, yem 90°. ‘%—I;‘ =1.

Bbluncnnm CKandapHoe npoun3ssegeHune

x2

\/X +y \/x +y

(d@,grad F)=

Mpn z = \lxz +y2 nmeem

2 [ 2 2 2 5
(d,grad F) = > j s + )2cy > —y\/xz +y2 = x° +—)2€y 5 +yﬂx2 +y2 .
y Ty VXt

Bbibupasi 3Hak nntoc nepea uHTerpanom, Anst notoka £ nonyyum cdopmyny:
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2
Plz_[_[ x2+%+y1/x2+y2 dxdy .
D XS4y

B 3annucaHHOM ABOMHOM WHTErpane rlepe|7|/:|,eM K NONApHbIM KOOpAMHAaTaMm.

2 -2
2 2 cos sin 2 .
Pl:J‘J‘Lp cos go+p (p/; (p+p SlD(Ddepd(p:
D

= _[(cos2 o+ cosgosin2 @+ sin qo)p3dpd(0=
D

2z 3
= j (cos2 (o+cosgosin2 @ +sin (p)d(pjp3dp =
0 0

3
2 4 2 2 2
. . 1 1—cos2 . . .
= j(cosz¢+cosqos1n2¢+sm(o)p7 d¢=8_(.[ (de¢+js1n2¢)d81n(0+ j51n¢;d¢J:
0 0 0

. 41 2
.3 27
811 o sintgl | _8lz
4|2 %0 3, 4

PeweHune 3anaum 86
1. Mo Teopeme Naycca — OcTporpaackoro

P= .[” diva dxdyd:z .
Vv

Takkak divd =0+1+2z=1+2z,710 P = [[[(1+2z)dxdydz .
v
O6nacte V' nokasaHa Ha puc. 19. OHa NpoeKTMpyeTcs B KoopaMHaTHYo nnockocTe X0z
Ha obnactb D - kpyr paguyca 2. CnepoBaTtenbHO, TPOWHOW WMHTErpanm MOXHO CBECTU K
OBOWHOMY MHTerpany no obnactm D .

z
P 7T\
/ \ L TS o
N \ é
1 1 -

Puc. 19.

P= H dxdz.zf (1 + 2z)dy = J._[ dxdz(l + 2z)y

é = ZQ(I + 2z)dxdz .

Mepengém B 9TOM OBOMHOM MHTErpane K NonspHbIM KoopauHaTam: no opmMynam
xX=psing

{z = pCOSQ

PaccraBuB npeaenbl HTErPUPOBaHNS, Nepengem K MOBTOPHOMY MHTerpany:

,dxdz =pdpdg.
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2 2 2z P2 2 2 ,03 2
P=2[do[(l+2pcosplpdp=2 [ £—| dp+4 [ £—| cospdp =87x.
0 0 0o 2o 0 3o
2. Tenepb BLIMUCNIMM MOTOK, pa3buBas ero Ha TP NOToKa
P= })1 + Pz + P3 ,

rae Py - npoTok Yepe3 NOBEpXHOCTb LUMNuHApa, a P, n P; - notoku Yepes nnockoctn y =0 u

y =2 COOTBETCTBEHHO.
[ns Haxox4eHWst NoToka Yepes LMINMHAPUYECKYIO MOBEPXHOCTL BOCNONb3yemcst hopMynon
2 fz(RCOS(/),RSin(p)
P =R[dp  [(a#)dy,
0 fi(Rcosp,Rsin @)
. . xi+zk
rae R=2, z=2cosp, x=2sin@, y=y,n = 5

2 3

- - X +z
Tak Kak (a,n; )= y—, TO B KOOpAMHATAX MO NOBEPXHOCTU UMnNnHOpa 3TO CKanAapHoe
> 171

B y22sinqo+8cos3 @

npousBeeHne 3anmLieTcs Kak (Zz,ﬁl ) = = y2 sin @ + 4cos’ 0.

2
Bbiuncnum noTok:
2 2 2 ) 2
P =2 j al(pj'(y2 sin(/)+4cos3 (p)iy =8 I cos’ ¢y|0d(p =8 J'cos2 od sing =
0 0 0 0

= 82”(1 —sin’ (p)d sinp=0.
0

Tenepb BbluMcnMM notokn P, n P3 vepes nnockoct y=0mn y=2.

P, = [[(a,7, Mo .

0
Mockonbky 05 :y =0, iy =—j =| —1/|, (@,7,)=-y=0,7T0
0

P, ={[0do=0.

02

Py = ”(Zz,ﬁ3 )dO'.

Mockombky o3 :y=2, 7i3=j=|1|, (@ 7;)=y=2,70

S = O

Py=[[2do=2[[do =28y, =247 =87
03 03
CKJ'Iaﬂ,bIBaFI BC€E NOTOKU, NOosTy4nM NOTOK Yepeld 3aMKHYTYH NMOBEPXHOCTb
P=P +P,+P;=0+0+87=8x.
CnpaBo4HbIN MaTepuan
Pa6ota no 3amkHyTOW KpuBOM L HasbiBaeTCA LUMPKYNSAUMEN BEKTOPHOro nons d U

obosHavaetca C = §(5, d?). KpuByto L Ha3sblBalOT 3aMKHYTbIM KOHTYPOM.
/
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Teopema Cmokca
Ecnu B o6nactn D TpexmepHOro npocTpaHcTBa 3a4aHO BEKTOPHOE nose

a= ax(x, v, Z); +a, (x, v, Z)j + az(x, v, z)k
U yHKUMK a (x;y;z), a, (x; Vs z) " az(x;y;z) HernpepbIBHbI BMECTE CO CBOMMMW YaCTHbIMM

NPOV3BOAHBLIMU NEPBOrO Nopsiaka, TO

C = §la.ar)=[[(rot a7 )do .

L o
i j ok
. |60 o0 0
roe rota =|— — —| - pOTOp BEKTOPHOrO nonsi, o — Ntobas NoBepxXHOCTb, HAaTsHyTasi Ha
x oy Oz
a, a, a;

KOHTYp L, a Hopmanb 7i BblBupaeTcs Tak, YToObl OTHOCUTENLHO Hee 06X0oA KOHTypa Gbin
NOMNOXMTENbHBLIM (MOMNOXUTENBHBLIM HanpaereHneM 06xo4a KOHTypa cuuTaTb TO, NPU KOTOPOM
TOYKa NepemeLLaeTcs NPOTMB YaCOBOW CTPENKM, ECIIN CMOTPETh M3 KOHLLA BEKTOPA Hopmanm).
3apava 9
. - 2 - - - xz + y2 + Z2 =5
Hantn umpkynsumio Bektopa a@ = x“z° i —zj + yk no koHTypy [': c
X =
nomoLLbto gopmynbl CTokca 1 HENOCPEACTBEHHO.

PeweHue 3apaum 9
1. Koutyp I' npeacrtaBnsieTr cobon NUHUIO nepeceveHnst cdepbl X2+ y2 +2z2=5 u
MIoOCKOCTM x =1, TO eCTb OKPY)XHOCTb paguyca 2, fnexallyto B MiockocTn x = 1:
I y2 +22 = 4.
x=1
x=1 dx=0
I':qy=2cost ,qdy=-2sintdt ,0<t<2r.
z=2sint dz = 2cosdt

S|

\ 4

Puc. 20.
Ha puc. 20 nsobpaxeH koHTyp I' . Cuctema koopauHaT Ha 3TOM PUCYHKE pacrofioXeHa ¢
NOBOPOTOM.
Bblumcnum LUMPKYNSLMIO C= §x223dx —zdy + ydz 3agaBas KOHTYp T
r

napamMmeTpun4eCKuMn ypaBHEHNAMMWU:
Torga LNPKYNALNK BEKTOPHOIO Nnosid MOXHO 3anncaTtb B BUAE onpenesnieHHOro nHrerparna
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2, 2r
C= I(O+4sinzt+4coszt)dt =4 j dt =8r .
0 0

2. BblunCnvM LMpKynsiLmio, ncnonb3ys Teopemy CTokca:
C= H(rot a,i)do,
o

rae o - Kpyr paguyca 2, nexaiiui B nnockoctn x =1.

i j ok

ota=| 2 2 3=?(1—(—1))—}(0—3x222)+/€(0—0)=2?+3x222j.
x Oy Oz
x2z3 -z y

nOCKOHbe €ANHUYHOMN HOpMarsiblo, CO CTOPOHbI KOTOp0l7I obxopn KOHTYpa NOSTIOXNUTENbHbIN, K

noBepxHoCcTH x = | siBNsieTCs BeKTOp 7 , To (rotd,ii) = (21‘ Ny ): 2 . Moatomy

C =[[2do =28 yrq = 272% =87.

[ea

Kpyra

CnpaBo4HbIN MaTepuan

BeKTopHoe none a HasbiBaeTcd noTteHumnarbHbiM, €Ciin CyweCcTByeT CKandpHas (*)yHKLI,VIFI
u(x; y;z), Takasl, yto a = grad u . ®yHKUUA u(x;y;z) npu 3TOM HasblBaeTCsA MomeHyuasiom
roJIA.

,D,J'IH TOro YyToObI None BEKTOopa a 6bino noTeHunanbHo, HeO6XOD,VIMO N AOCTAaTO4HO, YTOObI
rota=0.

|_|OTeHLI,VIaJ'I nonda B FIpOI/I3BOJ'IbHOl7I TO4YKe M(x,y,z) BbIHYUCIIAETCA 4Yepes KpVIBOJ'IVIHGVIHbIVI
WHTerpan BToporo poaa no dopmyne

u(M)=u(x,y,z)= j(é,d7)+ C,

roe A - nobGas Touka, nexallasi B 061acTv HenpepbIBHOCTU MO,

Mockorbky B NOTEHLMANEHOM MOJie KPUBOMMHENHbINM MHTEerpan BTOPOro poda He 3aBUCUT OT
NyTU UHTETPUPOBAHUSA, TO NyTb UHTerpupoBaHus AM moxeT ObiTb BbiGpaH nobbiM. YaobHee
BCEro BECTW WHTErpMpoBaHuWe BOOMb IOMaHol C OTpe3kamu, napansienbHbIMU KOOPAMHATHBIM
oCcsIM.

3apava 10
- y22 - 22 -~ 2yz - .
npOBepVITb NnoTeHUMalribHOCTb nonsd BEKTOpa a=———"1 +—] +—k s HanTn
2 x x
noTeHuunarn.
PeweHue 3apgaum 10
Mone noTeHUmManbHo, eCrnv ero PoTop PaBeH Hymio.

; j %r 2 2
rotd = o 9 9 :(%_Ejf_ _2yz 2y F+l-Z+ 2|k =0.
ox oy Oz X x ¥2 52 2 52
o2
2 x x

Haingém noteHuman nons. B kadectBe Touknm A BbibGepemM TOYKy, B KOTOPOW norse
onpeaeneHo, HanpuMep, TONKY C KoopAMHaTaMu (1,0,0). Torga
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(x, ,z) (x,y,z) 2 2
= —%dx+z—dy+2ﬂdz+C.
(1,0,0) (1,00) X X X
MyTb uwHTerpuvpoBaHus BbibepeM B BuAE JfIOMaHOW, OTPE3KM KOTOPOMW napanferibHbl
KOOpAUHaTHbIM ocam (puc. 21).

A
z
M(x,y,z)
)
A
0] . y
A(1,0,0) ’
- o’
X P(x,0,0) Q(x,y,O)

Puc. 21.

M3 pucyHka BuaHo, yto Ha otpeske AP: 1<x<x, y=0, z=0, dy=0, dz=0; Ha
otpeske PO: 0<y<y,x=x,2z=0,dx=0, dz=0;Haotpeske QM : 0<z<z, x=x,
y=y,dx=0,dy=0.

Torpa

u(M)z j{—ﬁ}dx+ f idy+ f %dZ+C=

2
AP\ X ro om *

x y z z 2
:J‘de+J‘0dy+J‘%dz+C:2—yJ‘Zdz+C:yi_,_cl
1 0 0o * X 9 x

Hangem rpagmeHT nonyyeHHon yHkUummn u ybeaumces, yto a = grad u :

2 2 2
grad u =grad(£+€}=—£f+z—]+2ﬁk =a.
x x2 x x
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